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PREFACE. 



IN preparing this work the aim has heen to furnish jnst so mnch 
of Trigonometry as is actually tang^t in our best schools and 
, colleges. Consequently, development of functions in series and all 
other investigations that are important only for the special student 
have been omitted. The principles have been unfolded with the 
utmost brevity consistent with simplicity and clearness, and inter- 
esting problems have been selected with a view to awaken a real 
love for the study. Much time and labor have been spent in devis- 
ing the simplest proofii for the propositions, and in exhibiting the 
best methods of arranging the logarithmic work. 

The object of the work on Surveying and Navigation is to pre* 
sent these subjects in a clear and intelligible way, according to the 
best methods in actual use; and also to present them in so small a 

m 

oompass that students in general may find the time to acquire a 

competent knowledge of these very interesting and important studies. 

The author is under particular obligation for assistance to G. A. Hill, 

A.M., of Cambridge, Mass., and to Prof. James L. Patterson, of Law- 

renceville, N.J. 

G. A. WENTWORTH. 
Phillips Exeter Acadeht, 
September, 1882. 
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CHAPTER I. 



TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES. 

§ 1. Definitions. 

The sides and angles of a plane triangle are so related tliat 
any three given parts, provided at least one of them is a side, 
determine the shape and the size of the triangle. 

Greometry shows how, from three such parts, to construct the 
triangle and find the values of the unknown parts. 

Trigonometrj shows how to compute the unknown parts of a 
triangle from the numerical values of the given parts. 

Geometry shows in a general way that the sides and angles 
of a triangle are mutually dependent. Trigonometry begins 
by showing the exact nature of this dependence, in the right 
triangle, and for this purpose employs the ratios of its sides. 

Let MAN (Fig. 1) be an acute angle. If from any points 

By D, F, in one of its sides 

perpendiculars BC, DE, FO, 

are let fall to the other side, then 
the right triangles ABC, ADE, 

AFO, thus formed have the 

angle A common, and are there- 
fore mutually equiangular and 
similar. Hence, the ratios of 
their corresponding sides, pair by A 
pair, are equal. That is, 




AC_AE^AO, AG _AE_AO, 
AB AD AF' BC DE FG' 



etc. 
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Hence, for every value of an acute angle A there are certain 
numbers that express the values of the ratios of the sides m 
all right triangles that have this acute angle A. 
There are altogether six different ratios : 

I. The ratio of the opposite leg to the hypotenuse is called 
the 8vne of A^ and is written sin A. 

II. The ratio of the adjacent leg to the hypotenuse is called 
the Oosme of A^ and written cos^. 

in. The ratio of the opposite leg to the adjacent leg is 
called the Tangent of A^ and written tan A, 

IV. The ratio of the adjacent leg to the opposite leg is 
called the Cotangent of A^ and written cot^. 

V. The ratio of the hypotenuse to the adjacent leg ir called 
the Secant of A^ and written sec^. 

YI. The ratio of the hypotenuse to the <^»poeite leg is called 
the Cosecant of A, and written csc^. 




In the right triangle ABC 
(Fig. 2) let a, b, c denote the 
lengths of the sides opposite to 
the acute angles A, B, and the 
right angle (7, respectively, these 
lengths being all expressed in 
terms of a common unit. Then, 



sin 



A_a__ opposite leg 
c hypotenuse 



taij^^a^opgositejeg 
b adjacent leg 



sec 



A__c __ hypotenuse 
b adjacent leg 



cos 



. _ i _ adjacent leg 
c hypotenuse 



a opposite leg 



CSC 



.__<? _ hypotenuse 
a opposite leg 



These six ratios are called the Trigonometrio Fonotioiii of tho 
angle A, 
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EZEBOISE I. 

1. What are the functions of the other acute angle B of the 
triangle ^^C (Fig. 2)? 

2. Prove that if two angles, A and J3, are complements of 
each other («.«., if ^ + ^=90**), then. 

Bin-4 = co8-B, tan^ = cot£, Bec-4 = C8C-B; 
co8-4 = sin-B, cotul=tan£, cs(vi = Bec^. 

& Find the values of the functions of A^ if a, i, c respec- 
tively hvw^ the following values : * 

(I) 3, 4, Ik (iii.) 8, 15, 17. (v.) 3.9, 8, 8.9., 
(ii.) 5. 12, 13. (ix.) 9, 40, 41. (vi.) 1.19, 1.20, 1.69. 

4. What condition must be fulfilled by the lengths of the 
three lines a, b, c (Fig. 2) in order to make them the sides of 
a right triangle ? Is this condition fulfilled in Example 3 ? 

5. Find the values of the functions of A, if a, i, (? respec- 
tively have the following values : 

(i.) 2mn, frt^—r?^ m*+n*. (iii.) pqr^ qra^ rsp, 

(ii.) — 5L. a? + y, ^ ' (iv.) — , — , — . 

x — y X — y pq aq pa 

6. Prove that the values of a, i, c, in (i.) and (ii.), Example 
5, satisfy the condition necessary to make them the sides of 
a right triangle. 

7. What equations of condition must be satisfied by the 
values of a, &, c, in (iii.) and (iv.), Example 5, in order that the 
values may represent the sides of a right triangle? 

Compute the functions of A and B when, 

8. a = 24, 5 = 143. 11. a = y^-F?, h = y/2pq. 

9. a = 0.264, (? = 0.265. 12. a = ^/p*+pq, c=^p + q, 
10. 5 = 9.5, (? = 19.3. 18^ 5 = 2\^, c=p + q. 
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17. a — i = -j-. 



Compute the functions of A when, 

14. a = 2i. 16. a + b = ic. 

15, a = f<?. 

18. Findaif8in^ = tandc = 20.5. 

19. Find i if cos il = 0.44 and c = 3.5. 

20. Find aiftanil = J^ and i = 2^. 

21. Find i if cot^ = 4 and a = 17. 

22. Find(?ifsc|6w4 = 2andi = 20. 

23. Find c if esc ^ = 6.45 and a = 35.6. 

Construft a right triangle ; given, 

24. c = 6, tan^ = f. 26. i = 2, 8in^=:0.6. 

25. a=3.5, co8^=i. 27. J = 4. esc ^ = 4. 

28. In a right triangle, c = 2.5 miles, sin j4 = 0.6, cosJ. = 
0.8 ; compute the legs. 

29. Construct (with a protractor) the A 20°, 40**, and 70** ; 
determine their functions by measuring the necessary lines, 
and compare the values obtained in this way with the more 
correct values given in the following table : 



20° 
40° 
70° 


tin 


COS 


tan 


eoi 


fee 


eie 


0.342 
0.643 
0.940 


0.940 
0.766 
0.342 


0.364 
0.839 
2.747 


2.747 
1.192 
0.364 


1.064 
1.305 
2.924 


2.924 
1.556 
1.064 



30. Find, by means of the above table, the legs of a right 
triangle if ^ == 20**, c = 1 ; also, if ^ = 20°, <? = 4. 

31. In a right triangle, given a = 3 and c = 5; find the 
hypotenuse of a similar triangle in which a = 240,000 miles. 

32. By dividing the length of a vertical rod by the length 
of its horizontal shadow, the tangent of the angle of elevation 
of the sun at the time of observation was found to be 0.82. 
How high is a tower, if the length of its horizontal shadow at 
the same time is 174.3 yards? 
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§ 2. Bepbesentation of Functions by Lines. 

The functions of an angle, being ratios, are numbers; but 
we may represent them bj lines if we first choose a unit of 
length, and then construct right triangles, such that the de- 
nominators of the ratios shall be equal to this unit. The most 
convenient way to do this is as follows : 

About a point (Fig. 8) as a 
centre, with a radius equal to one 
unit of length, describe a circle 
and draw two diameters A A' and 
£J3^ perpendicular to each other. 

The circle with radius equal to A' 
1 is called a unit circle, AA' the 
horizontal, and £B^ the vertical 
diameter. 

Let AOP be an acute angle, 
and let its value (in degrees, etc.) 
be denoted by a?. We may regard 

the AxzA generated by a radius OP that revolves about 
from the position OA to the position shown in the figure; 
viewed in this way, OP is called the moving radius. 

Draw PM ± to OA. In the rt. A 0PM the hypotenuse 
0P= 1 ; therefore, sina? = PM\ cosa; = OM. 

Since PMia equal to OUT, and OUTib the projection of OP 
on £J?, and since OJf is the projection of OP on AA\ there- 
fore, in a unit circle, 

sina? = projection of moving radius on vertical diameter ; 

cosa; = projection of moving radius on horizontal diameter. 

Through A and £ draw tangents to the circle meeting OP, 
produced in T and S, respectively ; then, in the rt. A OA T, 
the leg 0A = 1, and in the rt. A OPS, the leg 0B=^1 ; while 
the Z 0S£ = Zx (why ?). Therefore, 




tana? = ^r; seca: = Or; coix ==JBS] caox=:08. 
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These six line values (as thej may be tenned) of the fiinc* 
tions are all expressed in terms of the radius of the circle as a 
unit ; and it is clear that as the angle varies in value the line 
values of the functions will always remain equal numericaUt/ 
to the ratio values. Hence, in studying the changes in the 
functions as the angle is supposed to vary, we may employ the 
simpler line values instead of the ratio values. 

EXEBCISE II. 

1. Represent by lines the functions of a larger angle than 
that shown in Fig. 8. 

2. Show that sin a; is less than tan^. 

8. Show that sec^r is greater than tana?. 

4. Show that esc ^ is greater than cot a?. 
Construct the angle x if, 

5. tana? = 3. .7. cosa? = -J-. 9. sin:r=:2co6a?. 

6. CSC a? = 2. 8. 8ina: = co8a;. 10. 4sina? = tana?. 

11. Show that the sine of an angle is equal to one-half the 
chord of twice the angle. 

12. Find a; if sin a; is equal to one-half the side of a regular 
inscribed decagon. 

13. Given x and y{x+y being less than 90®) ; construct the 
value of sin (a: + y) — sin x. 

14. Given x and y (a: + y being less than 90**) ; construct the 
value of tan (a? + y) — sin {x-{'y)-\' tana; — sinar. 

Given an angle x ; construct an angle y such that, 

15. 8iny=28ina;. 17. tany ==8tana;. 

16. co8y = ^cosa;. 18. secy = C8car. 

19. Show by construction that 2 sin ^ > sin 2^. 

20. Given two angles A and BiA + B being less than 90^) ; 
show that sin (-4 + .B) < sin -4 + sin B, 

21. Given sin a; in a unit circle; find the length of a line 
corresponding in position to sin a; in a circle whose radius is r ? 

22. In a right triangle, given the hypotenuse c, and also 
sin J. = m, cosJ. = n; find Uie legs. 
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ITg. 4. 



§ 3. Changes in the Funotions as the Angle Changes: 

If we suppose the Z AOP, or x (Fig. 4) to increase gradu^ 
ally by the revolution of the moving 
radius OP about 0, the point P will 
move along the arc AB towards P, 
T'will move along the tangent AT 
away from A, 8 will move along 
the tangent B8 towards P, and M 
will move along the radius OA 
towards 0, 

Hence, the lines PM, AT, OT 
will gradually increase in length, 
and the lines OM, B8, OS, will 
gradually decrease. That is, 

As an (zciUe angle increases, Us 
sine, tangent, and secant also in- 
crease, while its cosine, cotangent, and cosecant decrease. 

On the other hand, if we suppose x to decrease gradually, 
the reverse changes in its functions will occur. 

If we suppose x to decrease to 0**, OP will coincide with OA 
and be parallel to BS, Therefore, PJf and -4 T* will vanish, 
OJf will become equal to OA, while P/S'and O/S will each be 
infinitely long, and be represented in value by the symbol oo. 

And if we suppose x to increase to 90®, OP will coincide 
with OB and be parallel to ^ 2! Therefore, Pif and OS will 
each be equal to OB, OM B,ni P/Swill vanish, while -4Tand 
OjTwill each be infinite in length. 

Hence, as the angle x increases from 0® to 90®, 

sin X increases from to 1, 
cos X decreases from 1 to 0, 
tana; increases from to oo, 
cot a; decreases from 00 to 0, 
sec X increases from I to oo, 
csG X decreases from oo to L 
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The values of the fanctions of 0^ and of 90^ are the limUing 
values of the functions of an acute angle. It is evident that 
(disregarding the limiting values), 

Sines and cosines are always less than 1 ; 

Secants and cosecants are always greater than 1 ; 

Tangents and cotangents have all values between and oo. 

Remark. We are now able to understand why the sine, cosine, etc., 
of an angle are cBModfunetiom of the angle. By 9k function of any mag- 
nitude is meant another magnitude which remains the same so long as 
the first magnitude remains the same, but changes in value for every 
change in the value of the first magnitude. This, as we now see, is the 
relation in which the sine, cosine, etc., of an angle stand to the angle. 



§4. FUNOTIONS OF COHPLEMENTABY AnOLES. 

The general form of two complementary angles is A and 
90** - A. 

Inthert.A^5C^(Fig. 6) 
A + B^ 90^, hence .B = 90^ - -4. 
Therefore (§ 1), 

sin ^ ==co8 .B = co8(90** — A), 
cos -4 = sin .B =sin (90® — A\ 
tan ^ = cot .B = cot (90** — A), 
cot A = tan jB=tan(90*' — A), 
sec -4 = CSC .B = esc (90** — J.), 
CSC J. = sec -B = sec (90** — A). 

Therefore, 

Ectch function of an actUe angle is equal to the co-named 
function of the complementary angle. 

Note. Cbsine, cotangent, and cosecant are sometimes called co-funetioni; 
the words are simply abbreyiated forms of complement' $ ttnt, eompUmen£$ 
tangent^ and eomplemenV$ $ecant 

Hence, also, 

Any function of an angle between 45® and 90® may he found 
by taking the co-named function of the complementary angle 
between 0® and 45®. 
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EXEBOISE III. 

1. Express the following functions as functions of the com- 
plementary angle : 

sin80^ tan89^ esc 18^ K/. cot82*» 1^. 
cos45^ cotl5^ cos37°24'. esc 54^ 46'. 

2. Express the following functions as functions of an angle 
less than 45^ : 

sin 60^. tan57^ cscBQ**?. cot 89^ S^. 

cos 75®. cot84^ cosSS^'Sy, 08045"*!'. 

8. Given tan 30® == i V3 ; find cot 60°. 

4. Given tan A = cot A; find A. 

5. Given cos Jl = sin 2 ^ ; find A, 

6. Given sin j1 = cos 2^ ; find A. 

7. Given cos A = sin (45® — } -4) ; find A. 

8. Given cot } ^ = tan A ; find A, 

9. Given tan (45® + A) = cot A ; find A. 

10. Find A if sin -4 = cos 4 J.. 

11. Find ^ if cot ^ = tan 8 A 

12. Find A if cot ^ = tan nA. 

§ 5. Relations of the Functions of an Angle. 
Since (Fig. 5) a* + b* = c*, therefore, 






©'-©'-• 



Therefore (§ 1), (sin Ay + (cos ^)* = 1 ; 
or, as usually written for convenience, 

«m*A + ooB*A = l. [1] 

That is : The sum of the squares of the sine and the cosine of 
an angle is equal to unity. 
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Formula [1] enables us to find the cosine of an angle when 
the sine is known, and vice versa. The values of sin A and of 
cos A deduced from [1] are : 

sin ui = VI — coe'^ coe^ = VI — sin*-4. 

Since ft^*=£x|=?. 

c c c o o 

therefore (§ 1), tan A = ^^ [2] 

That is : The tangent of an angle is equal to the sine divided 
by the cosine. 

Formula [2] enables us to find the tangent of an angle when 
the sine and the cosine are known. 

Since -X-=l, -Xt = 1, and ?X* = 1, 
c a c b b a 

therefore (§1), sin A X OBO A = 1 ' 

ooeAx8eoA = l • [3] 

• tanAxootA = l J 

That is : The sine and the cosecant of an angle, the cosine 
and secant, and the tangent and cotangent, pair by pair, are 
reciprocals. 

The equations in [8] enable us to find an unknown function 
contained in any pair of these reciprocals when the other func- 
tion in this pair is known. 

EXEROISE IV. 

1. Prove Formulas [1] - [3], using for the functions the line 
values in unit circle given in § 3. 

2. Prove that 1 + tan*-4 = sec*-4. 

Sint, Divide the terms of the equation a' + 5* — ^ by i*. 

3. Prove that 1 + cot'-4 = csc*-4, 

cos^ 

4. Prove that cot A = -= — j' 



TBIOONOMETBIG FUNCTIONS. 13 

§6w Application of Fobmulas [1]-[3]. 

Formulas [1], [2}, «okd [3] enable us, when any one function 
of an angle is given, to find all the others. A given value of 
any one function, therefore, determines all the others. 

Example 1. Griven sin ^ = ) ; find the other functions. 

By[l], cos^ = Vr^=V| = jV5. 

By [21, tan^ = --T--V5 = -X— =— . 

^^ ^ 3 3^^ 3 V5 V5 

By [3], cot^ = :^, 8ec^ = A C8c^ = ?. 

^ v5 ^ 

Example 2. Oiven tan J. = 3 ; find the other functions. 
By [2], ^ = 3. 

COS^ 

And by [1], sin'J. + cos'-^ = 1. 

If we solve these equations (regarding sin A and cos A as 
two unknown quantities), we find that, 

sin J. = 3 V^, cos A = V^. 
Then by [3], cot A=\, sec ^ = VIO, esc ^ = -jVlO. 

Example 3. Given sec -4 = m ; find the other functions. 
By [31, coSw4 = -. 



By[l]. ein^ = Jl-i=.^^l=iV^l. 



By [2], [3], tan^=Vwr^l, cot^ = 



V^?^=T 



CSC j1 = 



Vm' — 1 
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EXEBCISE V. 

Find the values of the other functions when, 

1. Bin-4 = -}-|. 5. tanj4 = f. 9. C8C^=V2. 

2. sin A = 0.8. 6. cot J. = 1. 10. sin J. == m. 

3. cos^ = |f. 7. cot .4 = 0.5. 11. sinJ[= ^^ 



l+7»* 

4. co8-4 = 0.28. 8. sec J. = 2. ,_ ^ Omn 

12. cos-4 = — T — -• 

13. Given tan 45® = 1 ; find the other functions of 45®. 

* 14. Given sin 30® = \ ; find the other functions of 30®. 

16. Given esc 60® = | V3 ; find the other functions of 60®. 

16. Given tan 15® = 2 — V3 ; find the other functions of 15®. 

17. Given cot 22® 30'= V2 + 1 ; find the other functions 
of 22® 30'. 

18. Given sin 0® = ; find the other functions of 0®. 

19. Given sin 90® = 1 ; find the other functions of 90®. 

20. Given tan 90® = oo ; find the other functions of 90®. 

21. Express the values of all the other functions in terms 
of sin A, 

22. Express the values of all the other functions in terms 
of cos A. 

23. Express the values of all the other functions in terms 
«f tan A. 

24. Express the values of all the other functions in terms 
of cot A. 

26. Given 2 sin -4 = cos^l ; find sin -4 and cos^. 

26. Given 4 sin -4 = tan -4 ; find sin A and tan A. 

27. If sin -4 : cos-4 = 9 : 40, find sin A and cos^, 

28. Transform the quantity tan*-4 + cot*-4 — sin*.4 — cos*-4 
into a form containing only cos -4. 

29. Prove that sin A + cos -4 = (1 + tan A) cos A. 

30. Prove that tan -4 + cot J. = sec -4 X esc A. 
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§ 7. Functions op 45®. 

Let ABC (Fig. 6) be an isosceles right triangle, in which 
the length of the hypotenuse AJS 
is equal to 1 ; then AC is equal to 
£C, and the angle A is equal to 45®. 
Since AC* + JS(f = 1, therefore 
2JC' = 1, and^(7 = Vl = jV2. 1 

Therefore (§ 1), 



sin 45® 
tan 45® 
sec 45® : 



cos 45® 
cot 45® 
CSC 45® 



JV2. 
1. 

V2. 




Fig. & 



§8. Functions op 30® and 60®. 

Let ABC be an equilateral triangle in which the length 
of each side is equal to 1 ; and let CD bisect the angle C. 
Then CD is perpendicular to A£ and bisects A£; hence, 
.42) = J, and CZ> = Vr^=Vf=jV3. 

In the right triangle ADC, the angle ACD = SQI^, and the 
angle CAD = 60®. 

Whence (§ 1). C 

sin 30® = cos 60® = \, 
cos 30® = sin 60® = | V3. 

tan 30® = cot 60® = — = iVS- 

VS 

cot 30® = tan 60® = V3. 

sec 30® = CSC 60® = — = 4 VS. 

V3 
CSC 30® = sec 60® = 2. 

The results for sine and cosine of 30®, 45®, and 60® may be 

easily remembered by arranging them in the following form : 




Angle . . . 


30" 


45» 


60" 


J -0.5 


Sine 


} 


JV2 


iVE 


J V2 = 0.70711 


Cosine. . . 


iV3 


JV§ 


i 


J V3 = 0.86603 



CHAPTER n. 



THE RIGHT TRIANGLE. 



§ 9. The Given Paets. 

In order to solve a right triangle, two parts besides the right 
angle must be given, one of them at least being a side. 
The two given parts may be : 

I. An acute angle and the hypotenuse. 
II. An acute angle and the opposite leg. 

III. An acute angle and the adjacent leg. 

IV. The hypotenuse and a leg. 
V. The two legs. 

§ 10. Case I. 
Given A = 34^ 28' and c = 18.75 ; required B, a, b. 

^ 1. .B=90**-.4 = 66*82'. 



2. - =sin-4; •*. a^csinX 




A 



log a 
logo 
log sin ^ 

log a 
a 



b 

Fig. 8. 

:logc-hlogsin^ 
: 1.27300 
: 9.76276* 



8. - =scoe^: .'. 5 = ccos^. 
c 



1.02576 
10.61 



log J 
log<? 
log cos ^ 

log 6 
b 



log c + log cos .^ 
1.27300 
9.91617 

1.18917 
15.459 



* For Logarithms, and directions how to nse them, see Wentworth 
and HUrs Five-place Tahla. 

When —10 belongs to a logarithm or cologarithm, and is not written, 
it most be rememhertd that the logarithm or cologarithm is 10 too large. 
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§ 11. Case II. 
Given ^ = 62" Iff, a = 78 ; find B, i, c. 

1. ^ = 90*»-^ = 27^50'. 

2.* 
a 



= cot -4 ; ,\b==a cot A, 



8." 
c 



= sin A. 



.*. a = 



log ft 
log a 
log cot A 

logi 
b 



tfsin^, and ©=-: — -• 

8m^ 




log a -f- log cot ui 
1.89209 
9.72262 

1.61471 
41.182 



logc 
log a 

colog sino- 
log c 
c 



log a + colog sin ui 
1.89209 
0.05840 

1.94549 
88.204 



§ 12. Case III. 
Given ^ = 50* 2', 6 = 88; find .B, a, c. 



1. 5 = 

2 2 = 
^' b 



90"-.i = 89*'58'. 
tanui; /. a = &tanjl. 



8. - =coB-4.. 
c 

.-. b 



==0CO8^, and c=s 



C08^ 




toga 
log J 
log tan J. 

log a 
a 



log ft -f- log tan ^ 
1.94448 
10.0767 

2.02118 
105.0 



\ogc 
log ft 
cologcosjl- 

logc 
c 



log ft + colog cos A 
1.94448 
0.19223 

2.18671 
137.0 
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§13. 


Case IV. 

Given c = 58.40, a - 47.55 ; find 


> 


B 


A, B, b. 


t^r 


a 


1 . ^ a 

1. sin -A . 

c 




C 


2. 5-90^-^. 


^ h 

Flf.U. 


8. - —cot -4; .'. ft = acot-4. 
a 


log sin -4 = loga + cole 
loga =1.67715 


igC 


logi — loga + log cot J. 
loga = 1.67715 


cologc =8.23859 




logcotil= 9.85300 


log8in^ = 9.91074 




logi = 1.53015 


^ = 54» 31' 




b = 33.896 


£ - 35" 29' 






• 


§14. 


fJAflF. V, 

Given a 40, i = 27; find A, 


y 


B 


£,c. 


e^r 




1. tan^-5^. 




y/"^ 


a 


2. 5 -90" -A 







8. sin .4. 


^ b 


c 


iif. n. 






^ ^W " 


sin^ 


log tan A -— log a + col< 
loga = 1.60206 


)gj 


log c ~ log a+ colog sin A 
loga = 1.60206 


cologi = 8.56864 




colog sin u4= 0.08162 


logtan^ = 10.17070 




log<? = 1.68358 


4 =55** 59' 




c =48.259 


£ = 34*»1' 
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§ 15. General Method of Soltino the Biqht Triangle. 

From these five cases it appears that the general method of 
finding an unknown part in a right triangle is as follows : 

Choose from the equation J. + jS = 90^, and the eqtuUiona thai 
define the functions of the angles, an equation in which the re- 
quiredpart only is unknown; solve this equation, if necessary, 
to find the value of the unknown part; then compute the value, 
using logarithms whenever convenient. 

Note 1. In Cases IV. and V. the unknown side may also be foand 
by Qeometry, from the equation a^ + ^ " ^ ; whence we obtain 



(for Case IV.) 6- Vc»-o«- V(e-^a){e'-a); 

(for Case V.) c - \/a« + 6». 

These equations express the yalues of b and e directly in terms of the 
two given sides ; and if the values of the sides are simple numbers {eg. 
5, 12, 13), it is often easier to find 6 or c in this way. But this value of 
e is not adapted to logarithms, and this value of b is not so readily worked 
out by logarithms as the value of b given in { 13. 

Note 2. In Case IV. if the given sides (here a and e) are nearly alike 
in value, then A is near 90°, and its value cannot be accurately found 
from the tables, because the sines of large angles differ little in value (as 
is evident from Fig. 4). In this case it is better to find B first, by means 
of a formula proved later (see page 47) ; viz., 

I • 

tan}J?--\/^^^5 

and to find b by the method given in Note 1, since the same logarithms 
are used in both cases. 

Example. Given a «- 49, c «* 50 ; find A^ B, b, 

log tan }^ — } [log (c — a) 



log & " } [log (e^-aj-^- log (c + a)] 
e — a «1 
e + a -99 
log (c- a)- 0.00000 
log (c 4- g)" - 1.99564 
2)1.99564 
log b - 0.99782 
b -9.95 



+ colog (c + a)] 
log(c-a) -0.00000 
colog (c -ha) " ^8.00436 
2) 8.00436 
log tan JP -9.00218 
IB -6»44'2r' 
B -11^29' 
A -78° 31' 
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§ 16. Abea of the Biqht Tbianqle. 

It is shown in Oreometry that the area of a triangle is equal 
to one-half the product of the base by the altitude. 

Therefore, if a and & denote the legs of a right triangle, and 
2?^ the area, F==iab. 

By means of this formula the area may always be found 
when a and b are given or have been computed. 
For example : Find the area, having given : 



Case I. (§ 10). 

A = 34** 28', c = 18.75. 

First find (as in § 10) log a 
and log ft. 

log(JP^=loga+logJ+colog2 
log a = 1.02578 
log6 = 1.18915 
colog2 = 9.69897 

log(jF)= 1.91390 
F = 82.016 



Case IV. (§ 13). 

a = 47.54, c = 58.40. 

First find (as in § 13) log a 
and log ft. 

log (jF) = log a+log ft + colog 2 
loga = 1.67715 
logft =1.53025 
colog 2 == 9.69897 

log(jP) = 2.90637 
F =806.06 



Exercise VI. 

1. In Case II. give another way of finding c, after ft has been 
found. 

2. In Case III. give another way of finding c, after a has 
been found. 

3. In Case IV. give another way of finding ft, after the 
angles have been found. 

4. In Case V. give another way of finding c, after the angles 
have been found. 



5. Given B and c 

6. Given JB and ft 

7. Given £ and a 

8. Given ft and c 



find Af a, ft. 
find A J a, c, 
find At ft, c, 
find A, B, a. 
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Solve the following triangles : 



9 


QlVEH: 


Bequibed : 


a-6, 


c-12. 


il-30O, .5-60°, 


5 - 10.392. 


10 


il-60O, 


6-4. 


5-30O. c-8. 


a - 6.9282. 


11 


-A -30°, 


a -3. 


5«60o. c-6. 


h - 5.1961. 


12 


a-4. 


6-4. 


^-.5-450,0-5.6568. 




13 


a-2, 


e » 2.82843. 


il-5-450,ft-2. 




14 


c - 627. 


il-23030'. 


5- 66° 30', a- 250.02. 


5-576.0. 


15 


c - 2280, 


^ = 28° 5'. 


B - 61° 55', a - 1073.3. 


5 - 2011.6. 


16 


e - 72.15, 


^ - 390 34'. 


5-50° 26'. a - 45.958, 


5 - 55.620. 


17 


c-1. 


A - 36°. 


5-540, a - 0.58779, 


5 - 0.80902. 


18 


e-200, 


5 - 21° 47'. 


il - 68O 13', a - 185.78. 


5 - 74.22. 


19 


c - 93.4, 


.5- 76^25'. 


A - 130 35', a - 21.936, 


5 - 90.788. 


20 


a -637, 


-4- 4035'. 


5-85° 25'. 5-7946, 


c- 7971.5. 


21 


a - 48.532, 


^-360 44'. 


5-530 16', h - 65.031, 


e - 81.144. 


22 


a » 0.0008. 


^ - 86°. 


5- 40. 6-0.0000559 


. c- 0.000802 


23 


h = 50.937. 


5 - 430 48'. 


A - 460 IS', a - 53.116. 


c - 73.59. 


24 


6-2, 


5- 3038'. 


il - 86O 22'. a - 31.497, 


e - 31.560. 


25 


a -992, 


5 -76° 19'. 


^-13041'. 5-4074.5. 


c - 419a6. 


26 


a -73, 


5 - 68<> 52'. 


il - 210 8, 5 - 188.86, 


c - 202.47. 


27 


a - 2.189, 


5-450 25^. 


il-44035'. 5-2.2211. 


e - 3.1185. 


28 


6-4, 


-4-37*^56'. 


5-5204'. 0- 3.1176, 


c- 5.0714. 


29 


e - 8590, 


a - 4476. 


il - 310 24*. 5 - 580 36', 


5 - 7332.8. 


30 


e - 86.53, 


a - 71.78. 


il-560 3'. 5-33057'. 


5 - 48.324. 


31 


c - 9.35, 


a - 8.49. 


-4 - 650 14'. 5 - 240 46', 


5 - 3.917. 


32 


c - 2194, 


5 - 1312.7. 


il - 530 15', 5 - 360 45', 


a - 1758. 


33 


c - 30.69, 


5 - 18.256. 


-4 - 530 30'. 5 - 360 30'. 


a *- 24.67. 


34 


a - 38.313, 


h - 19.522. 


il-630. 5-270, 


e-43. 


35 


a - 1.2291, 


5 - 14.950. 


-4- 40 42', 5 - 850 18', 


e-15. 


36 


a - 415.38, 


5 - 62.080. 


-4-81O30',5- 803O'. 


e-420. 


37 


a - 13.690, 


h - 16.926. 


A - 380 58', 5 - 510 2', 


c - 21.769. 


38 


c - 91.92, 


a - 2.19. 


A - 1021'55", 5 - 88038'5", 5 - 91.894. 



Compute the unknown parts and also the area, having given : 



89. 


a = 5, J = 6. 


44. 


c = 68, ^ = 69»54'. 


40. 


a = 0.615, c = 70. 


45. 


c = 27, 5 = 44''4'. 


41. 


b--\/2, C-V3. 


46. 


0-47, B- 48" 49'. 


42. 


= 7, ul = 18" 14'. 


47. 


J = 9, .5 = 34'' 44'. 


43. 


J = 12, ul = 29''8'. 


48. 


tf = ft4fi2.J5 = 86"'4'. 



22 TBIOONOICETBT. 



49. Find the value of -Pin terms of c and A. 

50. Find the value of F in terms of a and A. 

51. Find the value of -Pin terms of b and A. 

52. Find the value of -Pin terms of a and c. 

53. Given F= 58, a = 10 ; solve the triangle. 

54. Given -P= 18, i = 5 ; solve the triangle. 

55. Given F= 12, ^ = 29^ solve the triangle. 

56. Given F= 100, c = 22; solve the triangle. 

57. Find the angles of a right triangle if the hjrpotenuse is 
equal to three times one of the legs. 

58. Find the legs of a right triangle if the hypotenuse = 6, 
and one angle is twice the other. 

59. In a right triangle given c, and A = nB ; find a and h. 

60. In a right triangle the difference between the hypote- 
nuse and the greater leg is equal to the difference between the 
two legs ; find the angles. 

The angle of elevation of an object (or angle of depression, 
if the object is below the level of the observer) is the angle 
which a line from the eye to the object makes with a horizon- 
tal line in the same vertical plane. 

61. At a horizontal distance of 120 feet from the foot of a 
steeple, the angle of elevation of the top was found to be 60* 30' ; 
find the height of the steeple. 

62. From the top of a rock that rises vertically 326 feet out 
of the water, the angle of depression of a boat was found to be 
24* ; find the distance of the boat from the foot of the rock. 

63. How far is a monument, in a level plain, from the eye, 
if the height of the monument is 200 feet and the angle of ele- 
vation of the top 3* 30' ? 

64. In order to find the breadth of a river a distance AB 
was measured along the bank, the point A being directly op- 
posite a tree C on the other side. The angle ABCyrBM also 
measured. If ^^ = 96 feet, and ABC=2VU\ find the 
breadth of the river. 

If ABC= 45®, what would be the breadth of the river? 
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65. Find the angle of elevation of the sun when a tower 
a feet high casts a horizontal shadow «i feet long. Find the 
angle when a = 120, b = 70. 

66. How high is a tree that casts a horizontal shadow b feet 
in length when the angle of elevation of the sun is A^ ? Find 
the height of the tree when J = 80, -4 = 50®. 

67. What is the angle of elevation of an inclined plane if it 
rises 1 foot in a horizontal distance of 40 feet? 

68. A ship is sailing due north-east with a velocity of 10 
miles an hour. Find the rate at which she is moving due 
north, and also due east. 

69. In front of a window 20 feet high is a flower-bed 6 feet 
wide. How long must a ladder be to reach from the edge of 
the bed to the window ? 

70. A ladder 40 feet long may be so placed that it will reach 
a window 33 feet high on one side of the street, and by turn- 
ing it over without moving its foot it will reach a window 21 
feet high on the other side. Find the breadth of the street. 

71. From the top of a hill the angles of depression of two 
successive milestones, on a straight level road leading to the 
hill, are observed to be 5^ and 15**. Find the height of the 
hill. 

72. A fort stands on a horizontal plain. The angle of ele- 
vation at a certain point on the plain is 30®, and at a point 100 
feet nearer the fort it is 45®. How high is the fort ? 

73. From a certain point on the ground the angles of eleva- 
tion of the belfry of a church and of the top of the steeple were 
found to be 40® and 51® respectively. From a point 300 feet 
farther off, on a horizontal line, the angle of elevation of the 
top of the steeple is found to be 33® 45'. Find the distance 
from the belfry to the top of the steeple. 

74. The angle of elevation of the top of an inaccessible fort 
OJ observed from a point A, is 12®. At a point B, 219 feet 
from A and on a line AB perpendicular to ^C, the angle ABC 
is 61® 45'. Find the height of the fort. 
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§ 17. The Isosceles Tbiakole. 

m 

An isosceles triangle is divided by the perpendicular from 
the vertex to the base into two equal right triangles. 

Therefore, an isosceles triangle is determined by any two 
parts that determine one of these right triangles. 

Let the parts of an isosceles triangle ABC(J£\g, 13), among 

which the altitude CD is to be in- 
cluded, be denoted as follows : 

'a = one of the equal sides. 

c = the base. 

h = the altitude. 
A = one of the equal angles. 

C= the angle at the vertex. 

For example : Given a and c ; re- 
quired At Of h. 




Itg. !& 



1 A ic c 

1. C08-A = — = -—• 

a 2a 
2. C+2A = l8(f; .-. 0^=180^ -2^ = 2(90**-^). 

8. A may be found directly in terms of a and c from the 



equation 



4 



which gives A = V(a — J c) (a + i c). 

But it is better to find the angles first, and then find A from 
either one of the two equations, 



A A 

— = Bin Af 
a 



or -— = tanA 
ic 



whence 



A = asin^, or A =J<?tan-4. 



The numerical values of A, C, and A may be computed by 
the aid of logarithms, as in the case of the right triangle. 

The area J^ of the triangle may be found, when c and A ar9 
given or have been found, by means of the formula 
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Exercise VII. 



In an isosceles triangle : 



1. Given a and A 

2. Given a and C 
8. Given c and A 

4. Given c and C 

5. Given A and A 

6. Given A and C 

7. Given a and A 

8. Given <? and A 



find (7, 0, A. 
find At c, A. 
find Ct a, A. 
find ^, a, A. 
find £7, a, c, 
find j1, a, (?. 
find At C, c. 
find AtC,a, 
9. Given a = 14.3, c = 11 ; find A, Q A. 

10. Given a = 0.295, A= 68** 10' ; find c. A, J?! 

11. Given c = 2.352, (7=69M9'; find a, A, JF! 

12. Given A = 7.4847, A = 76*» 14' ; find a, c, F, 

13. Given o = 6.71, A == 6.60 ; find A, C, c. 

14. Given c = 9, A = 20; find ^, C, o. 

15. Given c = 147, jP= 2572.5 ; find A, (7, a, A. 

16. Given A = 16.8, jP= 43.68 ; find A, C, a, c. 

17. Find the value of jPin terms of a and c. 

18. Find the value of jPin terms of a and C. 

19. Find the value of JF in terms of a and A, 

20. Find the value of -Pin terms of A and C. 

21. A barn is 40 X 80 feet, the pitch of the roof is 45** ; find 
the length of the rafters and the area of both sides of the roof. 

22. In a unit circle what is the length of the chord corre- 
sponding to the angle 45^ at the centre? 

23. If the radius of a circle = SO, and the length of a chord 
K= 44, find the angle at the centre. 

24. Find the radius of a circle if a chord whose length is 5 
subtends at the centre an angle of 133^. 

25. What is the angle at the centre of a circle if the corre- 
sponding chord is equal to } of the radius? 

26. Find the area of a circular sector if the radius of the 
circle = 12, and the angle of the sector = 30^. 
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§ 18. The Begulab Poltqon. 

Lines drawn from the centre of a regular polygon (Fig. 14) 
to the yertices are radii of the circumscribed circle ; and lines 
drawn from the centre to the middle points of the sides are 
radii of the inscribed circle. These lines divide the polygon 
into equal right triangles. Therefore, a regular polygon is 
determined by a right triangle whose sides are the radius of 
the circumscribed circle, the radius of the inscribed circle, and 
half of one side of the polygon. 

If the polygon has n sides, the angle of this right triangle at 

the centre is equal to 

l/36(n ^^ 180^ 

If, also, a side of the polygon, or one of the above-mentioned 
radii, is given, this triangle may be solved, and the solution 
gives the unknown parts of the polygon. 

Let, 
n = number of sides. 
c = length of one side, 
r = radius of circumscribed circle. 
A = radius of inscribed circle. 
p = the perimeter. 
J'= the area. 
Then, by Geometry, 

F^ihp. 

Hg. 14. 

EXEBCISB VIII. 

1. Given n = 10, <? = 1 ; find r. A, F. 

2. Given n = 12, ;? =70; find r. A, F. 
8. Given n = 18, r = 1 ; find A, p, F 

4. Given 71 = 20, r = 20; find A, c,F 

5. Given w = 8, A = 1 ; find r, c, F. 

6. Given n = 11, F= 20 ; find r. A, <?. 

7. Given n = 7, jP= 7 ; find r, A, p. 
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8. Find the side of a regular decagon inscribed in a unit 
circle. 

9. Find the side of a regular decagon circumscribed about 
a unit circle. 

10. If the side of an inscribed regular Hexagon is equal to 1, 
find tbe side of an inscribed regular dodecagon. 

11. Given n and c, and let b denote tbe side of tbe inscribed 
regular polygon having 2n sides; find b in terms of n and c. 

12. Compute tbe difference between the areas of a regular 
octagon and a regular nonagon if the perimeter of each is 16. 

13. Compute the difference between the perimeters of a 
regular pentagon and a regular hexagon if the area of each is 12. 

14. From a square whose side is equal to 1 the comers are 
cut away so that a regular octagon is left. Find the area of 
this octagon. ^ 

15. Find the area of a regular pentagon if its diagonals are 
each equal to 12. 

16. The area of an inscribed regular pentagon is 381.8; 
find the area of a regular polygon of 11 sides inscribed in the 
same circle. 

17. The perimeter of an equilateral triangle is 20; find 
the area of tiie inscribed circle. 

18. The area of a regular polygon of 16 sides, inscribed iq 
a circle, is 100 ; find the area of a regular polygon of 15 sides, 
inscribed in the same circle. 

19. A regular dodecagon is circumscribed about a circle, 
the circumference of which is equal to 1 ; find the perimeter 
of the dodecagon. 

20. The area of a regular polygon of 25 sides is equal to 
40 ; find the area of the ring comprised between the circum- 
ferences of the inscribed and the circumscribed circles. 



CHAPTER m. 

OONIOMBTBY. 

§ 21. Definition op Qoniometet. 

In order to prepare the way for the solution of an oblique 
triangle, we now proceed to extend the definitions of the 
trigonometric functions to angles of all magnitudes, and to 
deduce certain useful relations of the functions of different 
angles. 

That branch of Trigonometry which treats of trigonometric 
functions in general, and of their relations, is called Goniomfltiy. 



§ 22. Angles of any Magnitude. 

Let the radius OP of a circle (Fig. 16) generate an angle by 

turning about the centre 0. This 
angle will be measured by the 
arc described by the point P; 
and it may have any magnitude, 
because the arc described by P 
may have any magnitude. 

Let the horizontal line OA be 
the initial position of OP, and 
let OP revolve in the direction 
shown by the arrow, or opposite 
to the way clock-hands revolve. 
Let, also, the four quadrants into 
which the circle is divided by the horizontal and vertical 
diameters AA\ BB\ be numbered I., XL, III, IV., in the 
direction of the motion. 
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During one revolution OP will form with OA all angles from 
(f to 360^. Any particular angle is said to be an angle of the 
quadrant in which OP lies ; so that, 

Angles between 0^ and 90^ are angles of Quadrant I. 

Angles between 90** and 180^ are angles of Quadrant II. 

Angles between 180^ and 270^ are angles of Quadrant III. 

Angles between 270^ and 360^ are angles of Quadrant IV. 

If OP make another revolution, it wUl describe all angles 
from 360'* to 720*, and so on. 

If OP, instead of making another revolution in the direction 
of the arrow, be supposed to revolve backwards about 0, this 
backward motion tends to undo or cancel the original forward 
motion. Hence, the angle thus generated must be regarded 
as a negative angle ; and this negative angle may obviously 
have any magnitude. Thus we arrive at the conception of an 
angle of any magnitude, positive or negative. 

§ 23. Gei^ebal Definitions of the I^nctions. 

The definitions of the trigonometric functions may be ex- 
tended to all angles, by making the functions of any angle 
equal to the line values in a unit circle drawn for the angle 
in question, as explained in § 3. But the lines that represent 
the sinef cosine, tanffent, and cotangent Tnust he regarded as 
negative, if they are opposite in direction to the lines that repre- 
sent the corresponding fun/stums of an angle in the first quad- 
rant; and the lines that represent the secant and cosecant must 
he regarded as negative, if they are opposite in direction to the 
moving radius. 

Figs. 17-20 show the functions drawn for an angle AOP in 
each quadrant taken in order. In constructin^them, it must 
be remembered that the tangents to the circle are aiways 
drawn through A and B, never through -4' or B\ 

Let the angle AOPh^ denoted by x\ then, in each figure 
the absolute values of the functions, that is, their values with- 
out regard to the signs + a-nd — , are as follows : 



80 
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Bino? =sJfP, tana? 
cosx= OMf cotx 
S 




AT, 

8 



Eecz—OT. 

cacz^==03. 

B 




8 8 



Bma; = 
co8a; = 



tanx = 



Keeping in mind the position of the points A and B, we may 
define in words the first four functions of the angle x thus : 
the yertical projection of the moving radius ; 
the horizontal projection of the moving radius ; 
the distance measured along a tangent to the circle 
ffipm the beginning of the first quadrant to the 
moving radius produced ; 
the distance measured along a tangent to the circle 
cotx = ^ from the end of the first quadrant to the moving 
radius produced. 
Seco? and esc a? are the distances from the centre of the 
circle measured along the moving radius produced to the tan- 
gent and cotangent respectively. 
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§24. Aloebsaxo Signs of the Funotions. 

The lengths of the lines, defined above as the functions of 
any angle, are expressed numerically in terms of the radius 
of the circle as tiie unit. But, before these lengths can be 
treated as algebraic quantities, they must have the sign + or 
*— prefixed, according to the condition stated in § 23. 

The reason for this condition lies in that fundamental rela- 
tion between algebraic and geometric magnitudes, in virtue of 
which c&nJtrary signs in Algebra correspond to opposite diree* 
tions in Oeometry, 

The sine JfP and the tangent ^T always extend from the 
horizontal diameter, but sometimes upwards and sometimes 
downwards; the cosine OM and the cotangent BS always 
extend from the vertical diameter, but sometimes towards the 
right and sometimes towards the left. The functions of an angle 
in the first quadrant are assumed to be positive. Therefore, 

1. Sines and tangents extending from the horizontal diam- 
eter upwards, are positive ; downwards^ negative. 

2. Cosines and cotangents extending from the vertical diame- 
ter towards the rights are positive; towards the left, are nega- 
tive. 

The signs of the secant and cosecant are always made to 
agree with those of the cosine and sine respectively. This 
agreement is secured if secants and cosecants extending firom 
the centre, in the direction of the moving radius^ are consid- 
ered positive ; in the opposite direction^ negative. 

Hence, the signs of the functions for each quadrant are : 



Sine and cosecant 

Cosine and secant 

Tangent and cotangent .... 


I. 


II. 


III. 


IV. 


+ 
+ 
+ 


+ 


+ 


+ 
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§26. Functions of a Vabiable Angle. 

Let the angle x increase oontinaouBly firom 0^ to S80*; 
what changes will the valaes of its functions undergo ? 

It is easy, by reference to Figs. 21-24, to trace these 
changes throughout all the quadrants. 






ng.n. 



Fig. M. 



1. The Sine. In the first quadrant, the sine Jl/P increases 
from to 1 ; in the second, it remains positive, and decreases 
from 1 to ; in the third, it is negative, and increases in abso< 
lute value from to 1; in the fourth, it is negative, and 
decreases in absolute value from 1 to 0. 
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2. The Cosine. In the first quadrant, the cosice OM de- 
creases from 1 to 0; in the second, it becomes negative and 
increases in absolute value from to 1; in the third, it is 
negative and decreases in absolute value from 1 to ; in the 
fourth, it is positive and increases from to 1. 

3. The Tangent, In the first quadrant, the tangent AT 
increases from to oo; in the second quadrant, as soon as 
the angle exceeds 90^ by the smallest conceivable amount, the 
moving radius OP, prolonged in the direction opposite to that 
of OP, will cut AT dX a point T situated very far hehw A ; 
hence, the tangents of angles near 90^ in the second quad- 
rant have very large negative values. As the angle increases, 
the tangent ^T continues negative but diminishes in absolute 
value. When a; = 180**, then T coincides with -4, and tan 180° 
= 0. In the third quadrant, the tangent is positive and m- 
creases from to oo ; in the fourth, it is negative and decreases 
in absolute value from oo to 0. 

4. TJie Cotangent, In the first quadrant, the cotangent B8 
decreases from oo to ; in the second quadrant, it is negative 
and increases in absolute value from to oo ; in the third and 
fourth quadrants, it has the same sign, and undergoes the same 
changes as in the first and second quadrants respectively. 

5. The Secant. In the first quadrant, the secant OT in- 
creases from 1 to 00 ; in the second quadranti it becomes 
negative (being measured in the direction opposite to that of 
OP)t and decreases in absolute value from oo to 1, so that 
sec 180^ = — 1 ; in the third quadrant, it continues negative, 
and increases in absolute value from 1 to oo; in the fourth 
quadrant, it is positive, and decreases from oo to 1. 

6. The Cosecant, In the first quadrant, the cosecant OS 
decreases from oo to 1 ; in the second quadrant, it remains 
positive, and increases from 1 to oo ; in the third quadrant, it 
becomes negative, and decreases in absolute value from oo to 
1, so that CSC 270**=— 1; in the fourth quadrant, it is nega- 
tive, and increases in absolute value from 1 to oo. 
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The limiting values of the functiona i 


are as follows : 





Sine 


(T 


80* 


180* 


270* 


880* 


rbO 


1 


±0 


-1 


±0 


Cosine • 


1 


d=0 


-1 


±0 


1 


Tangent 


d=0 


±00 


±0 


±00 


±0 


Cotangent 


=hOO 


±0 


±00 


±0 


±00 


Secant 


1 


±00 


-1 


±00 


1 


Cosecant 


±00 


1 


±00 


-1 


±00 



Sines and cosines extend from -f 1 to — 1 ; tangents and co- 
tangents from + 00 to — 00 ; secants and cosecants txom + oo 
to + 1, and from — 1 to — oo. 

In the table g^ven above the donble sign ± is placed before and 

00. From tbe preceding investigation it appears that the fdncUons alwayM 

change tign in pawing through and oo ; and the sign + or — prefixed 

to or 00 simply shows the direction from which the valne is reached. 

Take, for example, tan 90^: The nearer an acnte angle is to 90^, the 
greater ihe positive value of its tangent ; and the nearer an obtnse angle 
is to 90^, the greater the negaHoe value of its tangent. When the angle 
w 90°, OP (Fig. 21) is parallel to iir, and cannot meet it But tan 90^ 
may be regarded as extending either in the positive or in the negative 
direction ; and according to the view taken, it wiH be + oo or — oo. 



§ 26. Functions op Angles Laegeb than 860**. 

It is obvious that the functions of 860^ -f^ are the same 
both in sign and in absolute value as those of x ; for the mov- 
ing radius has the same position in both causes. In general, if 
n denote any positive whole number, 

The functiona qf(nX 860** + z) are the same as those o/xm 
For example : the functions of 2200** = the functions of 
(6 X 360** + 40**) = the functions of 40*. 
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§ 27. Extension of Fobkulas [1]-[3] to all Angles. 

The Formulas established for aciUe angles in § 5 hold true 
for cUl angles. Thus, Formula [1], 

sin«:c + co8":c = l, 

is universally true ; for, wheth er JfP and OJf (Figs. 21-24) 
are positive or negative, JKP^and Om are always positive, 
and in each quadrant JtfP* + aS* = OP*=l. 
Also, Formulas 

[2] tana:= , 

fsin xXcacx==^l, 
co8a:XBeca? = l, 
tana; X cot x=l, 

are universally true ; for the algebraic signs of the functions, 
as given in the table at the end of § 24, agree with those in 
Formulas [2] and [3] ; and with regard to the absolute values, 
we have in each quadrant from the similar triangles OMP^ 
OAT, OBS, (Figs. 21-24) the proportions 

ATiOA^^MP'.OM, 
MP\OP-=^OB :03, 
OM:OP==OA :0T, 
AT :0A = 0£ :SS, 

which, by substituting 1 for the radius, and the right names 
for the other lines, are easily reduced to the above formulas. 
Formulas [1]~[B] enable us, from a given value of one func- 
tion, to find the absolute values of the other five functions, and 
also the sign of the reciprocal function. But in order to deter- 
mine the proper signs to be placed before the other four 
functions, we must know the quadrant to which the angle in 
question belongs; or what amounts to the same thing, the sign 
of any one of these four functions ; for, by reference to the 
Table of Signs (§ 24) it will be seen that the signs of any two 
functions that are not reciprocals determine the quadrant to 
which the angle belongs. 
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Example. Given Binx = 4-tt &u<i tanx negative; find the 
values of the other functions. 

Since sin a; is positive, x must be an angle in Quadrant I. or 
in Quadrant II.; but, since also tanx is negative, Quadrant I. 
is inadmissable. 

By [1], cosa: = ±V1— i|^ ===*=♦• 

Since the angle is in Quadrant 11. the minus sign must be 

taken, and we have 

cosa?ss — ♦. 
By [2] and [3]. 

tana; = — J, cota:s= — f, seca:=« — f, cflCJ?=:f. 



EXEBCISE IX. 

1. Construct the functions of an angle in Quadrant II. 
What are their signs ? 

2. Construct the functions of an angle in Quadrant III. 
What are their signs? 

3. Construct the functions of an angle in Quadrant IV. 
What are their sighs? 

4. What are the signs of the functions of the following 
angles: 840^ 239^ 145^ 400^ 700^ 1200^ 3800^? 

5. How many angles less than 360^ have the value of the 
sine equal to +fi &nd in what quadrants do they lie? 

6. How many values less than 720° can the angle x have 
if cosa: = + 1, and in what quadrants do they lie ? 

?. If we take into account only angles less than 180°, how 
many values can x have if sina; = f-? if cosa;=:^? if cosa;=s 
-I? if tana: = |? if cotx = -7? 

8. Within what limits must the angle a; lie if cos a? = — |^? 
if cot a; = 4 ? if sec a? = 80 ? if esc a; = — 3 ? (a; to be less than 
860*.) ' 

9. In what quadrant does an angle lie if sine and cosine 
are both negative ? if cosine and tangent are both negative ? 
if the cotangent is positive and the sine negative 7 
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10. Between 0^ and 3600^ how many angles are there whose 
sines have the absolute value f ? Of these sines how many 
are positive and how many negative? 

11. In finding cos a? by means of the equation cosa;=: 
±V1 — sin'j:, when must we choose the positive sign and when 
the negative sign ? 

12. Given cos x = —V^ ; find the other functions when z is 
an angle in Quadrant II. 

13. Given tan x = V3 ; find the other functions when x is 
an angle in Quadrant III. 

14. Given sec j? = + 7» &iid tan x negative ; find the other 
functions of x. 

15. Given cot:r = — 3; find all the possible values of the 
other functions. 

16. What functions of an angle of a triangle n^y be nega* 
tive? In what case are they negative? 

17. What functions of an angle of a triangle determine the 
angle, and what functions fail to do so ? 

18. Why may cot 360® be considered equal either to +oo 
or to — 00 ? 

19. Obtain by means of Formulas [l]-[3] the other func- 
tions of the angles given : 

(i.) tan 90*^ = 00. (iii.) cot 270*^ = 0. 

(ii.) cos 180® = -1. . (iv.) CSC 360® = -00. 

20. Find the values of sin 450®, tan 540®, cos 630®, cot 720®, 
sin 810®, CSC 900®. 

21. For what angle in each quadrant are the absolute values 
of the sine and cosine alike ? 

Compute the values of the following expressions: 

22. a sin 0® + J cos 90® — c tan 180®. 

23. acos90®— Jtanl80® + (?cot90®. 

24. a sin 90® - b cos 360® + (a-b) cos 180®. 

25. ((^-J*)cos860®-4aisin270®, 
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§ 28. Reduction of FuNcnoNS to the Fibst Quab&aht. 

In a unit circle (Fig. 25) draw two diameters PB and Q8 

equally inclined to the horizon- 
tal diameter AA', or so that the 
angles AOF, A'OQ, A^OR, and 
A08 shall be equal. From the 
points P, C, ^, S let &11 per- 
pendiculars to AA*\ the four 
right triangles thus formed, with 
a common vertex at 0, are equal ; 
because they have equal hypote- 
nuses (radii of the circle) and 
equal acute angles at 0. There- 
fore, the perpendiculars PM^ 
QN, BN, SM, are equal. Now these four lines are the sines 
of the angles AOP, AOQ, AOR, and AOS, respectively. 
Therefore, in absolute valuer 

BinAOP=^mAOQ = BmAOR=^AnAOa. 

And from § 27 it follows that in absolute value the cosines 
of these angles are also equal ; and likewise the tangents, the 
cotangents, the secants, and the cosecants.* 

Hence, /or every acute angle (AOP) there is an angle in each 
of the higher quadrants whose functions, in absolute value, are 
equal to those of this acute angle. 

Let ZAOP=x, ZPOB = y; then a: + y = 90^ and the 
functions of x are equal to the co-named functions of y (§ 4) ; 
further, 

Z ^OQ (in Quadrant 11.) =180*-a:= 90* + y, 
ZAOR (in Quadrant III.) = 180** + z = 21(f - y, 
ZAOS(m Quadrant IV.) = 360^ - a: = 270* + y. 
Hence, if we prefix in each case the proper sign (§ 24), we 
have the two following series of Formulas : 



* In future, leeants and cosecants wiU be disregarded. Thej maj be found 
bj [3] if wanted, but are seldom used in computations. 
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Afiffle in Quadrixrd IL 

sin (180® — ar)= sin x. dn (90*+y)= cosy, 

cos (180**— ar) = — cos a?. cos (90* + y) = — sin y. 

tan(180*' — ar) = — tana?. tan(90*+y) = — coty. 

cot(180* — a?)=s — cota?. cot(90® + y) = — tany. 

Angle in Quadrant IIL 

sin (180* + ar) = — sin a?. sin (270® — y) = — cos y. 

cos (180® + a;) = — cos a?. cos (270® — y) = — sin y. 

tan (180® + a?) = tana?. tan(270® — y)= coty. 

cot (180® + ar) = cot ar. cot (270® — y) = tany. 

« 
Angle in Quadrant IV. 

An (360®— ar) = — sin a?. sin (270® + y) = - cos y. 

cos(360® — ar)= cos a?. cos(270® + y)= siny. 

tan (360® — ar) = — tana?. tan (270® + y) == — cot y. 

cot(360® — ar)== — cota?. cot (270® +y) = — tany. 

Hence, by selecting the right formulas, 

Thefunctiona of aU angles can be reduced to the functions of 
angles not greaier than 45®. Thus, to find the functions of 
220® and 230®, we should consider 220® as (180® +40®), but 
230® as (270® -40®). 

It is evident from these formulas that, 

If an acute angle be added to or suiiractedfrom 180® or 800®i 
the functions of the resulting angle are equal in absolute value 
to the VkiMiBmeifunctums of the acute angle; but if an acute 
angle be added to or subtracted from 90® or 270®| the functums 
of the resulting angle are equal in absolute value to the oo-named 
functions of the aciUe angle. 

It is evident from the formulas for (180®— x) that, 

A given value of a sine determines two supplementary angles, 
one acuiCf the other obtuse ; a given value (f any other function 
(except the cosecant) determines only one angle : acute if the 
vahie is positive, obtuse if the value is negative. 
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§29. Akoles whose Diffebekce is 9(f. 

The general form of two sncli angles is z and 9(f + x, and 
they most lie in adjoining quadrants. The relations between 

their functions were found in 
§ 28, but only for the case when 
X is acute. These relations, how- 
ever, may be shown to hold truA 
for all values of x. 

In a unit circle (Fig. 26) draw 
two diameters PH and Q8 per- 
pendicular to each other, and 
let fall to A A' the perpendicu- 
lars FM, QH, RK, and 8N. 
The right triangles OMP, OHQ, 
OKR, and ONS are equal, because they have equal hypote- 
nuses and equal acute angles POMy OQH, ROK, and 08N, 

Therefore, OM = QJBr= OK = N8, 

and PM^ 0H= KR = OK 

Hence, taking also into account the algebraic sign, 

Bin^OQ= cos ^OP; sin doits' = cos^OjB; 

cos ^0Q = -. sin ^OP; co%A08 = — Bin.40jR; 

Bin^0i2= cos^OQ; sin (360** + ^ OP) = cos ^05; 

008 AOR = - sin ^^Q ; cos (360* + AOP) = - AnA08, 

In all these equations, if rr denote the angle on the right-hand 
side, the angle on the left-hand side will be W+x. There- 
fore, if X be an angle in any one of the four quadrants, 

sin (90** + ^) = cos a?, 
cos (90® + a:) = — sin x. 

And, by § 27, tan (90® + a:) = - cot x, 

cot (90* + ar) = — tan x. 

In like manner, it csui be shown that all the formulas of 
§ 28 hold true, whatever be the value of the angle x. 
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§ 80. FujrcnoKB of a NeqatiVx AnaLB. 

If the angle ^ OP (Fig. 25) is demoted by x, the equal angle 
AOS, generated by a backward rotation of the moving radius 
from the initial position OA^ will be denoted by —x. It is 
obvious that the position 08 of the moving radius for this 
angle is identical with its position for the angle 860^—^. 
Therefore, the functions of the angle —x are the same a9 those 
of the angle 860^ - ar ; or (§ 28), 

sin (— rr) = — sin x, tan (— a?) s= — tan x, 

cos (— x) = cosa?, cot (— a?) = — cot x. 



EXEBCISE X. 

1. Express sin 250^ in terms of the functions of an acute 
angle greater than 45^, and also in terms of the functions of 
an acute angle less than 45^. 

Ana. 1. sin 25(r = sin (180^ + 70**) = - sin 70". 
2. sin25(r = sin(270^-20^)=-cos20*. 

Express the following functions im terms of the functions of 
angles less than 45° : 

2. sin 172°. 8. sin 204°. 14. sin 168° 49'. 
8. cos 100°. 9. cos 359°. 15. cos 195° 83'. 
4. tanl25°. 10. tan300°. 16. tan269°15'. 
6. cot 91°. 11. cot 264°. 17. cot 139° 17'. 

6. sec 110°. 12. sec 244°. la sec 299° 45'. 

7. CSC 157°. 18. CSC 271°. 19. esc 92° 25'. 

Express all the functions of the following negative angles in 
terms of those of positive angles less than 45° : 

20. -75°. 22. -200°. 24. -52° 37'. 

21. -12r. 23. -345°. 25. -196° 54'. 

26. Find the functions of 120°. 

HxHT. 120° - 180° - 60°, or, 120O - wo + 30° ; then apply J 28. 
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Find the fdnctions of the following angles : 

27. 186*. 29. 21(f. 81. 240*. 88. -80*. 

28. 150*. 80. 225*. 82. 80(f. 84. -225*. 

85. Oiven sin^ » — vT, and cos^r negatiye ; find the other 
{mictions of x, and the value of z. 

86. Given cot:& = — VS, and z in Quadrant II.; find the 
other functions of z, and the value of z. 

87. Find the functions of 8540^. 

88. What angles less than 860° have a sine equal to — i? 
a tangent equal to — VS? 

89. Which of the angles mentioned in Examples 27-84 hava 
a cosine equal to — VF? a cotangent equal to — V8? 

40. What values of z between 0^ and 720° will satisfy the 
equation sina: = + ^? 

41. In each of the following cases find the other angle be- 
tween 0° and 360° for which the corresponding function (sign 
included) has the same value: sin 12°, cos 26°, tan 45°, cot 72°; 
sin 191°. cosl20^ tan 244°, cot 857°. 

42. Given tan288° = 1.6; find 8inl22°. 
48. Given cos 888° = 0.89 ; find tan 117°, 
Simplify the following expressions : 

44. aco8(90°~ar) + Jco8(90°+ar). 

45. m COB (90° -ip) sin (90° -a?). 

46. (a-J)tan(90°-ar) + (a + ft)cot(90°+ar). 

47. a« + J«-2aJco8(180°-ar). 

48. 8in(90°+ar)8in(180°+ar)+co8(90°+ip)cos(180°-ar). 

49. coB(180°+ar)co8(270°-y)-sin(180°+a?)sin(270°-y). 

50. tanar + tan(-y)— tan(180°— y). 

51. For what values of a? is the expression sinx + cosrr 
positive, and for what values negative? Bepresent the result 
by a drawing in which the sectors corresponding to the nega- 
tive values are shaded. 

52. Answer the question of last example for sin^r— coe^r. 

53. Find the functions of (:i; — 90°) in terms of the functions 
of a?. 

54. Find the functions of (z — 180°) in terms of the functions 

of 0?. 
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§31. Functions op the Sum of Two Angles. 

In a unit circle (Fig. 27) let the angle AO£ = x, the angle 
BOO^y\ then the angle A00= 

In order to express Bin(a? + y) 
and co8(x + y) ^ terms of the 
sines and cosine^ of x and y, draw 
CF± OA, CD ± OB, DEI. OA, 
DG±CF; then Ci> = 8iny, OD 
= cosy, and the angle DCG = 
the angle ODO = x. Also, 
Bin(a; + y) = CF= DE+ CG. 




DE 
OD 
CG 
CD 



= sina? ; hence, DE= sina: X OD = sina? cosy. 
= cosa? ; hence, CG = cosa? X CD = cosa: siny. 



Therefore, iin(x + 7) = sinx cosy + oosx siny. 

Again, cos {x'\'y)-== 0F=^ OE-DO. 

OE 



[4] 



OD 
DG 



CD 
Therefore, 



= cosa? ; hence, 0-ff= cosa? X OD = cosa? cosy. 

= sin a: ; hence, DG = sin a? X CD = sin a? sin y. 
oob(x + y) = ooBxooBy — sinx ainy. 



[5] 



In this proof x and y, and also the snm X'\-y^ are assmned 

to be acute angles. If the sum 
a?4*y of the acute angles a? and 
y is obtuse, as in Fig. 28, the 
proof remains, word for word, 
the same as above, the only dif- 
ference being that the sign of 
OJPwill be negative, as DG is 

now greater than OE. The above formulas, therefore, hold 

true for all acute angles a? and y. 
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If these formulas hold true for any two acat« angles x and 
y, they hold true when one of the angles is increased by 90®. 
Thus, if for x we write x' = 90** + x, then, by § 29, 

sin (2r'+ y) = sin (90** + a? + y) = cos (a: + y), 
cos(2r'+ y) = cos (90** + a; + y) = — sin (a: + y)« 

Hence, by [5], sin (x*+ y) = cos a? cosy — sinar siny, 
by [4], cos(a:'+ y) = ~ sina: cosy — cos a: siny. 

Now, by § 29, cosa: = sin (90** + x)= sin x', 

sin a; = ~ cos (90** + a:) = — cos a;'. 

Therefore, by putting sin a/ for cos a;, and —cos a:' for sinar, 
in the right-hand members of the above equations, 

sin (x* + y) = Bin ^' cosy + cos a;' sin y, 
cos(a;'+ y) = cos a;' cosy — sin ar' sin y. 

Hence, it follows that Formulas [4] and [5] are universally 
true. For they have been proved true for any two acute 
angles, and also true when one of these angles is increased by 
90® ; hence they are true for each repeated increase of one or 
the other angle by 90**, and therefore true for the sum of any 
two angles whatever. 

By §27, 

, , V sin (a; + y) sin ar cosy + cosa; siny 

co8(a; + y) cosa; cosy — sin a; siny 

If we divide each term of the numerator and denominator of 
the last fraction by cosa; cosy, and again apply § 27, we obtain 

tan(x + y) = .:^f+>?y-. [6] 

""^ 1 — tanxtany 

In like manner, by dividing each term of the numerator and 
denominator of the value of cot (a; + y) by sinar siny, we obtain 

^ '^ ootx + coty "■ ■" 
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§32. Functions op the Difference of Two Angles. 

In a unit circle (Fig. 29) let the angle AOB=^x, the angle 
COB = y ; then the angle AOQ= 
x — y. 

In order to express Bin(a; — y) 
and co8(a; — y) in terms of the 
sines and cosines of x and y, draw 
CFl. OA, CD ± OB, DEI. OA, 
i)(?± -F(7 prolonged ; then CZ>= 
siny, 0-D = cosy, and the angle 
i>C(?=the angle ^J9(7=ar. And, 0: 
^n(x-y)=CF=DJS-Ca. 
DE 




Fig. S9. 



OJD 
CO 
CD 



= sina;; hence, DE^emxy. OD = wa.xcoay. 
= 0083?; hence, CO =^ coax X CD = coax way. 



Therefore, Bm(x — y) = sinx cosy — ooex siny. 

Again, cos (x — y) = 0F= 0E+ DO. 

OE 
OD 

DO 



[8] 



= COS a; ; hence, OE = cos a; X OD = cos a; cosy. 



CD 



= sin a? ; hence, 2)0 = sin a? X CD = sin x sin y. 



Therefore, ooa (x — y) = cxwx oosj + sinx siny. 



[9] 



In this proof, both x and y are assnined to be acute angles ; 
but, whatever be the values of x and y, the same method of 
proof will always lead to Formulas [8] and [9], when due 
regard is paid to the algebraic signs. 

The general application of these formulas may be at once 
shown by deducing them from the general formulas established 
in § 31, as follows : 

It is obvious that (x^y)+y = x. If we apply Formulas 
[4] and [5] to (a; — y) + y, then 
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sin J(z — y) + yj or sin a: = sin (a: — y) cosy + co8(x — y) siny, 
cos{(a; — y)'\-y\ or cosa: — cos (a: — y) cosy — sin (a: — y) siny. 

Multiply the first equation by cosy, the second by siny, 

sin X cosy = sin (a; — y) cos^y + cos (a? — y) sin y cosy, 
cosa: siny = — sin {x — y) sin^y + cos(a? — y) siny cosy ; 

whence, by subtraction, 

sin ar cos y — cos a? sin y = sin (a? — y) (sin^y + cos^y). 

But sin'y + cos'y = 1 ; therefore, by transposing, 

sin {x — y)=^ sinj? cosy — cosa; siny. 

Again, if we multiply the first equation by sin y, the second 
equation by cosy, and add the results, we obtain, by reducing, 

cofi (x—y) = cosa? cosy + sin a? siny. 

Therefore, Formulas [8] and [9], like [4] and [5], from which 
they have been derived, are universally true. 
From [8] and [9], by proceeding as in § 31, we obtain 



tan(x — y) = =— — . •'-. 

^ ''^ 1-f tanztany 



[10] 



. . . ootzcoty + 1 rm 

oot (z — y) = — ^-^ [11] 

Formulas [4] -[11] may be combined as follows: 
sin (a: d= y) = sinx cosy i cosar siny, 

cos (a; db y) = cosa? cosy =F sin a? siny, 

. . V tana? ± tany 

tanfa: ± y) = = — 7 t"^* 

"^^ 1=F tana: tany 

^, X cota?cotv=Fl 

cot (a? db y) = — 7 ^-r — 

^^ coty ± cota? 
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§33. Functions of Twice an Angle. 
If, in Formulas [4] -[7], y ^ar, they become : 

8in2x = 88inzooBX. [12] oob8x = oo8'x— sm'x. [13] 

tan2x = ,^^. [14J oat2x = ?^^ [15] 

l~tan'x ^ ■* 2ootx "■ ■" 

By these formulas the functions of twice an angle are found 
when the functions of the angle are given. 

§ 34. Functions of Half an Angle. 

Take the formulas 

C08*a; + sin*a: = 1 [r 

COB* a; -- sin^ar = cos 2 a? [13^ 



Subtract, 2 sin* a; = 1 — cos 2a? 

Add, 2 co8*a? = 1 + cos 2 a? 

Whence 



««^— _L | 1 — co82ar ^^^ ^ f l + cos2a? 

Bina?=±'^ 1 cosa? = d=-vl — 

These values, if 2 is put for 2 a;, and hence iz for x, become 
rinj.=±*^^i [16] cotiM=±.^±^ [17] 

Hence, by division (§ 27), 

By these formulas the functions of half an angle may be 
computed when the cosine of the entire angle is given. 

The proper sign to be placed before the root in each case 
depends on the quadrant in which the angle ^z lies. (§ 24.) 

Let the student show from Formula [18] that > 

tanJJ5='vr^- (See page 19, Note 2.) 



1 
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§35. Sums and Diffebences of Fxti^ctions. 

From [4], [5], [8], and [9], by addition and subtraction : 

8in(a? + y) + flin(a; — y)= 28inarco8y, 
sin (j: + y) — sin (a; — y) = 2co8a;6iny, 
co8(a? ■f-y) + co8(z — y)= 2coBa?coBy, 
co8(ar + y) — C08(a7 — y) = — 2sina?siny; • 

or, by making a; + y = j4, and a? — y = -B,. 

and therefore, x = ^(A + -B), and y=^\(A — £), 

BinA + 8inB= 2Bini(A + B)ooBi(A-B). [20] 

BinA-BinB= 2oosi(A + B)Bini(A-B). [21] 

oobA + oobB= 2ooBi(A + B)ooBi(A-B). [22] 

ooBAv-ooBB=-2Bini(A + B)8ini(A-B). [23] 

From [20] and [21], by division, we obtain 

5|ll4±^ = tan K^ + 5) cotK^ - 5) ; 

sin-A — smjo 

or, since cotK^-^) = ^^(^_^y 

rinA + sinB _ tan^(A + B) rg . «, 

sinA-sinB tMii{A-By "■ -* 

EXEBCISE XI. 

1. Find the value of 8in(a; + y) and cos(a; + y), when sin a? 
= f cosar = |, 8iny = -A, co8y = ||. 

2. Find sin (90** - y) and cos (90** ~y) by making ar= 90" 
in Formulas [8] and [9]. 

Find, by Formulas [4]-[ll], the first four functions of : 

3. 90** + y. 8. 360** -y. 13. — y. 

4. 180** -y. 9. 360** + y. 14. 45** -y. 

5. 180** + y. 10. a;-90^ 15. 45** + y. 

6. 270** -y. 11. a: -180". 16. 30** + y. 

7. 270** + y. 12. a? -270". 17. 60** -y. 
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18. Find sin 3 a: in terms of sin a;. 

19. Find cos 3 a; in terms of cosar. 

20. Given tan-J^a? = 1 ; find cos a?. 

21. Given cot -J-a; = V3 ; find sina?. 

22. Given sina: = 0.2 ; find sin^a; and cos^a;. 

23. Given cosa; = 0.5 ; find cos 2a; and tan 2a?. 

24. Given tan 45" = 1 ; find the functions of 22" SQf. 

25. Given sin 30" = 0.5 ; find the functions of 15". 

26. Prove that tan 18" = ^^'^ H] + ^^'^ H 

cos 33" + cos 8" 

Prove the following formulas : 

o»7 ^•-. o 2 tana? on x i sina? 

27. 8in2a?=- p. 29. tan^a? = 



1 + tan*a? 1 + cosa? 

28. cos2a?== }~^"|^ . 30. cotJa?= ^^^* 



l + tan*a? 1— coe* 

31. sin-J-a: d: cos-J-a: = VI ifc sina?. 

Qo tana:±tany . , 

6Z, — 7^ = =fctana?tany. 

cot a? dt cot y ^ 

83. tan(45"-a:) = ?— ^^55£. 
^ ^ 1 + tanar 

If Af B, Care the angles of a triangle, prove that: 

34. sin -4 + sin JB + sin (7= 4 cos-J- A cos-J- B cos-J- O, 

35. cos A + CO&B + cos (7= 1 + 4sin-^-4. sin-^ j5 sin^ (7. 

36. tan^+tan-B + tanC=tan^Xtan5xtan(7. 

37. coti^ + cot^5 + cotJC=coti^Xcot|5xcot|0: 

Change to forms more convenient for logarithmic computa- 
tion: 

38. cota? + tana?. 43. 1+ tana; tan y. 

39. cota; — tana?. 44. 1 — tan a; tan y. 

40. cota; + tAny, 45. cota;coty+l. 

41. cota? — tan y. 46. cota;coty— 1. 
42 l-- cos 2a? a>, tanar + tany 

l + co82a? * cot a; + cot y 



CHAPTER IV. 



THE OBLIQUE TRIANGLE. 

§ 36. Law of Sines. 

Let A, B, G denote the angles of a triangle ^1 J? (7 (Figs. 30 
and 31), and a, 5, c, respectively, the lengths of the opposite 
sides. 

Draw CD ± AB, and meeting AB (Fig. 30) or AB pro- 
duced (Fig. 31) at jD. Let CD = A. 





In both figures, - = sin A, 



In Fig. 30, 
In Fig. 31, 



a 
h 



■= sin B. 



= sin (180* -5) = sin J5. 



Therefore, whether h lies within or without the triangle, 
we obtain, by division, 

a sinA 



b BinB 



[26] 
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By drawing perpendiculars from the vertices A and JB to 
tlie opposite sides we may obtain, in the same way, 



6__8in-B 
c Bin G 



sin^ 



a_ 

e sin (7 



Hence the Law of Sines, which may be thus stated : 

The sides of a triangle are proportional to the sines of the 
opposite angles. 

If we regard these three equations as proportions, and take 
them by alternation, it will be evident that they may be writ- 
ten in the synmietrical form, 



a 



sin A sin J? sin O 

Each of these equal ratios has a simple geometrical mean- 
ing which will appear if the Law of Sines is proved as follows : 

Circumscribe a circle about the triangle ABC (Fig. 32), 
and draw the radii OA, OB, 00; 
these radii divide the triangle into 
three isosceles triangles. Let B 
denote the radius. Draw OM 
J- BO, By Geometry, the angle 
BOO =2A; hence, the angle 
BOM=A, then BM=B sin BOM 
= jB sin A. 

.'. BO or a = 2-Rsin-4. 

In like manner, i = 2-Rsin5, 

and c = 2i2 sin (7. Whence we 

obtain 

a b 




Fig. & 



2R 



sin A sin B sin (7 



That is : The ratio of any side of a triangle to the sine of the 
opposite angle is numerically equal to the diameter of the cii-^ 
cumscribed circle. 
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§ 37. Law of Cosines. 

This law gives the value of one side of a triangle in terms 
of the other two sides and the an^le included between them. 

In Figs. 30 and 31, a« = A« + BI^. 

In Fig. 30, BD =c-AI); 

in Fig. 31, BD^AD-c, 

in both cases, BI^ = AIf — 2c X AI)+(?. 

Therefore, in all cases, c? = hf + AJD^ + c* — 2c X AD. 

Now, » + AIJ^ = lf, 

and AD =ico6X 

Therefore, a* = W + 6*-2boooeA. [26] 

In like manner, it inay be proved that 

i« = a* + c* — 2a<?cosJ5, 
c» = o* + J"-2aAcoeC: 

The three formulas have precisely the same form, and the 
law may be stated as follows : 

The square of any side of a triangle is eqval to the sum of 
the squares of the other tvH) sides, diminished by tvnce the 
product of the sides and the cosine of the incliuied angle, 

§ 38. Law op Tangents. 

By § 36, a : J = Bin-4. : sin J5 ; 

whence, by the Theory of Proportion, 

a—h sin -4 — sin 5 
a + b sin-4. + sin5 

But by [24], page 48, 

sin^"-sinJ9 _ tan}(^-- B) 

%mA + sin5 tan 1(^ + B) 
Therefore, 

a — b _ taaKA — B) rg,,-. 

a + b taiii(A + B) '• -* 
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By merely changing the letters, 

a + c tQ.ni(A + 0)' b + c tani(5+a)' 

Hence the Law of Tangents : 

The difference of two sides of a triangle is to their sum as the 
tangent of half the difference of the opposite angles is to the tan- 
gent of half\heir sum, 

NoTB. If in [27] 6 > a, then B>A, The formula is still true, but to 
avoid negative quantities, the formula in this case should be written 

5-<a iAn\(B'-'A) 
ft + a^tanJC-B + iiy 

HxEBCISE XII. 

1. What do the formulas of § 86 become when one of the 
angles is a right angle ? 

2, Prove by means of the Law of Sines that the bisector of 
an angle of a triangle divides the opposite side into parts pro« 
portional to the adjacent sides. 

8. What does Formula [26] become when A = 90** ? when 
^ = 0** ? when A = 180**? What does the triangle become in 
each of these cases ? 

Note. The case where A » 90® explains why the theorem of 2 37 is 
sometimes termed the Ocneralized Theorem of Pyihagoroi. 

4. Prove (Figs. 80 and 81) that whether the angle B is 
acute or obtuse c = a cos J? + 5 cos -4. What are the two sym- 

#metrical formulas obtained by changing the letters? What 
does the formula become when B = 90** ? 

5. From the three following equations (found in the last 
exercise) prove the theorem of § 87 : 

c = a cos jB + i cos-4, 
b = acosC + CCOB A, 
a = 5 cos (7 + tf cos B. 

HiVT. Multiply the first equation by e, the second by h, the third 
by a ; then from the first subtract the turn of the second and third. 
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6. In Formula [27] what is the maximum value of } (A-^JB) ? 
o{i(A+£)? 

7. Find the form to which Formula [27] reduces, and 
describe the nature of the triangle, when 

(i.) C=90^ (ii.) ^-£ = 9(f,and5=C 

§ 39. The Given Pabts of an Obliqtte T&iakgle. 

The formulas established in §§ 86-38, together with the 
equation A + jB+ (7= 180**, are sufficient for solving every 
case of an oblique triangle. The three parts that determine 
an oblique triangle may be : 

I. One side and two angles ; 
II. Two sides and the angle opposite to one of these sides ; 

III. Two sides and the included angle ; 

IV. The three sides. 

In all cases let A, B, C denote the angles, a, b, c the sides 
opposite these angles respectively. 

§ 40. Case I. 

Given one side a, and two angles A and B; find the remainr 
ing parts C, i, and c. 

1. C7= 180** - (^ + 5). 

n h sin 5 . jr asinJS a ^ • z> 

2. -=-: — j; .•.6 = -: — r=-: — 7 X sin A 

Q c _ %\nC , _ g Bin C _ a v. -- ^ 

o. : — 7 , • *C : — : X Sin O. | 

a siTxA «\xiA sin A ^ 

Example, a = 24.31, A = 45** 18', ^ = 22** 11'. 
The work may be arranged as follows : 



a= 24.31 
A= 46** 18' 
B= 22** 11' 



A + B=^ 67** 29' 
(7= 112** 31' 



log a =1.38578 =1.38578 

cologsin A = 0.14825 = 0.14825 

log8inJg = 9.57700 log sinC= 9.96556 

logc= 1.49959 
c= 81.593 



logi = 1.11103 
b = 12.913 
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EXEBCISE XIII. 

1. Givena = 500, ^ = 10^12', -B = 46*'36'; 

find C7= 123** 12', J = 2051.48, c = 2362.61. 

2. Given a =795, ^ = 79** 59', 5 = 44** 41'; 

find C= 55** 20', J = 567.688, c = 663.986. 

3. Given a = 804, ^ = 99** 55', 5 = 45^*1'; 

find C= 35** 4', b = 577.313, c = 468.933. 

4. Given a = 820, ^ = 12** 49', ^=141** 59'; 

find C7= 25** 12', i = 2276.63, c = 1573.89. 

5. Given tf= 1005, ^ = 78** 19', -B = 54**27'; 

find C= 47** 14', a = 1340.6, b = 1113.8. 

6. Given b = 13.57, B = 13** 57', C7= 57** 13' ; 

find ^ = 108** 50', a = 53.276, (? = 47.324. 

7. Given a = 6412, ^ = 70** 55', C=52**9'; 

findJ? = 56**56', i = 5685.9, (? = 5357.5. 

8. Given b = 999, A = 37** 58', 0= 65** 2' ; 

find J? = 77^ a = 630.77, c = 929.48. 

9. In order to determine the distance of a hostile fort A 
from a place JB, a line J30 and the angles ABC and BOA 
were measured, and found to be 322.55 yards, 60** 34', and 
56** 10', respectively. Find the distance AB, 

10. In making a survey by triangulation, the angles B and 
C of a triangle ABC were found to be 50** 30' and 122** 9', 
respectively, and the length BCia known to be 9 miles. Find 
AB and AC 

11. Two observers 5 miles apart on a plain, and facing 
each other, find that the angles of elevation of a balloon in 
the same vertical plane with themselves are 55** and 58**, 
respectively. Find the distance from the balloon to each 
observer, and also the height of the balloon above the plain. 

12. In a parallelogram given a diagonal d and the angles 
X and y which this diagonal makes with the sides. Find the 
sides. Compute the results when d= 11,237, a?= 19** 1', and 
y = 42**54. 
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13. A lighthouse was observed from a ship to bear N. 34^ E. ; 
after sailing due south 3 miles, it bore N.23*'E. Find the dis- 
tance from the lighthouse to the ship in both positions. 

Note. The phrase to bear N. S4P E. means that the line of sight to 
the lighthouse is in the north-east quarter of the horizon, and makes, 
with a line due north, an angle of 34^. 

14. In a trapezoid given the parallel sides a and &, and the 
angles x and y at the ends of one of the parallel sides. Find 
the non-parallel sides. Compute the results when a = 15, 
i = 7, a: = 70^ y = 40^ 

Solve the following examples without using logarithms : 

15. Given b = 7.07107, A == 30^ C= 105** ; find a and c. 

16. Given c = 9.562, ^ = 45^ ^==60*; find a and J. 

17. The base of a triangle is 600 feet, and the angles at the 
base are 30° and 120°. Find the other sides and the altitude. 

18. Two angles of a triangle are, the one 20°, the other 40°. 
Find the ratio of the opposite sides. 

19. The angles of a triangle are as 5 : 10 : 21, and the side 
opposite the smallest angle is equal to 3. Find the other 
sides. 

20. Given one side of a triangle equal to 27, the adjacent 
angles equal each to 30°. Find the radius of the circum- 
scribed circle. (See § 36, Remark.) 



§41. Case II. 

Oiven two sides a and b, and the angle A opposite to the 
side a ; find the remaining parts B^ 0, c. 

This case, like the preceding case, is solved by means of 
the Law of Sines. 

Since S54 = * therefore 8in5 = ^-2ILi; 

sin^ a a 

(7= 180° - (^ + B). 

A J . c sin (7 .1 ^ a pin ^ 

And since - = -: — 7, therefore (? = •—: — —* 

a sin A 9inA 
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When an angle is determined by its sine it admits of two 
values, wliicli are supplements of each other (§ 28); hence, 
either value of B may be taken unless excluded by the con- 
ditions of the problem. 

If a > i, then by Geometry A> B, and B must be acute 
whatever be the value of A\ for a triangle can have only 
one obtuse angle. Hence, there is one, and only one, triangle 
that will satisfy the given conditions. 

If a == i, then by Geometry A=^B\ both A and B must be 
acute, and the required triangle is isosceles. 

If a < i, then by Geometry A<B, and A must be acute 
in order that the triangle 
may be possible. If ^ is 
acute, it is evident from 
Fig. 33, where Z BA C^A, 
AO==b, CB=-CB'=^a, 
that the two triangles ACB 
and ACB^ will saiisjy the 
given conditions, provided J^ 
a is greater than the per- 
pendicular OF] that is, 
provided a is greater than 5 sin -4 (§ 10). The angles ABC 
and AB^C are supplementary (since Z ABC = A BB'C) ; 
they are in fact the supplementary angles obtained from the 




formula 



8in-B = 



isin^ 



a 



If, however, a = 5 sin -4 = CF (Fig. 33), then sin 5 = 1, 
B = 90®, and the triangle required is a right triangle. 

If a < i sin A, that is, < CF, then sin 5 > 1, and the tri- 
angle is imprtssihle. 

These results, for convenience, may be thus stated : 

If a > i, or a = i, or if a = 6 sin A, One solution. 

If a < 6, but > b sin A, and A < 90®, Two solutions. 

Ifa<6 and^>90^ or if a<6sin^ and ^<9G^ 

No solution. 
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The number of solutions can often be determined by inspec- 
tion. If there is any doubt, it may be removed by computing 
the value of isin^. 

Or we may proceed to compute log sin JB. If log sin jB = 0, 
the triangle required is a right triangle. If log sin J? > 0, the 
triangle is impossible. If log sin ^ < 0, there is one solution 
when a>b; there are two solutions when a<b. 

When there are two solutions, let £\ Q\ <?' denote the un- 
known parts of the second triangle ; then, 

i' = 180** - -B, a-=-l^-'{A+B)^B-A, 

a sin C 



c' = 



sin^ 



Examples. 

1. Given A = 16, J = 20, A=^ 106* ; find the remaining 
parts. 

In this case a < 5, and A > 90° ; therefore the triangle is impossible. 

2. Given a = 86, J = 80, A = 30** ; find the remaining 

parts. 

Here we have & sin il •« 80 x } » 40 ; so that a < 5 sin A^ and the 
triangle is impossible. 

3. Given a=72630, 6=117480, ^=80^0' 50'J; find B, C, c. 



a - 72630 
I - 117480 
^«80«>0'50'' 



colog a «- 5.13888 

log h ^ 5.06996 

log sin ^-9.99337 

log sin ^» 0.20221 



Here log sin B>0. 
•*. no solution. 



4. Given a = 13.2, J = 15.7, ^ = 57** 13' 15.8"; find J?, C, e. 



a - 13.2 
h - 15.7 
A^bT" 13' 15.3" 



Here log sin B = 0^ 
.*• a right triangle. 



colog a « 8.87943 

log 6 -1.19590 

log sin A ^ 9.92467 

log sin ^» 0.00000 
5-90<> 
/. C - 32*» 46' 44.7" 



e » & cos A 

log 6 -1.19690 

log cos ul- 9.73352 

log e- 0.92942 
c — 8.5 
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6. Given a =767, i = 242, ^=:86*63'2"; find JJ, C,c. 

a- 767 
&-242 



Here a > 5, 
and log sin ^<0. 
•*• (m« Bolation. 



colog a « 7.11520 

log h ^ 2.38382 

log Bin ii- 9^7830 

log Bin .9 -9.27732 

.» - 10* 64' 58" 
.-. C-132<*12'0" 



log a -2.88480 

log Bin (7 -9.86970 

cologBinul- 0.22170 

log e - 2.97620 
e- 946.675 



6. Given a =177.01, 6 = 216.45, ^=35*36'20"; find the 
other parts. 

a - 177.01 
h - 216.45 
-4 - 35«> 36' 20" 



Here a<b, 

and log8in.ff<0. 

.*• hoo BolntionB. 



oolog a -7.75200 

log b - 2.33536 

log Bin ^-9.76507 



log Bin .9 -9.85243 

.» - 45« 23' 28" 
or 134«» 36' 32" 
/. C - 99** 0' 12" 
or 9** 47' 8" 



log a- 2.24800 

cologsin^- 0.23493 

logBin(7-9.99462 



log c- 2.47755 



2.24800 
0.23493 
9.23034 



1.71327 



6-300.29 or 51.674 



1. Determine 
lowing cases : 

(i.)o = 
(ii.) a = 

(iii.) a - 

(iv.) o = 

(v.)o = 

(vi.) a = 

2. Given o = 

find 5 = 

3. Given a = 

find 5 = 

4. Given o = 

find 5 = 

5. Given a = 

find^ = 



EZEBCISE XIY. 

the nomber of solutionB in each of the fol- 



80, 

50, 

40, 

13.4, 

70, 



i = 
J = 
5 = 
h = 
J = 



: 134.16, h = 

840, 
12»13'34", 

9.399, 
5r23'40", 

91.06, 
41° 13', 

55.55, 
64"'31'13", 



100, ul = 30». 
100, A = 30°. 
100, A = 30". 
11.46, ^ = 7r 20*. 
75, ^ = 60». 
84.54, J? = 52° 9' 11". 

i = 485, ^ = 21° 31'; 

C= 146*' 15' 26", c = 1272.18. 

i = 9.197, ^ = 120° 35'; 

C=2»1'20', c = 0.38525. 

i = 77.04, ^ = 51" 9' 6"; 

Cr=87»37'54", c = 116.82. 

5 = 66.66, 5 = 77" 44' 40"; 
C=4r44'7", c = 50.481. 
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6. Given a = 309, i = 360, ^ = 2ri4'25"; 

find B = 24** 57' 54", 0= 133M7'4l", c = 615.67, 
£'= 155** 2' 6", C'= 3** 43' 29", c*= 55.41. 

7. Given a = 8.716, i = 9.787, ^ = 38** 14' 12"; 

find £ = 44* 1' 28", C= 97** 44' 20", c = 13.954, 
£'= 135**58'82", C'= 5*^ 47' 16", </= 1.4203. 

8. Given a = 4.4, J = 5.21, ^ = 5r37'17"; 

find^ = 90^ (7= 32** 22' 43". c = 2.79. 

9. Given a = 34, 5 = 22, 5 = 30** 20'; 

find A ^ 51* 18' 27", 0= 98** 21' 33", c = 43.098, 
A'= 128** 41' 33", C"= 20** 58' 27", c'= 15.593. 

10. Given i = 19, c = 18, C= 15*49'; 

find B = 16** 43' 13", A = 147** 27' 47", a = 35.519, 

5'= 163** 16' 47", A'= 0* 54' 13", a'= 1.0408, 

11. Given a = 75, 6 = 29, 5 = 16** 15' 36" ; find the diflfer- 
ence between the areas of the two corresponding triangles. 

12. Given in a parallelogram the side a, a diagonal d, and 
the angle A made by the two diagonals ; find the other diag- 
onal. 

Special case : a = 35, rf= 63, A-= 21** 36' 30". 

§ 42. Case III. 

Oiven two sides a and h and the included angle C; find the 
remaining parts -4, B^ and c. 

Solution I. The angles A and B may both be found by 
means of Formula [27], § 38, which may be written 

tanJ(^-£)=?^Xtanl(^ + £). 

a + 6 

Since i(A + B) = i(18(f- C), the value of }(^ + J?)ia 
known ; so that this equation enables us to find the value of 
i{A-B). We then have 

i(A + £) + i(A-E) = A, 
and ilA + £)-i(A-£) = £. 
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After A and JS are known, the side c may be found by the 
Law of Sines, which gives its value in two ways, as follows : 

asinC ^ ^ isinC 
= —: — T, or c = 



sin^ ' 



eiaJB 



Solution II. The third side c may be found directly from 
the equation (§ 37) 

c= Va* + i* — 2aicos(7; 

and then, by the Law of Sines, the following equations for 
computing the values of the angles A and £ are obtained : 



8in^ = aX 



sin (7 



Bin-B = ix 



sin (7 



Solution III. If, in the triangle AJBO (Fig. 34), £I> is 
drawn perpendicular to the side 
ACf then 

tan^=:?^=-^^ 
AD AC 



Now 
and 

.'.tan -4 = 



DO 

BD = aBmC (§10), 
DC = acoaO. 
a sin (7 



b — a cos O 
By merely changing the letters, 

bsinO 




tan5 = 



a — b cos O 



It is not necessary, however, to use both formulas* When 
one angle, as A, has been found, the other, £, may be found 
from the relation A + JB+G= 180**. 

When the angles are known, the third side is found by the 
Law of Sines, as in Solution I. 

Note. When all three unknown parts are required, Solntion I. la the 
most convenient in practice. When only the third side c is desired, Soln- 
tion 11. may be used to advantage, provided the values of a* and V can 
he readily ohtained without the aid of logarithms. But Solutions II. 
and III. are not adapted to logarithmic work. 
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EXAHPLXa. 

1. Given o = 748, ft = 375, (7= 63» 86' 30" ; find A, B, 



and c. 
+ 6- 

\{MB)^ 


1123 
373 

116«»24'30'' 
58® 12' 15» 




28® IC 62" 
86® 23' 7" 
30® 1'23" 



log(a-6)-. 2.67171 

colog(a + 6)^6.94961 

log tan} (^+^-0^766 



log tan }(^-^" 9-72898 
}(A-^- 28® 10^62" 



log &- 2.57403 

logBin(7» 9.95214 

colog8inj}-0.30073 

log c- 2.82690 
c-e71^ 



Note. In the above Example we nse the angle B in finding the side 
e, rather than the angle A^ becanse A is near 90®, and therefore its sine 
■hould be avoided. 

2. Given a = 4, c = 6, JB= 60*; find the third side I. 
Here Solution II. may be nsed to advantage. We have 

5- Va« + c"- 2accoe^-V16 + 36-24- VS; 
log28- 1.44716. log V28 - 0.72368. \/28- 6.2915; 
that iB, & - 5.2915. 





EZXBCISE XV. 




1. 


Given a = 77.99, 


b = 88.39, C= 


= 72" 15'; [J38.H: 




find A = 51" 15', 


J? = 56" 30', 


e = 95J24. 


2. 


Given 6 = 872.5, 


c = 632.7, 


^ = 80"; 




find £ = 60" 45', 


0= 39° 15', 


a =984.88. 


8. 


Given a = 17, 


i = 12, 


C= 59» 17'; 




find^ = 77»12'63". 


5 -43" 30' 7", 


c= 14.987. 


4. 


Given J — VS, 


c = V3, 


^ = 35«53'; 




find 5 -93" 28' 36", 


C= 50" 38' 24", 


o = 1.313. 


6. 


Given a = 0.917, 


J = 0.312, 


C=33»7'9"; 




find .4 = 132" 18' 27", 


5 = 14»34'24", 


c = 0.67748. 


6. 


Given a = 13.715, 


e = 11.214, 


.8 = 15* 22* 86", 




find ^- 118" 55'49", 


C= 45" 41' 35", 


b - 4.1554. 


7. 


Given b — 3000.9, 


e = 1587.2, 


^ = 86" 4' 4"; 




find5 = 65«'13'51", 


C= 28" 42' 5", 


= 8297.2. 
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a Given a«4527, i = 3465, 0'=66**6'27"; 

find u4 = 68* 29' 15", B = 45* 24' 18". c = 4449. 

9. Given a = 55.14, i = 33.09, (7=: 30* 24'; 

find ^ = 117* 24' 33", JB = 32* 11' 27", c = 31.431. 

10. Given a =: 47.99, 6 = 33.14, C7=175*19'10"; 

find ^ = 2* 46' 8". -B = 1*54' 42", c = 81.066. 

11. If two Bides of a triangle are each equal to 6, and the 
included angle is 60*, find the third side. 

12. If two sides of a triangle are each equal to 6, and the 
included angle is 120*, find the third side. 

13. Apply Solution I. to the case in which a » & or the 
triangle is isosceles. 

14. If two sides of a triangle are 10 and 11, and the in- 
cluded angle is 50*, find the third side. 

15. If two sides of a triangle are 43.301 and 25, and the 
included angle is 30*, find the third side. 

16. In order to find the distance between two objects A 
and B separated by a swamp, a station C was chosen, and the 
distances CA = 3825 yards, OB = 3475.6 yards, together with 
the angle ACB = 62* 31', were measured. Find the distance 
from ^ to ^. 

17. Two inaccessible objects A and B are each viewed 
from two stations Cand D 562 yards apart. The angle ACB 
is 62*12', BCD 41*8', ABB 60**49', and ADC 34*51'; 
required the distance AB, 

18. Two trains start at the same time from the same station, 
and move along straight tracks that form an angle of 30*, one 
train at the rate of 30 miles an hour, the other at the rate of 
40 miles an hour. How fiEur apart are the trains at the end 
of half an hour? 

19. In a parallelogram given the two diagonals 5 and 6,. 
and the angle that they form 49* 18'. Find the sides. 

20. In a triangle one angle == 139* 54', and the sides form- 
ing the angle have the ratio 5 : 9. Find the other two angles. 
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§ 43. Cask IV. 

Oiven the three sides a, b^ c; find the angles A, B, C, 

The angles may be found directly from the formulas estab- 
lifihed in § 37. Thus, from the formula 

we have cob A = — ' , 

26c 

• 

From this equation formulas adapted to logarithmic work 
are deduced as follows : 

For the sake of brevity, let a + i + c = 2« ; then h-^-c — a 
= 2(5 — a), a — 6 + c = 2(« — 6), and a + 6 — c = 2(«— c). 

Then the value of 1 — cos -4 is 

2bc 2bc 2bc 

26c be 

and the value of 1 + cos ^ is 

^ V+(?'--€? _ 2bc+V + (?^C? _ (jb + C)^-0P 

2bc 2bc 2bc 

__ (6 + g + a)(6 + g — a) ^ 2g(g~a) 
26c 6c ' 

But from Formulas [16] and [17], § 34, it follows that 

1 — cos-4 = 2sin*J-4, and l + cosJ. = 2co8*}^. 

.•.2sin«M = ^^'~y'~") . and 2co8'M = ^%^. 

be bo 

whence nn i A = ^(LzJ^iiHil, [28] 



cosiA 



and therefore taa J A = J(»-b)(8~o) ^jqj 
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£7 merely changing the letters, 



. „ ls(8 — b) , _ la(« — (?) 

K «(« — 6) If 8(8 — 0) 

m 

There is then a choice of three different formulas for finding 
the value of each angle. If half the angle is very near 0^, 
the formula for the cosine will not give a very accurate result, 
because the cosines of angles near 0^ differ little in value; and 
the same holds true of the formula for the sine when half 
the angle is very near 90°. Hence, in the first case the 
formula for the sine, in the second that for the cosine, should 
be used. 

But, in general, the formulas for the tangent are to be 
preferred. 

It is not necessary to compute by the formulas more than 
two angles; for the third may then be found from the equation 

^ + 5 + C7=180^ 

There is this advantage, however, in computing all three 
angles by the formulas, that we may then use the sum of the 
angles as a test of the accuracy of the results. 

In case it is desired to compute all the angles, the formulas 
for the tangent may be put in a more convenient form. 

The value of tan } A may be written 



l(8-a)(8-b)(8-c) ^^ 1 Us-a)(8^b)(s^c) 

\ 8(8 — of 8 — aS 8 



5 (5 — of 

Hence, if we put 



we have tan } A = • [32] 

s — a ■* 
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In like manner, 



tanJ-B = 



r 



8-b' 



tan J (7= 



r 



8 — C 



EZAJCPLES. 



1. Given a = 8.41, b = 2.60, e = 1.58 ; find the angles. 

Using FormuU [30], and the corresponding formnla for tan|S,we 
may arrange the work as follows : 



a - 3.41 
ft -2.60 
e-1.58 
2« - 7.59 
«- 3.795 
t -a -0.385 
«- 6 -1.195 
« - c - 2.215 



oologs- 9.42079 

oolog(«- a) -0.41454 

log(« - ft) - 0.07737 

log(«-c)- 034637 

2)0.25807 

log tan M- 0.12903 

}^- 53«»23'20" 
^ - 106<» 46* 40" 



cologs- 9.42079-10 

log(«-a)- 9.58546-10 

colog(«-ft)- 9.92263-10 

log(« - c) - 0.34537 

2 )19.27425 - 20 

log tan} ^- 9.63713-10 

J5- 23*26' 37"^ 

5- 46*»53'14'» 



/. ^ + .B - 153*> 39* 54". and (7- 28«» 20^ 6^ 



2. Solve Example 1 by finding all three angles by the nse 
of Formulas [31] and [32]. 

Here the work may be compactly arranged as follows, if we find 
logtan}il, etc., by mbiradxng log(« — a), etc., from logr instead of 
adding the cologarithm : 



a - 3.41 
ft -2.60 
c - 1.58 

2« - 7.59 

« - 3.795 
«-a- 0.385 
s-ft- 1.195 
# - c - 2.215 



log(«- a) -9.58546 

log(«- ft) -0.07737 

log(« - c) - 0.34637 

cologs- 9.42079 

log 1^-9.42899 
logr -9.71450 



logtan}^- 10.12903 
logtan}^- 9.63713 
logtan|(7- 9.36912 



M- 


53*> 23' 20" 


J5- 


230 26/ 37" 


JC- 


13*»10' 3" 


^- 


106* 46' 40" 


s- 


46« 53' 14" 


c- 


26<»20' 6" 



2« - 7.590 (proof). 

Proof, ^ + -B + (7 - 180* 0' 0" 

KoTB. Even if no mistakes are made in the work the sam of the 
three angles found as above may differ very slightly from 180^ in conse- 
qnence of the fact that logarithmic computation is at best only a method 
of close approximation. When a difference of this kind exists it should 
be divided among the angles according to the probable amount of error 
for each angle. 
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Exercise XVI. 

Solve the following triangles, taking the three sides as the 
given parts : 



1 


a 


b 


e 


A 


B 





61 


66^ 


20 


38«> 62^ 48" 


126* 62' 12" 


lA'^W 


2 


78 


101 


29 


32»10'64" 


136*»23'50" 


11* 26^ 16" 


3 


111 


146 


40 


2r 20^ 32" 


143<» 7' 48" 


9* 31' 40" 


4 


21 


26 


31 


42* 6' 13" 


&&> 6' 36" 


810 47f 11// 


5 


19 


34 


49 


16«»26'36" 


30»24' 


133«» 10* 24" 


6 


43 


60 


67 


46^49' 36" 


6r 69*44" 


76*> 10' 41" 


7 


37 


68 


79 


26« 0^29" 


430 26' 20" 


110»34'11" 


8 


73 


82 


91 


49«34'68" 


68«46'58" 


710 381 4// 


9 


14.493 


66.4363 


66.9129 


8*>20' 


33<»40' 


138«> 


10 


V5 


VS 


V7 


61*>53'12" 


69* 31' 48" 


68*36' 



11. Given a = 6, i = 8, (? = 10 ; find the angles. 

12. Given a = 6, i = 6, c = 10 ; find the angles. 

13. Given a = 6, i = 6, (? = 6; find the angles. 

14. Given a = 6, i = 5, c = 12 ; find the angles. 

15. Given a = 2, i = V6, e = VS — 1 ; find the angles. 

16. Given a = 2, b = V6, (?= V3 + 1 ; find the angles. 

17. The distances between three cities A, J5, and C are as 
follows : AJ5 = 166 miles, AC= 72 miles, and B0= 185 miles. 
£ is due east from A. In what direction is O^from A 7 What 
two answers are admissible? 

18. Under what visual angle is an object 7 feet long seen 
by an observer whose eye is 5 feet from one end of the object 
and 8 feet from the other end ? 

19. When Formula [28] is used for finding the value of an 
angle, why does the ambiguity that occurs in Case II. not 
exist? 

20. If the sides of a triangle are 3, 4, and 6, find the sine 
of the largest angle. 

21. Of three towns A, B^ and O^ A is 200 miles from B 
and 184 miles from O^ B \a 150 miles due north from G\ how 
far is .^ north of (7? 
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§44. Abea of a Tbiangle. 

If JP denote the area of the triangle ^^(7. (Fig. 80 or 31, 
page 50), then, by Geometry, 

jP=}(?X CD. 

By § 10, CZ) = a sin B. 

Therefore, F = } ao BinR [33] 

And, in like manner, 

F^=^\ahfsaiC and -?*= Ji<?8in-4. 

That is : The area of a triangle is equal to half the product 
of two sides and the sine of the meluded angle. 

By Formula [33] the area of a triangle may be found directly 
when two sides and the included angle are given ; in the other 
cases the formula may be used when these parts have been 
computed. 

When the three sides of a triangle are given, as in Case IV., 
a formula for its area may be found as follows : 

By §33, sin.B = 2sinJ.Bxcos}jB. 

By substituting for sin } ^ and cos i B their values in terms 
of the sides given in § 43, 

2 ^-___^__ 

sin ^ = — -y/sCs --a^is — b) (s — c). 
ac 

By substituting this value of sin B in [33], 

r = V8(8-a)(8-b)(8-o). [34] 

If JR denote (as in § 36) the radius of the circumscribed 
circle, we have, from § 36, 

sinJB = — . 
2B 



By substituting this value of sin B in [33], 



P = ||. [36] 
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If r denote the radios of the inscribed circle, and we divide 
the triangle into three triangles hj lines from the centre of 
this circle to the vertices, the altitude of each of the three tri* 
angles is equal to r. Therefore, 

r = Jr(a + b + o) = i8. [36] 

By substituting in this formula the value of JP given in [34], 



^yj^E^ 



— a) (s - i) (a—c) . 



8 

whence r, in [31] § 48, is equal to the radius of the inscribed 
circle. 

EXEECISE XVII. 
Find the area : ^ 

1. Given a = 4474.5, b = 2164.5, a= 116** 30' 20''. 

2. Given i = 21.66, c = 36.94, ^ = 66^ 4' 19". 
8. Given a = 510, c=173, J5 = 162**30'28''. 

4. Given a = 408, J = 41, tf = 401. 

5. Given a = 40, J = 13, (? = 37. 

6. Given a = 624, J = 205, c = 445. ' 

7. Given b = 149, A = 70^ 42' 30", B = 39** 18' 28''. 

8. Given a =» 215.9, (? = 307.7, ^ = 25** 9' 31". 

9. Given i = 8, tf = 5, ^ = 60^ 

10. Given a =7, <? = 3, ^^60**. 

11. Given a =60, J? = 40** 35' 12", area = 12; find the 
radius of the inscribed circle. 

12. Obtain a formula for the area of a parallelogram in 
terms of two adjacent sides and the included angle. 

13. Obtain a formula for the area of an isosceles trapezoid 
in terms of the two parallel sides and an acute angle. 

14. Two sides and included angle of a triangle are 2416, 
1712, and 30** ; and two sides and included angle of another 
triangle are 1948, 2848, and 150** ; find the sum of their areas. 

15. The base of an isosceles triangle is 20, and its area is 
100 -i- V3 ; find its angles. 
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EXEEOISB XVm. 

1. From a ship sailing down the English Channel the Eddy- 
stone was observed to bear N. 33** 45' W. ; and after the ship 
had sailed 18 miles S. 67** 30' W. it bore N. IV 15' E. Find 
its distance from each position of the ship. 

2. Two objects, A and £, were observed from a ship to 
be at the same instant in a line bearing N. 15^ E. The ship 
then sailed north-west 5 miles, when it was found that A bore 
due east and £ bore north-east. Find the distance from A 
to A 

3. A castle and a monument stand on the same horizontal 
plane. The angles of depression of the top and the bottom of 
the monument viewed from the top of the castje are 40** and 
80** ; the height ^f the castle is 140 feet. Find the height of 
the monument. 

4. If the sun's altitude is 60°, what angle must a stick make 
with the horizon in order that its shadow in a horizontal 
plane may be the longest possible? 

5. If the sun's altitude is 30°, find the length of the longest 
shadow cast on a horizontal plane by a stick 10 feet in length.' 

6. In a circle with the radius 3 find the area of the part 
comprised between parallel chords whose lengths are 4 and 5. 
(Two solutions.) 

7. A and JS, two iaaccessible objects in the same horizontal 
plane, are observed from a balloon at O and from a point D 
directly under the balloon, and in the same horizontal plane 
with A and B. If CD == 2000 yards, Z ACD^ 10** 15' 10", 
Z BCD = 6** 7' 20", Z ADB = 49** 34' 50", find AB. 

8. A and B are two objects whose distance, on account of 
intervening obstacles, cannot be directly measured. At the 
summit C of a hill, whose height above the common horizontal 
plane of the objects is known to be 517.3 yards, Z ACB is 
found to be 15** 13' 15". The angles of elevation of (7 viewed 
from A and B Are 21** 9' 18" and 23° 15' 34" respectively. 
Find the distance from .^ to .5. 



MISCELLANEOUS PROBLEMS. 

[Selected by permiBsion from "Problems in Plane Trigonometry," 
prepared by Prof. C. J. White, of Harvard College, and published by 
Charles W. Sever, Cambridge.] 

1. The angular distance of any object from a horizontal 
plane, as observed at any point of that plane, is the angle 
which a line drawn from the object to the point of observa- 
tion makes with the plane. If the object observed be situated 
above the horizontal plane (that is, if it is farther from the 
earth's centre than the plane is), its angular distance from 
the plane is called its angle of elevation. If the object be 
below the plane, its angular distance from the plane is called 
its angle of cUpreeeion. These angles are evidently vertical 
angles. 

If two objects are in the same horizontal plane with the 
point of observation, the angular distance of one object from 
the other is called its bearing from that object. 

If two objects are not in the same horizontal plane with 
dither each other or the point of observation, we may suppose 
vertical lines to be passed through the two objects, and to 
meet the horizontal plane of the point of observation in two 
points. The angular distance of these two points is the bear- 
ing of either of the objects from the other. It may also be 
called the horizontal distance of one object from the other. 

Note. " Problems in Plane Trigonometry *' can be obtained in pam- 
phlet form of Charles W. Sever, Cambridge, Mass. 



72 TBIGONOMETRY. 



RiaHT Triangles. 

2. The angle of elevation of a tower is 48^ 19' 14", and the 
distance of its base from the point of observation is 95 ft. Find 
the height of the tower, and the distance of its top from the 
point of observation. 

8. From a mountain 1000 ft. high, the angle of depression 
of a ship is 77^ 35' 11''. Find the distance of the ship from 
the summit of the mountain. 

4. A flag-staff 90 ft. high, on a horizontal plane, casts a 
shadow of 117 ft. Find the altitude of the sun. 

5. When the moon is setting at any place, the angle at the 
moon subtended bj the earth's radius passing through that 
place is 57' 8". If the earth s radius is 3956.2 miles, what is 
the moon*s distance from the earth's centre ? 

6. The angle at the earth's centre subtended by the sun's 
radius is 16' 2", and the sun's distance is 92,400,000 miles. 
Find the sun's diameter in miles. 

7. The latitude of Cambridge, Mass., is 42^ 22' 49". What 
is the length of the radius of that parallel of latitude? 

8. At what latitude is the circumference of the parallel 
half of that of the equator ? 

9. In a circle with a radius of 6.7 is inscribed a regular 
polygon of thirteen sides. Find the length of one of its sides. 

10. A regular heptagon, one side of which is 5.73, is in- 
scribed in a circle. Find the radius of the circle. 

11. A tower 98.97 ft. high is situated on the bank of a 
river. The angle of depression of an object on the opposite 
bank is 25^ 12' 54". Find the breadth of the river. 
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12. From a tower 58 ft. high the angles of depression of 
two objects situated in the same horizontal line with the base 
of the tower, and on the same side, are 30° 13' 18'' and 45° 
46' 14". Find the distance between these two objects. 

13. Sta,nding directly in front of one corner of a flat-roofed 
house, which is 150 ffc. in length, I observe that the horizontal 
angle which the length subtends has for its cosine V^, and 
that the vertical angle subtended by its height has for its sine 

. What is the heisht of the house? 

V34 

14. A regular pyramid, with a square base, has an edge 
150 ft. in length, and the length of a side of its base is 200 ft. 
Find the inclination of the face of the pyramid to the base. 

15. From one edge of a ditch 36 ft. wide, the angle of ele- 
vation of a wall on the opposite edge is 62° 39' 10". Find the 
length of a ladder which will reach from the point of observa- 
tion to the top of the wall. 

16. The top of a flag-staff has been broken off, and touches 
the ground at a distance of 15 ft. from the foot of the staff. 
The length of the broken part being 39 fk., find the whole 
length of the staff. 

17. From a balloon, which is directly above one town, is 
observed the angle of depression of another town, 10° 14' 9". 
The towns being 8 miles apart, find the height of the balloon. 

18. From the top of a mountain 3 miles high the angle of 
depression of the most distant object which is visible on the 
earth 8 surface is found to be 2° 13' 50". Find the diameter 
of the earth. 

19. A ladder. 40 ft. long reaches a window 33 ft. high, on 
one side of a street. Being turned over upon its foot, it 
reaches another window 21 ft. high, on the opposite side of 
the street. Find the width of the street. 
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20. The height of a house subtends a right angle at a win- 
dow on the other side of the street ; and the elevation of the 
top of the house, from the same point, is 60^. The street is 
80 ft. wide. How high is the house ? 

21. A lighthouse 54 ft. high is situated on a rock. The 
elevation of the top of the lighthouse, as observed from a ship, 
is 4** 52', and the elevation of the top of the rock is 4^ 2^ 
Find the height of the rock, and its distance from the ship. 

22. A man in a balloon observes the angle of depression of 
an object on the ground, bearing south, to be 85^ 80^; the 
balloon drifts 21 miles east at the same height, when the angle 
of depression of the same object is 23^ 14'. Find the height 
of the balloon. 

23. A man standing south of a tower, on the same horizon- 
tal plane, observes its elevation to be 54^ 16' : he goes east 
100 yds., and then finds its elevation is 60^ &. Find the 
height of the tower. 

24. The elevation of a tower at a place A south of it is 80^ ; 
and at a place B, west of A, and at a distance of a from it, the 
the elevation is 18^. Show that the height of the tower is 

^ ; the tangent of 18* being "^""^ > 

V(2+2V5) V(10 + 2 V5) 

25. A pole is fixed on the top of a mound, and the angles 
of elevation of the top and the bottom of the pole are 60^ and 
30^. Prove that the length of the pole is twice the height of 
the mound. 

26. At a distance (a) from the foot of a tower, the angle 
of elevation (A) of the top of the tower is the complement of 
the angle of elevation of a flag-staff on top of it. Show that 
the length of the staff is 2 a cot 2 A. 

27. A line of true level is a line every point of which is 
equally distant from the centre of the earth. A line drawn 
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tangent to a line of tme level at any point is a line of appar- 
ent level If at any point both these lines be drawn, and 
extended one mile, find the distance they are then apart. 

28. In Problem 2, determine the effect upon the computed 
height of the tower, of an error in either the angle of eleven 
tion or the measured distance. 

Oblique Tbiangles. 

29. To determine the height of an inaccessible object situ- 
ated on a horizontal plane, by observing its angles of elevation 
at two points in the same line with its base, and measuring 
the distance of these two points. 

30. The angle of elevation of an inaccessible tower, situated 
on a horizontal plane, is 63^ 26' ; at a point &00 ft. farther 
from the base of the tower the elevation of its top is 32^ 14'. 
Find the height of the tower. 

31. A tower is situated on the bank of a river. From the 
opposite bank the angle of elevation of the tower is 60° 13', 
and from a point 40 ft. more distant the elevation is 50° 19'. 
Find the breadth of the river. 

82. A ship sailing north sees two lighthouses 8 miles apart, 
in a line due west ; after an hour's sailing, one lighthouse bears 
S.W., and the other S.S.W. Find the ship's rate. 

83. To determine the height of an accessible object situated 
on an inclined plane. 

34. At a distance of 40 ft. from the foot of a tower on an 
inclined plane, the tower subtends an angle of 41° 19' ; at a 
point 60 ft. farther away, the angle subtended by the tower is 
23° 45'. Find the height of the tower. 

35. A tower makes an angle of 113° 12' with the inclined 
plane on which it stands ; and at a distance of 89 ft. from its 
base, measured down the plane, the angle subtended by the 
tower is 23° 27'. Find the height of the tower. 
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36. From the top of a house 42 ft. high, the angle of eleva- 
tion of the top of a pole is 14^ 13' ; at the bottom of the house 
it is 23'' 19'. Find the height of the pole. 

37. The sides of a triangle are 17, 21, 28 ; prove that the 
length of a line bisecting the greatest side and drawn from 
the opposite angle is 13. 

38. A privateer, 10 miles S.W. of a harbor, sees a ship sail 
from it in a direction S. 80^ E., at a rate of 9 miles an hour. 
In what direction, and at what rate, must the privateer sail 
in order to come up with the ship in 1^ hours ? 

39. A person goes 70 yds. up a slope of 1 in 3^ from the 
edge of a river, and observes the angle of depression of an ob- 
ject on the opposite shore to be 2^^. Find the breadth of the 
river. 

40. The length of a lake subtends, at a certain point, an 
angle of 46° 24', and the distances from this point to the two 
extremities of the lake are 346 and 290 ft. Find the length 
of the lake. 

41. Two ships are a mile apart. The angular distance of 
the first ship from a fort on shore, as observed from the second 
ship, is 35° 14' 10" ; the angular distance of the second ship 
from the fort, observed from the first ship, is 42° 11' 53". Find 
the distance in feet from each ship to the fort. 

42. Along the bank of a river is drawn a base line of 500 
feet. The angular distance of one end of this line from an 
object on the opposite side of the river, as observed from the 
other end of the line, is 53° ; that of the second extremity 
from the same object, observed at the first, is 79° 12'. Find 
the perpendicular breadth of the river. 

43. A vertical tower stands on a declivity inclined 15° to 
the horizon. A man ascends the declivity 80 ft. from the base 
of the tower, and finds the angle then subtended by the tower 
to be 30°. Find the height of the tower. 
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44. The angle subtended by a tower on an inclined plane 
is, at a certain point, 42° 17' ; 325 ft. fiEirther down, it is 21° 
47'. The inclination of the plane is 8° 53'. Find the height 
of the tower. 

45. A cape bears north by east, as seen from a ship. The 
ship sails northwest 30 miles, and then the cape bears east. 
How far is it from the second point of observation ? 

46. Two observers, stationed on opposite sides of a cloud, 
observe its angles of elevation to be 44° 56' and 36° 4'. Their 
distance from each other is 700 ft. What is the linear height 
of the cloud? 

47. From a point B at the foot of a mountain, the eleva- 
tion of the top A is 60°. After ascending the mountain one 
mile, at an inclination of 30° to the horizon, and reaching a 
point Oy the angle ACB is found to be 135°. Find the height 
of the mountain in feet. 

48. From a ship two rocks are seen in the same right line 
with the ship, bearing N. 15° E. After the ship has sailed 
northwest 5 miles, the first rock bears east, and the second 
northeast. Find the distance between the rocks. 

49. From a window on a level with the bottom of a steeple 
the elevation of the steeple is 40°, and from a second window 
18 ft. higher the elevation is 37° 80'. Find the height of the 
steeple. 

50. To determine the distance between two inaccessible 
objects by observing angles at the extremities of a line of 
known length. 

51. Wishing to determine the distance between a church A 
and a tower £, on the opposite side of a river, I measure a 
line CD along the river (C being nearly opposite A)y and ob- 
serve the angles ^C^, 58° 20'; ^CZ>,95°20'; ^i>J5, 53° 30' ; 
-BI>C; 98° 45'. C72> is 600 ft. What is the distance required? 
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52. Wishing to find the height of a Bummit A^ I measure 
a horizontal base line CD, 440 yds. At (7, the elevation of A 
is 37^ 18', and the horizontal angle between D and the sum- 
mit is 76^ 18' ; at D, the horizontal angle between C and the 
summit is 6T 14'. Find the height. 

58. A balloon is observed from two stations 3000 ft. apart. 
At the first station the horizontal angle of the balloon and the 
other station is 75° 25', and the elevation of the balloon is 18°. 
The horizontal angle of the first station and the balloon, meas- 
ured at the second station, is 64° 30'. Find the height of the 
balloon. ' 

54. Two forces, one of 410 pounds, and the other of 320 
pounds, make an angle of 51° 37'. Find the intensity and the 
direction of their resultant. 

55. An unknown force, combined with one of 128 pounds, 
produces a resultant of 200 pounds, and this resultant makes 
an angle of 18° 24' with the known force. Find the intensity 
and direction of the unknown force. 

56. At two stations, the height of a kite subtends the same 
angle (A), The angle which the line joining one station and 
the kite subtends at the other station is JB ; and the distance 
between the two stations is a. Show that the height of the 
kite iB iasin A sec J3. 

57. Two towers on a horizontal plane are 120 ft. apart. A 
person standing successively at their bases observes that the 
angular elevation of one is double that of the other ; but, when 
he is half-way between them, the elevations are complementary. 
Prove that the heights of the towers are 90 and 40 ft. 

58. To find the distance of an inaccessible point C from 
either of two points A and B, having no instruments to meaa- 
xire angles. Prolong CA to a, and CB to 6, and join AB, Ab^ 
and Ba. Measure AB, 500; a A, 100; aB, 560; bB, 100; 
and Ab, 550. 
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59. Two inaccessible points A and B, are visible from i>, 
but no other point can be found whence both are visible. 
Take some point (7, whence A and D can be seen, and meas- 
ure aZ> 200 ft. ; ADC, 89** ; ACD, 50^ 30'. Then take some 
point E, whence D and B are visible, and measure DE^ 200 ; 
BDE, 54* 30' ; BED, 88* 80'. At D measure ADB, 72* 30'. 
Compute the distance AB, 

60. To compute the horizontal distance between two inac- 
cessible points A and B, when no point can be found whence 
both can be seen. Take two points C and Z), distant 200 yds. 
so that A can be seen from (7, and B from D, From C meas- 
ure CF, 200 yds. to F, whence A can be seen ; and from D 
measure DE, 200 yds. to E, whence B can be seen. Measure 
AFC, 83*; ACD, 53*30'; ACF, 54*31'; BDE, 54*30'; 
BDC, 156* 25' ; DEB, 88* 30'. 

61. A column in the north temperate zone is east-southeast 
of an observer, and at noon the extremity of its shadow is 
northeast of him. The shadow is 80 ft. in length, and the 
elevation of the column, at the observer's station, is 45*. Find 
the height of the column. 

62. From the top of a hill the angles of depression of two 
objects situated in the horizontal plane of the base of the hill 
are 45* and 30* ; and the horizontal angle between the two 
objects is 30*. Show that the height of the hill equals the 
distance between the objects. 

63. Wishing to know the breadth of a river from -4 to ^, 
I take AC, 100 yds. in the prolongation of BA, and then take 
CD, 200 yds. at right angles to ^Cl The angle BDA is 37* 
18' 30". Find ^5. 

64. The sum of the sides of a triangle is 100. The angle 
at A is double that of B, and the angle at jB is double that 
at C. Determine the sides. 
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65. If 8in»^ + 5 coQ^A = 8. find A. 

66. If sinM = m cos -4 — n, find cos ^. 

67. Given sin ^ = m sin £, and tan A =n tan J9, find sin^ 
and cos B, 

68. If tan'^ + 4 8in*-4 = 6, find A. 

69. Ifsin^ = sin2^, find A 

70. Iftan2^ = 8 tan^. find A 

71. Prove that tan 5ff* + cot 50** = 2 sec 10'. 

72. Given, a regular polygon of n sides, and calling one of 
them a, find expressions for the radii of the inscribed and the 
circumscribed circle in terms of n and a. 

If P, ffj D be the sides of a regular inscribed pentagon, 
hexagon, and decagon, prove P* = M^ + 2?*. 

Abeas. 

73. Obtain the formula for the area of a triangle, given two 
sides b, c, and the included angle A. 

74. Obtain the formula for the area«of a triangle, given two 
angles A and B^ and included side c. 

75. Obtain the formula for the area of a triangle, given the 
three sides. 

76. If a is the side of an equilateral triangle, its area is 

4 

77. Two consecutive sides of a rectangle are 52.25 ch. and 
88.24 ch. Find its area. 

78. Two sides of a parallelogram are 59.8 ch. and 37.05 ch., 
and the included angle is 72° 10'. Find the area. 

79. Two sides of a parallelogram are 15.86 ch. and 11.46 
ch., and the included angle is 47^ SO'. Find its area. 
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80. Two sides of a triangle are 12.38 ch. and 6.78 ch., and 
the inclined angle is 46^ 24'. Find the area. 

81. Two sides of a triangle are 18.37 ch. and 13.44 ch., and 
they form a right angle. Find the area. 

$2. Two angles of a triangle are 76'' 54' and 57^ 88' 12", 
and the included side is 9 ch. Find the area. 

83. Two sides of a triangle are 19.74 ch. and 17.34 ch. 
The first bears N. 82* 30' W. ; the second, S. 24^ 15' K Find 
the area. 

84. The three sides of a triangle are 49 ch., 50.25 ch., and 
25.69 ch. Find the area. 

85. The three sides of a triangle are 10.64 ch., 12.28 ch., 
and 9 ch. Find the area. 

86. The sides of a triangular field, of which the area is 14 
acres, are in the ratio of 3, 5, 7. Find the sides. 

87. In the quadrilateral ABCD we have AB, 17.22 ch. ; 
AD, 7.45 ch. ; CD, 14.10 ch. ; BC, 5.25 ch. ; and the diago- 
nal AC, 15.04 ch. Required the area. 

88. The diagonals of a quadrilateral are a and h, and they 
intersect at an angle D, The area of the quadrilateral is 
\abAnD, 

89. The diagonals of a quadrilateral are 34 and 56, inter* 
secting at an angle of 67^ Find the area. 

90. The diagonals of a quadrilateral are 75 and 49, inter- 
secting at an angle of 42^. Find the area. 

91. The area of a regular polygon of n sides, of which one 
. na* .180** 

ISO, 18 -— cot • 

4 n 

92. One side of a regular pentagon is 25. Find the area. 

93. One side of a regular hexagon is 32. Find the area. 
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94. One side of a regular decagon is 46. Find the area. 

95. Find the area of a circle whose circumference is 74 ft. 

96. Find the area of a circle whose radius is 125 ft. 

97. In a circle with a diameter of 125 ft. find the area of a 
sector with an arc of 22°. 

98. In a circle with a radius of 44 ft. find the area of a 
sector with an arc of 25°. 

99. In a circle with a diameter of 50 ft. find the area of a 
segment with an arc of 280°. 

100. Find the area of a segment (less than a semicircle), of 
which the chord is 20, and the distance of the chord from the 
middle point of the smaller arc is 2. 

101. If T is the radius of a circle, the area of a regular cir- 

180° 
cumscribed polygon of w sides is ni^ tan • 

860° 



The area of a regular inscribed polygon is ^r* sin 

102. If a is a side of a regular polygon of n sides, the area 

of the inscribed circle is ^ cot' • 

4 n 

The area of the circumscribed circle is ^csc" • 

4 n 

103. The area of a regular polygon inscribed in a circle is 
to that of the circumscribed polygon of the same number of 
sides as 3 to 4. Find the number of sides. 

104. The area of a regular polygon inscribed in a circle is 
a geometric mean between the areas of an inscribed and a cir- 
cumscribed regular polygon of half the number of sides. 

105. The area of a circumscribed regular polygon is an har- 
monic mean between the areas of an inscribed regular polygon 
of the same number of sides, and of a circumscribed regular 
polygon of half that number. 
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106. The perimeter of a circumscribed regular triaugle is 
double that of the inscribed regular triangle. 

107. The square described about a circle is four-thirds the 
inscribed dodecagon. 

108. Two sides of a triangle are 3 and 12, and the included 
angle is 30^. Find the hypotenuse of an isosceles right tri- 
angle of equal area. 

Plane Sailing. 

109. Plane Bailing is that branch of Navigation in which 
the surface of the earth is considered a plane. The problems 
which arise are therefore solved by the methods of Plane 
Trigonometry. 

The following definitions will explain the technical terms 
which are employed : 

The different of laiitude of two places is the arc of a merid- 
ian comprehended between the parallels of latitude passing 
through those places. 

The departure between two meridians is the arc of a par- 
allel of latitude comprehended between those meridians. It 
evidently diminishes as the distance from the equator at which 
it is measured increases. 

When a ship sails in such a manner as to cross successive 
meridians at the same angle, it is said to sail on a rhumb-line. 
The constant angle which this line makes with the meridians 
is called the course, and the distance between two places is 
measured on a rhumb-line. 

If we neglect the curvature of the earth, and consider the 
distance, departure, and difference of latitude of two places to 
be straight lines, lying in one plane, they will form a right 
triangle, called the triangle of plane sailing. If ABD be a 
plane triangle, right-angled at D, and AD represent the dif- 
ference of latitude of A and B^ DAB will be the course from 
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A to By AB the distance, and DB the departure, measured 
from B, between the meridian of A and that of B. 

110. Taking the earth's equatorial diameter to be 7925.6 
miles, find the length in feet of the arc of one minute of a ' 
great circle.* 

111. A ship sails from latitude 43° 45' S., on a course N. 
by E., 2345 miles. Find the latitude reached, and the 
departure made. 

112. A ship sails from latitude V 45' N., on a course S.E. 
by E., and reaches latitude 2° 31' S. Find the distance, and 
the departure. 

113. A ship sails fron/iQkitude 13° 17' S., on a course N.E. 
by E. f E., until the departure is 207 miles. Find the dis« 
tance, and the latitude reached. 

114. A ship sails on a course between S. and E., 244 
miles, leaving latitude 2^ 52' S., and reaching latitude 5° 8' 
8. Find the course, and the departure. 

115. A ship sails from latitude 82° 18' N., on a course be- 
tween N. and W., making a distance of 344 miles, and a 
departure of 103 miles. ' Find the course, and the latitude 
reached. 

116. A ship sails on a course between S. and E., making 
a difference of latitude 136 miles, and a departure 203 miles. 
Find the distance, and the course. 

117. A ship sails due north 15 aiatuie miles an hour, for 
one day. What is the distance, in a straight line, from the 
point left to the point reached 7 (Take earth's radius, 3962.8 
statute miles.) 

* The length of the arc of one minnte of a great circle of the earth 
is called a geographical mile, or a knot. In the following problems, this 
is the distance meant by the term "mile," unless otherwise stated. 
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Parallel and Middle Latitude SAiLiNa. 

118. The difference of longitade of two places is the angle 
at the pole made by the meridians of these two places ; or, it 
is the arc of the equator comprehended between these two 
meridians. 

119. In Parallel Sailing, a vessel is supposed to sail on a 
parallel of latitude; that is, either due east or due west. 
The distance sailed is, in this case, evidently the departure 
made ; and the difference of longitude made depends on the 
solution of the following problem : 

120. Oiven the departure between any two meridians at 
any latitude, find the angle which those meridians make, 
or the difference of longitude of any point on one meridian 
from any point on the other. (The earth is considered to 
be a perfect sphere, and the solution depends on simple 
geometric and trigonometric principles. QC Problem 7.) 
The solution gives the following formula : 

Diff. long, i- depart, x sec. lat 

121. A ship in latitude 42^ 16' N., longitude 72^ 16' W., 
sails due east a distance of 149 miles. What is the position 
of the point reached ? 

122. A ship in latitude 44*^ 49' S.. longitude 119" 42' E., sails 
due west until it reaches longitude 117" 16' E. Find the dis* 
tance made. 

123. In Middle Latitude Bailing, the departure between two 
places, not on the same parallel of latitude, is considered to 
be, approximately, the departure between the meridians of 
those places, measured on that parallel of latitude which lies 
midway between the parallels of the two places. Except 
in very high latitudes or excessive runs, such an assumption 
produces no great error. By the formula of Art. 120, then, 
we shall have — 

Diff. long. » depart X sec. mid. lat. 
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124. A ship leaves latitude SV 14' N., longitude 42* 19* 
W., and Bails E.N.E. 325 miles. Find the position reached. 

125. Find the bearing and distance of Cape Cod from 
Havana. (Cape Cod, 42* 2' N., 70* 3' W. ; Havana, 23* 9' N., 
82* 22' W.) 

126. Leaving latitude 49** 57' N.. longitude 15* 16' W.. a 
ship sails between S. and W. till the departure is 194 miles, 
and the latitude is 47* 18' N. Find the course, distance, 
and longitude reached. 

127. Leaving latitude 42* 30' N., longitude 58* 51' W., a 
ship sails S.E. by S. 300 miles. Find the position reached. 

128. Leaving latitude 49* 57' N., longitude 30* W., a ship 
sails S. 39* W., and reaches latitude 47* 44' N. Find the 
distance, and longitude reached. 

129. Leaving latitude 37* N., longitude 32* 16' W., a ship 
sails between N. and W. 300 miles, and reaches latitude 41* 
N. Find the course, and longitude reached. 

130. Leaving latitude 50* 10' S., longitude 30* E., a ship 
sails E.S.E., making 160 miles' departure. Find the distance, 
and position reached. 

131. Leaving latitude 49* 30' N., longitude 25* W., a ship 
sails between S. and E. 215 miles, making a departure of 167 
miles. Find the course, and position reached. 

132. Leaving latitude 43* S., longitude 21* W., a ship sails 
273 miles, and reaches latitude 40* 17' S. "What are the tioo 
courses and longitudes, either one of which will satisfy the 
data? 

133. Leaving latitude 17* N., longitude 119* E., a ship sails 
219 miles, making a departure of 162 miles. What four sets 
of answers do we get ? 
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134. A ship in latitude 30^ sails due east 360 statute miles. 
What is the shortest distance from the point left to the point 
reached ? 

Solve the same problem for latitude 45^, 60°, etc. 



Tbaveiuse Sailinq. 

135. TraverBS Sailing is the application of the principles of 
Plane and liliddle Latitude Sailing to cases when the ship 
sails from one point to another on two or more different 
courses. Each course is worked up by itself, and these 
independent results are combined, as may be seen in the 
solution of the following example : 

136. Leaving latitude 37** 16' S., longitude 18** 42' W., a 
ship sails N.E. 104 miles, then N.N.W, 60 miles, then W. by 
S. 216 miles. Find the position readied, and its bearing and 
distance from the point left. 

We have, for the first course, difference of latitude 73.5 N., 
departure 73.5 E. 

We have, for the second course, difference of latitude, 55.4 
N., departure 23 W. 

We have, for the third course, difference of latitude 42.1 S., 
departure 211.8 W. 

On the whole, then, the ship has made 128.9 miles of 
north latitude, and 42.1 miles of south latitude. The place 
reached is therefore on a parallel of latitude 86.8 miles to 
the north of the parallel left ; that is, in latitude 35° 49'.2 S. 

The departure is, in the same w^ay, found to be 161.3 miles 
W. ; and the middle latitude is 36° 32'.6. With these data, 
and the formula of Art. 126, we find the difference of longi* 
tude to be 201 miles, or 3° 21' W. Hence the longitude 
reached is 22° 3' W. 

With the difference of latitude 86.8 miles, and the depart- 
ure 161.3 miles, we find the course to be N. 61° 43' W., and 
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the distance 183.2 miles. The ship has reached the same 
point that it wonld have reached, if it had sailed directly on 
a course N. 6V 43' W., for a distance of 183.2 miles. 

137. A ship leaves Cape Cod (Ex. 125), and sails S.E. by 
S. 114 miles, N. by E. 94 miles, W.N.W. 42 miles. Solve as 
in Art. 139. 

138. A ship leaves Cape of Good Hope (latitude 84'' 22' S., 
longitude 18** 30' E.), and sails N.W. 126 miles, N. by E. 84 
miles, W.S.W. 217 miles. Solve as in Ex. 136. 



EXAMINATION PAPEES.* 



PLANE TBIOONOMETRY. 

L 

(Earvard ChUege, Admimon. June^ 1881. Hme, 1} howr$,) 

1. Define a logarithm. What is the logarithm of i in the 
system of which 16 is the base ? Find the logarithm of 25 in 
the same system* 

2. Compute the value of .^|ffl^^ by logarithms. 

5. Find the functions of 127^ 10' from your trigonometric 
tables. 

4. Prove the formula 

(cos^ — cos J5)*+ (sin -4 — sin ^■= 4 sin* — ^ — • 

6. Two sides of a triangle are 243 feet and 188 feet, and 
the angle opposite the second side is 42^ 20'. Solve the tri- 
angle completely. 

6. A pine tree growing on the side of a mountain, which is 
inclined to the horizontal at an angle of 20^, is broken by the 
wind but not severed at a distance of 40 feet from the ground. 
The top falls toward the foot of the mountain, and strikes the 
ground 50 feet from the base of the tree ; find the height of 
the tree. 

* Note. In these papers, as in many text-books, the Greek letters a 
(alpha), P {bayia), y (gamma), 6 (ddia), (f^ay to), ^ (phce), are occaaionally 
used to denote angles. 
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n. 

(Harvard ColUgt^ Admiuion. Junt^ 1882. Timt, 1} Iwwn) 

1. Explain the reason of the rule for finding the character- 
istic (or integral part) of the logarithm of a number. 

Show that (according to this rule) the mantissa (or frac- 
tional part) is always positive. 

In what cases is the logarithm, as a whole, positive, and in 
what cases negative ? 

Thus, state clearly the value of the logarithm of 36,270 ; of 
0.003627. What decimal must be added to the latter loga- 
rithm to produce the logarithm of 0.01 ? 

2. Find the time required to increase a sum of money a 
hundred fold, at ten per cent per annum, compound interest, 
payable yearly. 

3. Find the formulas for the trigonometric functions of 
90**+ a. 

4. Find by the tables the logarithms of the trigonometric 
functions of 290^38' (marking the signs). 

5. An observer from a ship saw two headlands. The first 
bore E.N.E. (i.e. 67** 30^ from N. towards E.), and the second 
N. W. by N. (i.e. 33** 46' from N. towards W.). After he had 
sailed 16.25 miles N. by W. (i.e. IV 15' from N. towards W.), 
the first headland bore due E., and the second N.W. by W. 
(i.e. 56** 15' from N. towards W.). Find the direction and dis- 
tance of the second headland from the first. 

6. Prove the formulas : 
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III. 

{Sanard OoiUffe, JVctAmon ExaminaHan. Aprils 1879. Time, 3 Aoi«n.) 

1. Prove the relations between the sine, cosine, and tan- 
gent of 90^+^ and the functions of ^. Draw a figure for the 
case where ^ is obtuse, and show that the proof still holds 
good. 

Confirm your results by means of the formulas for the sine 
and cosine of the sum of the two angles. 

2. Deduce formulas for the sine, cosine, and tangent of 2 a 
and ^a, in terms of functions of a. 

S, Prove the formula : 

cos(a + j9) sin)8 — cos(o + y) siny=» 
sin (o + fii) cos/S — sin (o + y) cosy. 

4. Prove that in any triangle 

5. Deduce the formulas for the tangents of the half angles 
of a triangle, in terms of the sides. 

6. Solve the triangles : 

0= 35^ a = 500, <? = 250, 

jB = 22*»22', a = 67.06, J = 60.03. 

7. The Delta measures 241 yds. on Cambridge St. and 115 
yds. on Quincy St., and the angle between these streets is 
SS"" 52'. Find the other angles of the Delta. 

8. Find the area of the Delta. 

9. A person travelling east in a railroad train observes a 
tower situated south of a station A^ and on the same horizontal 
plane with the railroad. At the station £ he finds that the 
distance of the tower is 2 miles; and at O, 3 miles from J?, its 
distance is 4 miles. Find the distance of the tower from A. 
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IV. 
(Satvard (Mege, Freahman EaBommaiiim. April, 1880. Time, 3 hcmn) 

' 1. Deduce the formula sin (a + ^8) = i drawing the figure 

for the case in which a is in the second quadrant and a -f /3 
in the third. 

2. Deduce the formulas for cos 2a, sin} a, and cos^o, in 
terms of functions of a. 

8. Prove the theorem of the sines. 

4. From the fundamental formulas deduce the formula 

5. Prove that 

22i(5dl4±^ = 1- tana tanfl- tan fltany-tany tana, 
cos a cos^ cosy 

6. In a triangle 5 = 4** 13.4' and a = 2001, give all the 
solutions in the following cases : 

(1) J = 150, 

(2) i = 200, 

(3) J = 2001. 

V. -4, -B, and Care the comers of a triangular field. A is 
40 ft. W. of B and 400 ft. S.W. of C. What is the area of 
the field ? What is the length of the fence which encloses it? 

8. From two comers of the Delta, A and B, lines which 
make angles of 19° 52^ and 57^32' respectively with the side 
AB meet directly under Memorial Hall tower. The length 
of AB is 845.1 ft., and the angle of elevation of the tower at 
A \b 32° 26'. Find the height of the tower, and its angle of 
elevation at B, 
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V. 

(ffarvard OoUegt^ Frtthman Examination, Aprils 1881. Tifiu, 3 houn.) 

1. Deduce the formulas which connect the functions of 
(90^ + *) and ^. 

2. Prove the fundamental formula for co8(a + i3). 

8. From the formula just found, obtain three values for 
cos 2a. 

4. Find the values of sin^ and cos^, in terms of cos a. 

2 2 

6. Prove the formula 

(coB^-cosJ5/+(sin4-8injB)«==4 8in«^^:^=^ 

6. Solve the following triangles : 

i = 2434, c=1881, c = 42**22'. 

a = 0.00543, c = 0.07003, A = 4** 27'. 

7. The sides of a triangle are 715, 541, and 368 ; find one 
angle and the area. 

8. The height of Memorial Hall tower is 190 feet. From its 
top the angles of depression of the comers of the Delta which 
lie on Cambridge St. are 57^ 44' and 16^ 59', and the angle 
subtended by the line joining these comers is 99^ 30'. Find 
the length of the Delta on Cambridge St. 



VI. 
(Edfvard CoUege^ Fraihman ExaminaHon, April, 1882. Time, 3 hown.) 

1. Obtain the formulas which connect the sine, cosine, and 
tangent of (180**+ ^) with the functions of ^. 

2. Assuming the formulas for the sine and cosine of the 
sum of two angles, prove that 

(1) tan(a + ^)= 

(2) sin ^a = Vi(l — cosa). 



94 TBIOONOMETBY. 



3. Find all the values of x, between 0^ and 860^, which will 
satisfy the equations 

(1) tan a; = 2 sin 2 a;, 

(2) (Bakx + coBxf = 2^2x. 

4. The length of each side of a regular dodecagon is 24 
feet ; find the radius of the inscribed circle and the area of the 
polygon. 

5. In a certain triangle, a = 20, 5 = 3* 24', 0= 86' 31'. 
Find c by aid of the table containing the values of S and 2! 

6. Prove the Theorem of Sines, and solve the triangles 

(1) i = 468, c = 327, C=34''15'; 

(2) a =0.003641, c = 0.08091, A= 5*20'. 

7. Given a* = i*+c* — 2Jc cos-4; obtain the formula 

sinM = ^ (^-^H^-^ . 

The sides of a triangle are a=s2408, £ = 2028, c = 1884; 
find the angle A. 

8. Hingham is 12 miles south-east of Boston ; Quincy is 5} 
miles west of Hingham. How far is Quincy from Boston ? 

9. A person ascending Memorial Hall tower stops to rest 
at a window, and notices that the angle of elevation of the 
vane on Appleton Chapel is 3^ 34'. When he reaches the top 
of the tower, 190 feet above the ground, he finds that the 
height of the Chapel subtends an angle of 13^ 9'. The hori- 
zontal distance between the two towers being 492 feet, find 
the height of Appleton Chapel and the distance of the window 
above the ground. 
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vir. 

{Oamhridffe, JBng. 2nd PrtvUnu Emm., Dee, 7, 1876. Time, 2} hourt.) 

1* Afisaming that the angle subtended at the centre of any 
circle by an arc equal to its radius is a constant angle, show 

that any angle may be expressed by the fraction ■ ^,^ , the 
constant angle being taken as the unit. 

Find the length of the arc subtended by an angle of 60^ in 
a circle whose radius is 3 feet. 

2. The sine of a certain angle is i ; find the other trigono- 
metrical ratios of the angle. 

8. Trace the change in sign and magnitude in the tangent 
of an angle, as the angle increases from 0^ to 360^. 

4. Find, by a geometrical construction, the cosine of 60° 
and of 45°, and deduce the value of cos 8360° and cos 2565°. 

5. Prove the formulas : 

(1) sin(4 — jB) = sin4 cos-B — cos-4 sin£, 

(2) cos2^ = ^'"^°'A 

(3) TiR^A±^^ = i^uSA. 
coa2A+coa^A 

6. Express the cosine of half an angle in terms of the sine 
of the angle, and explain the double sign. 

Employ the formula to find the value of cos 75°, having 
^ven sin 150° = J. 

7. If A, £,Che the angles of a triangle, and a, i, c the 
ndes respectively opposite to the m, show that 

where a = one-half the sum of the sides. 

8. Find the greatest angle in a triangle whose sides are 7 
feet, 8 feet, and 9 feet. 

*For aid in solving this and similar qaestions, see Wentworth & Hill's 
Tables, pages zi and xii. 
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• VIII. 
(Oamhridge, Eng. 2nd Previotu Exam,, Dee. 7, 1877. Time, 2} h&un.) 

1. Define the cosine, cotangent, and cosecant of an angle, 
and prove that these ratios remain unchanged so long as the 
angle is the same. 

Find the yaJue of these three ratios for an angle of 45^. 

2. Prove the formulas : 

(1) sin A = VI — cos*-4, 

1 



(2) cos^ = 



Vl + tanM 
If sec ^ = V2, find tan A. Ana. 1. 

8. Prove that 
sin(90** + ^) = 008-4, and cos(9(y* + -4) = — sin^. 
Hence show that cos (180® + -4) = — - cob-4. 

4. Show that cos" -4 tan* -4 + sin* -4 cot* -4 = 1. 

5. Prove that cos(-4 + -B) = cos^ cos J3 — sin^ sin J3. 
Hence show that 

coa{A + B+ 0^) =cot^ cot JgcotC-cot^-cot^-cotG 
em A smB BinG 

6. Given that sin 1 J. = f , find the value of tan A. 

Ans.^. 

7. Prove that the sides of any plane triangle are propor- 
tional to the sines of the angles opposite to these sides. 

If 2s = the sum of the three sides (a, h, c) of a triangle, and 

if Jl be the angle opposite to the side a, prove that 

2 

sin j1 = j^V«(« — a) (s — b) (« — c). 

8. Prove that in anj plane triangle 

tani(^ - 5) = ?^ cotiOl 
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9. If the side a and the angles A and .S of a triangle be 

known, prove tiiat the side b may be found by means of the 

formula, 

logi = loga + log sin 5 — log sin X 

Find J, having given that a==1000 yards, ^ = 5(r, J5=64*. 

Am, 1173.29 yards. 

10. The minute-hand of a clock is 8 feet 6 inches in length ; 
find how fieur its point will move in a quarter of an hour, it 
being assumed that ir = ^. Ana. 5 feet 6 inches. 



IX. 
{Cambridge, Eng, 2tnd iVmoui Exam,, Dec. 10, 1878. Time, 2} houn) 

1. Define sine, cotangent; and prove that Ac? A+oxi^ A^=\. 
Express the other trigonometrical ratios in terms of the cosine. 

2. What is meant by the circular measure of an angle? 
How is the number of degrees in an angle found from its cir- 
cular measure ? How many degrees are in the unit of circular 
measure? 

8. Prove that 

(1) sin(180**+^) = -sinil, 

(2) tan (90**+-4) = - cot^. 

What is the use of these equations? 

4. Find the general form of all the angles whose sine is the 
same as sin 0. 

Write down the sines of all the angles which are multiples 
of 30^ and less than 360^ 
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5. Prove the following relations : 

(1) cob(-4 — ^) = co8^ cosJ5+8in^ mnB, 

(2) 8in^ + BinJ5 = 2Bini(^ + J5)co8i(^--B), 

(3) tanM=^""^^^A 

W wm^ 1+C082^ 

6. Find COB 80*, tan 45*, sin 15*. 

7. If tanJ. + 8®c^ = 2i pi'oyethat 8inJ. = f when^isless 
than 90"*. 

If sin A = ^, prove that tan J. + 8^^ = S when A is lees 
than 90**. 

8. Prove that cobS^ = 4co8'^ — Scos^, and find tanS^ 
in terms of tan ^. 

9. In a triangle A, £, C, whose sides are respeetively a, &, c, 
prove that 



(1) rinj^=.^ji£EME^, 

(2^ gin ^ ^ sin ^ _ sin O 



10. Solve a triangle, having given two sides and the angle 
opposite one of them. 
Find A, B, b, having given a = 25, c= 24, (7= 65^59'. 



X. 

{Oawbridge, Eng, 2nd PrevUnu Exam,, Dec. 10, 1879 . Time, 2} ?wun.) 

1. Define 1^. Assuming that ^ is the circular measure of 
two right angles, express the angle A*^ in circular measure. 

2. Define the sine, secant, and cotangent of an angle, and 
express anj two of these ratios in terms of the third. 

Find the trigonometrical ratios of the angle whose cosine 
isf 
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8. Prove that 

(1) COB (180^+:!) = COB (180*-^), 

(2) tan (90^ + ^) = cot (180*- -4). 

4. EzprcBB the cosine of the difference of two angles in 
terma of the sines and cosines of these angles. 

Prove that 

* tan"* a; + tan^^y = tan"* f'^^ * 

1— ay 

5. Prove the formulas: 

(1) cosa: + cosy = 2coe ^X^ cos^^I^^i 

(2) sin^a: + cos^a; = db VI + sin a;, 

(3) sinrc(2 cosa:— 1) = 2 sin^o; cosf x. 

6. Trace the changes in sign and magnitude of 

2sintf — Bin2^ 
2Bin0+sin20' 

as 6 changes from to 2ir. 

7. Express the cosine of any angle of a triangle in terms of 
the sides of the triangle. 

If the angle opposite the side a be 60^, and if &, c be the 
remaining sides of the triangle, prove that 

{a+b+c)(b+c-a)^Sbc. 

8. Solve a triangle, having given the three sides. 
Given A = 86®, £ = 72**, and a = 1 ; solve the triangle. 

9. The sides of a triangle are 2, 8, 4; find the least angle. 

* tan'^o;^ arc whose tangent is x. 
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XI. 
(Cambridge, Eng. 2nd Ptevioui JSxam,, Dee. 10, 1880. Time, 2} houn.) 

1. Express in degrees, minutes, etc., (i.) the angle whose 
circalar measure is ^v-; (ii.) the angle whose circular measure 
is 5. 

If the angle subtended at the centre of a circle by the side 
of a regular pentagon be the unit of angular measurement, by 
what number is a right angle represented ? 

2. Find, by geometrical constructionB, the cosine of 45^ and 
the sine of 120^ 

Prove that 

(sin 80** + cosSO**) (sin 120** + cos 120**) ^ 8in30^ 
8. If csc^ = 9, find cot J. and sec A 

4. Prove that 

cos (180**+ A)==- cos A. 
Find the value of (i.) cot 840**; (ii.) sec8»-. 

5. Assuming the formula for the sine of the sum of two 
angles in terms of the sines and cosines of the separate angles, 
find (i.) sin 75** ; (ii.) sin 8 ^ in terms of sin A, 

6. Prove the formulas : 

(1) co8"(^-.B)-sin«(-l + -B) = cos2^co82-B, 

(2) l + tano; tan^a; = Becx. 

7. Prove that 

co8-4+cos-B = 2cosJ(^+-B) cos|(^— JB), 



J cosStf + costf . 1 . 

8. Solve the equations : 

(1) 5 tan'a; + sec*a? = 7, 

(2) cos50 + co830 = V2 00840. 
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9. Prove that in any triangle cosJ. = — "^^ ~ — 
Obtain the formula for tan } ^ in terms of the sides, 

10. Find an expression for the area of a triangle in terms 
of its sides. The lengths of the sides of a triangle are 8 feet, 
5 feet, and 6 feet; what is its area? 

11. Given that 

sin38*25' = 0.6213757, sin38^26' = 0.6216036; 
find the angle whose sine is 0.6215000. 



XII. 
{Oambridge, Eng, 2nd Previoui Exam., Dee, 10, 1881. Tme^ 2} houn.) 

1. Define the unit of circular measure. The ratio of the 
circumference of a circle to its diameter being 3.14159, find 
the circular measure of an angle of 126^. 

2. Define the tangent, cotangent, and cosecant of an angle. 
Find the tangent and cotangent of an angle whose cosecant is 
1.25. 

3. Trace the changes in sign and magnitude of sin J. as ^ 
changes from 90° to 270**. 

4. Prove the following : 

(1) tan(ir + ^) = tan^, 

tan A — tan B 



(2) tan(^-^) = 



l + tan-4 tan^ 



.gx sin^ + 8in^^^^^^^4^ 
^ cos^— cos-B 2 



' 
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6. Determine the value of cob 18^, and prove that 
cosSe^* = cobSO* + COB 72". 

6. Show that for certain valuee of the angles 

2coe}-4 = Vl + 8in-4 — VI — Bin-4. 

Is thiB formula true for values of A lying between 200" and 
220" ? and if not, how must it be modified ? 

7. Prove that in any triangle, with the usual notation, 

and that the area is equal to 

V«(« — a)(« — ft)(« — c). 
Show, also, that 

ain*^ = cosfB + cos^C-f 2 cob -4 cos 5 cob C 

8. When one side of a triangle and the two adjacent angles 
are given, show how to solve the triangle. 

Find the greatest side of the triangle, of which one aide is 
2183 feet, and the adjacent angles are 78" 14' and 71" 24'. 
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CHAPTER V. 

THE BIGHT SFHEBIOAL TRIANGLE. 

§ 45. iNTBODUOTIOir. 

The object of ^herical Trigonometry is to show how spheri- 
cal triangles are solved. To 9ohe a spherical triangle is to 
compute anj three of its parts when the other three parts are 
given. 

The sides of a spherical triangle are arcs of great circles. 
They are measured in degrees, minutes, and seconds, and 
therefore by the plane angles formed by radii of the sphere 
drawn to the vertices of the triangle. Hence, their measures 
are independent of the length of the radius, which may be 
assumed to have any convenient numerical value; as, for 
example, unity. 

The angles of the triangle are measured by the angles made 
by the planes of the sides. Each angle is also measured by 
the number of degrees in the arc of a great circle, described 
from the vertex of the angle as a pole, and included between 
its sides. 

The sides may have any values from OF to 360^ ; but in this 
work only sides that are less than 180^ will be considered. 
The angles may have any values from 0^ to 180^. 

If any two parts of a spherical triangle are either both less 
than 90^ or both greater than 90**, they are said to be alike in 
kind; but if one part is less than 90°, and the other part 
greater than 90°, they are said to be unlike in kinda 
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Spherical triangles are said to be isosceles, equilateral, equi- 
angular, right, and oblique, under the same conditions as 
plane triangles. A right spherical triangle, however, may 
have one, two, or three right angles. 

When a spherical triangle has one or more of its sides equal 
to a quadrant, it is called a quadiantal triangle. 

It is shown in Solid Geometry, that in every spherical tri- 
angle 

I. The sum of the sides is less than 360^. 

II. The sum of the angles is greater than 180®. 

III. Jf, from the vertices as poles^ arcs of great circles are 
described, another spherical triangle is formed so related to the 
first triangle that the sides of each triangle are supplements of 
the angles opposite to them in the other triangle. 

Two such triangles are said to be polar with respect to each 
other. 
Let A,£,C (Fig. 35) denote the angles of one triangle ; a,b,c 

the sides opposite these angles 



A' 



respectively; and let -4', -B',C^ 
and a^ b\ c' denote the cor- 
responding sides and angles 
of the polar triangle. Then 
the above theorem gives the 
six following equations : 

^^-a' = 180^ 

^-f-J' = 180^ 

C +(/ = 180^ 

^' + a=180*, 

^' + 6=180^ 

Cr+c =180^ 



Exercise XIX. 

1. The angles of a triangle are 70"*, 80*, and 100"*; find the 
sides of the polar triangle. 
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2. The sides of a triangle are 40"*, 90'', and 125'' ; find the 
angles of the polar triangle. 

3. Prove that the polar of a quadrantal triangle is a right 
triangle. 

4. Prove that, if a triangle have three right angles, the sides 
of the triangle are quadrants. 

5. Prove that, if a triangle have two right angles, the sides 
opposite these angles are quadrants, and the third angle is 
measured hj the number of degrees in the opposite side. 

6. How can the sides of a spherical triangle be found in 
units of length, when the length of the radius of the sphere is 
known? 

7. Find the lengths of the sides of the triangle in Example 
2, if the radius of the sphere is 4 feet. 

§46. Formulas Relating to Right Triangles. 

As is evident from § 45, Examples 4 and 5, the only kind of 
right triangle requiring further investigation is that which 
contains only one right angle. 

Let ABC (Fig. 36) be such a right triangle, and let A, -B, C 
denote the angles of the tri- 
angle ; a, by Cf respectively, the 
opposite sides. 

Let C be the right angle, and 
for the present suppose that 
each of the other parts is less 
than 90"*. 

Let planes be passed through 
the sides, intersecting in the 
radii OA, OB, and 0C\ and 
for the sake of simplicity let 
the radius of the sphere be ^^^ ^^ 

taken equal to 1. 

Also, let a plane perpendicular to OA be passed through 
B, cutting OA at ^and OCat D. Join BJS, BD, and DE. 
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BE and DE are each ±0A (Qeom. § 454) ; therefore ABED 

= -4. TheplaneJ5-D-BiflJ.the 
plane -40C(Geom. §472); hence 
BDi which is the intersection 
of the planes BDEz,n^ BOC, is 
± the plane jlOa(Geom. § 475), 
therefore ± OCand DE. Now 

cose = 0J5= OjD X coeft, 
^ and 0-D = co8a. 

.'. 0010 = ooia 001 b. [87] 

sina = BD = BEx. sin ^, 
and J3i?=:sinc. 




rig. as (ito). 



Therefore, 8ina = sino8inA 



} 



[38] 



changing letters, sin b = sin o lin B 

Again, DE = BE XcobA, 

and also DE=ODx^nb\ 

hence, BE X cos -4 = OD x sin i ; 

that is, sine cos A = cosa sin b ; 

whence cos .^ = cos a sin i esc c* 

By substituting in this formula the value of cosa, obtained 
from [87], we obtain 



ooiA = tanb ooto 
In like manner, ooi B = tan a cot c 



} 



[39] 



And hj substituting in the same formula the value of sini, 
as given in [38], we obtain 



cosA^oosasinB 
In like manner, cos B = cos b im A 

Also, 



} 



[40] 



therefore, 



BD=DExtsniA, 
-BjD = 8ina, 
DE=cosa sin J; 
sina = cosa sin b tan A ; 



* To avoid fractioDB, esc e is written in place of its equal, 



1 
sin e 
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'whence, 



Bmb = tanaootA 



} 



and, similarly, una =tanbootB J ^ -I 

If in [37 J we substitute for cos a and cosi their values firom 
[40], we obtain 

ooBC = ootAootB. [42] 

In deducing these formulas, it has been assumed that all 
the parts of the triangle, except the right angle, are less than 
90^. But the formulas also hold true when Uiis hypothesis is 
not fulfilled. 

Let one of the legs a be greater than 90^, and construct a 
figure for this case (Fig. 87) in the same manner as Fig. 36. 

B 





Hf. V. 



Tig. & 



The auxiliary plane BDE will now cut both CO and AO 
produced beyond the centre ; and we have 

cos(180 — c) = 0E= OI)XcoBb = cos(180 — a) cosi, 

a result which reduces to [37] if we substitute — cose in place 
of cos (180 — c) and — cosa in place of cos(180--a). Like- 
wise, the other formulas, [38] -[42], hold true in this case. 

Again, suppose that both the legs a and b are greater than 
90^ In this case the plane BDE (Fig. 38) will cut CO pro- 
duced beyond 0, and AO between A and 0; and we have 

coBc = 0E= OB X cos(180 — b) 
= cos (180 - a) cos (180 - b) 
= coea cosii 
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a result agreeing with [87]. And the remaining formulas 
may be easily shown to hold true. 

Like results follow in all cases; in other words, Formulas 
[37] -[42] are universally true. 

Exercise XX. 

1. Prove, by aid of Formula [37], that the hypotenuse of a 
right triangle is less than or greaier than 90^, according as the 
two legs are alike or unlike in kind. 

2. Prove, by aid of Formula [40], that in a right spherical 
triangle each leg and the opposite angle are always alike in 
kind. 

3. , What inferences may be drawn respecting the values of 
the other parts: (i.) if c = 90^ (ii.) if a = 90^ (iii.)if ^ = 90" 
and a = 90^ (iv.) if a = 90^ and 6 = 90**? 

Deduce from [37]-{42] the following formulas: 

4. tan*}J = tan}(c — o)tan}(c + a). 

5. tan'(45^-M) = tanJ(«-a)cotJ(c + a). 

6. tan* } -B = sin (c — a) CSC (c + o)- 

7. tan«J<? = — cos(^ + -B)Bec(^ — J?). 

8. tan«Ja=tan[J(^ + J5)-45«]tan[^(jl-^) + 45*^]. 

§47. Napier's Rules. 

The formulas deduced in § 46 express the relations between 
five parts of a right triangle, — the three sides and the two 
oblique angles. All these relations may be shown to follow 
from two very useful Rules, devised by Baron Napier, the 
inventor of Logarithms. 

For this purpose the right angle (not entering the formulas) 
is left out of account, and instead of the hypotenuse and the 
two oblique angles, their respective complements are employed ; 
so that the five parts considered by the Rules are : a, i, co. 0, 
CO. A^ CO, B. Any one of these parts may be. called a middle 
part; and then the two parts immediately adjacent are called 
adjacent parts, and the other two are called opposite parts. 
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Rule I. The sine of the middle part is equal to the product 
of the tangents of the wijacent parts. 

Rule II. ITie sine of the middle part is equal to the product 
oftheixmine^ of the opposite parts. 

These Rules are easilj remembered by the expressions, 
tea. a& and oos. op. 

The correctness of these Rules maj be shown by taking each 
of the five parts as middle 
part, and comparing the ^ 

resulting equations with the 
equations contained in For* 
mulas[37]-[42]. 

For example, let co, c be 
taken as middle part, then ^'^\^ -f co.B 

CO. A and co, B are the ad- 
jacent parts, and a and b 
the opposite parts, — as is 
very plainly seen in Fig. 39, 
in which the order of the 

parts is shown by arranging them around the circumference 
of a circle. Then, by Napier's Rules : 

sin {co, c) = tan (co. A) tan (co. B\ 
or cosc = cot-4 cot-B; 

Aa(co, c) = cos a cosi, 
or cos0 = cosa cosi; 

results which agree with Formulas [37] and [42] respectively. 

Exercise XXI. 

1. Show that Napier's Rules lead to the equations contained 
in Formulas [88], [39], [40], and [41]. 

2. What will Napier's Rules become, if we take as the five 
parts of the triangle, the hypotenuse, the two oblique angles, 
and the complements of the two legs ? 
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§48. Solution of Rioht Triangles. 

By means of Formulas [37] -[42] we can solve a right tri- 
angle in all possible cases. In every case two parts besides 
the right angle must be given. 

Case I. Oiven the two lega a and b. 

The solution is contained in Formulas [37] and [41] ; viz : 

cos <? = cosa cosi, 
tan^ = tana csci, 
tan £= tan b csca. 

For example, let a = 27* 28' 36", b = 5r 12^ 8'' ; then the 
solution by logarithms is as follows : 

logcosa = 9.94802 
logcosJ = 9.79697 

logcosc = 9.74499 
c = 56*13' 40'' 



log tan a =9.71604 
log CSC J =0.10826 

logtan^ = 9.82430 
^ = 33M2'50" 



log tan i = 10.09477 
log CSC a = 0.33593 

logtanJ5= 10.43070 
5 = 69* 38' 54" 



Case II. Oiven the hypotenuse c and the leg a. 
From Formulas [37], [38], and [39] we obtain 

cos b = cos c sec a, 
sin ^ = sina cscc, 
cos ^ = tan a cote. 

Although two angles in general correspond to sin .^, one 
acute the other obtuse, yet in this case the indetermination is 
removed by the fact that A and a must be alike in kind (see 
Exercise XX., Example 2). 
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Case III. Owen the leg a and the opposite angle A. 
By means of Formulas [38], [40], and [41], we find, that 

sine ==8inac8c^, 
sini =tana cot^, 
sin .S = sec a COB ^; 

or, from [87] and [89], 

cos5 =coscseca, 
GosJ!? = tana cote. 

When e has been computed, b and JB are determined by 
these values of their cosines ; but, since c must be found from 
its sine, e may have in general two values which are supple- 
ments of one another. This case, therefore, really admits of 
two solutions. 

Case IY . Oiven the leg a and the adjacent angle B, 
Formulas [89], [40], and [41] give 

tan<? == tana sec B^ 
tani = sin a tan JS, 
cos ^ = cos a sin B. 

Case Y. Cfiven the hypotenuse c and the oblique angle A, 
From Formulas [38], [39], and [42] it follows that 

sin a = sin c sin A, 
tan& =tan<? cos^, 
cot J?= cos <? tan A, 

Here a is determined by sin a, since a and A must be alike 
in kind (see Exercise XX., Example 2). 

Case VI. Oiven the two oblique angles A and B, 
By means of Formulas [40] and [42] we obtain 

cose =cot-4 cot-B, 
cos a = COB A esc -B, 
cos & = cos B CSC A. 
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Note 1. In Caee I. (a and h given) the fonnala for computing e fails 
to give accnrate resalts when c is very near 0^ or 180^ ; in this case it 
may be found with greater accuracy by first computing B, and then com- 
puting e, as in Caee IV. 

Note 2. In Case II. (c and a given), if 5 is very nearO^ or 180^, it 
may be computed more accurately by means of the derived formula 

tan'}6 — tanf (e + a) tanf (c — a). 

And if J. is so near 90° that it cannot be found accurately in the Tables, 
it may be computed from the derived formula 

tanS(45<'-M)-tan}(e-a)cot}(6 + a)L 

In like manner, when B cannot be accurately found from its cosine we 
may make use of the formula 

tan'f £ a sin (e — a) CSC (e + a). 

Note 3. In Caee III. (a and A given), when the formulas for the 
required parts do not give accurate results, we may employ the derived 
formulas 

tan«(46«-}c) -tan}(^-o)cot}(^ + a), 
tan«(46*»-}6) -sin(il-a)csc(^ + a). 
tanViS^" - }.S)>- tan^il - a) tan^ii + a). 

Note 4. In Case IV. (a and B given), if J. is near 0° or 180°, it may 
be more accurately found by first computing b and then finding A, 

Note 5. In Case V. (e and A given), if a is near 90°, it may be found 
by first computing h, and then computing a by means of Formula [41]. 

Note 6. In Case VL (A and B given), for unfavorable values of the 
sides greater accuracy may be obtained by means of the derived formulas 

tan'^e - — cos(J. + B) sec(^ — B), 



tan'^a — tan 
tan' i & "■ tan 



i (^ + ^ - 45°] tan [45° + J(il - ^], 
i(il + ^-45°]tan[45°-J(il-^]. 



Note 7. In Cases I., IV., and V., the solution is always possible; in 
Case II., in order that the solution should be possible, it is necessary 
and sufficient that sin a < sine; in Cases III. and VL, the conditions of 
possibility follow obviously from the equations employed ; in Case III., 
it is also necessary that a and A should be alike in kind. 
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Note 8. It is easy to trace analogies between the formnlas for solving 
right spherical triangles and those for solving right plane triangles. The 
former, in &ct, become identical with the latter if we suppose the radius 
of the sphere to be infinite in length ; in which case the cosines of the 
sides become each equal to 1, and the ratios of the sines of the sides and 
of the tangents of the sides must be taken as equal to the ratios of the 
sides themselves. 

If the formula required for anj case is not remembered, it is 
alwajs easy to find it by means of Napier's Rules. In apply- 
ing these Rules we must choose for the middle part that one 
of the three parts considered — the two given and the one 
required — which will make the other two either adjacent 
parts or opposite parts. 

For example : ffiven a and B; solve the triangle. 

First, represent the parts as in Fig. 40, and to prevent mis- 
takes mark each of the given 

parts with a cross. To find ^.^^ *'"^a+ 

i, take a as the middle part ; 
then b and co. B are adja- 
cent parts; and by Rule I., 

sin a = tan 6 cot JS; co.A 
whence, tan 6= sin a tan J?. 

To find e, take co.Bbb 

middle part; then a and 

CO. care adjacent parts; and 

by Rule I., 

cosJ!? = tana cote; 

whence, tanc =tanaBecJ!?. 

To find A, take co. ^ as middle part ; then a and co. B are 
the opposite parts ; and by Rule II., 

cos ^ = cos a sin B. 

In like manner, every case of a right spherical triangle may 
be solved. 
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EZEBCIBE XXII. 

Solve the following right triangles, taking for the given 
parts in each case those printed in columns I. and II. : 



I. 


II. 


III. 


IV. 


V. 




a 


b 


e 


A 


B 


1 


36<»27' 


43* 32' 31" 


54* 20^ 


46* 69' 43.2" 


5r59'19.3" 


2 


86<»4(y 


32*40' 


87* 11' 39.8" 


88* 11' 57.8" 


32«42'38.r' 


3 


50» 


36* 64' 49" 


59* 4' 25.7" 


63* 15' 13.1" 


44*26'21.e" 


4 


120»10' 


160* 59' 44" 


63* 55*43.2" 


105* 44' 21.25" 


147*19'47.14" 




G 


a 


b 


A 


B 


5 


65« 9*32" 


22*16' 7" 


61*63' 


27* 28' 25.7" 


73* 27' 11.16" 


6 


23<» 49' 51" 


14* 16' 35" 


19*17' 


37* 36' 49.4" 


64* 49^ 23.3" 


7 


44® 33' 17" 


32* 9' 17" 


32*41' 


49* 20^ 16.4" 


60* 19' 16" 


8 


97*^13' 4" 


132* 14' 12" 


79* 13' 38.2" 


131* 43' 50" 


81* 58' 53.3" 




a 


A 


e 


b 


B 


9 


77*21' 60" 


83* 66' 40" 


78* 63' 20" 


28* 14' 31.8" 


28* 49' 57.4" 








101* 6' 40" 


151* 45' 28.7" 


151*10' 2.6" 


10 


77** 21' 60" 


40* 40' 40" 


impoisible; 


why? 






a 


B 


e 


b 


A 


11 


92«47'32" 


50* 2' 1" 


91* 47' 40" 


60* 


92* 8' 23" 


12 


2*» 0'55" 


12*40' 


2* 3' 55.7" 


0*27' 10.2" 


77* 20* 28.4" 


13 


20*>20'20" 


38* 10' 10" 


25* 14' 38.2" 


16* 16' 50.4" 


64* 36' 16.7" 


14 


54«30' 


35*30' 


59* 51' 20.8" 


30* 8' 39.2" 


70* 17' 36" 




e 


A 


a 


h 


B 


16 


e9*>25'll" 


64* 54' 42" 


50* 


66* 50' 49.3" 


63*25' 4" 


16 


112^ 48' 


56«11'56" 


50* 


127* 4' 30" 


120* 3' 50" 


17 


46» 40* 12" 


37*46' 9" 


26* 27' 24" 


39* 57' 41.5" 


62* 0* 4" 


18 


118*40' 1" 


128* 0' 4" 


136* 15* 32.3" 


48* 23^ 38.4" 


58*27' 4.3" 


A 


B 


a 


b 


e 


19 


63* 16' 12" 


135* 33' 39" 


49* 59' 56" 


143* 5' 12" 


120* 55' 34.3" 


20 


116* 43' 12" 


116* 31' 25" 


120*10' 3" 


119* 59' 46" 


75* 26' 58" 


21 


46* 59' 42" 


57* 59' 17" 


36*27' 


43* 32' 30". 


54^20' 


22 


90* 


88« 24' 35" 


90* 


88* 24' 35" 


90* 
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23. Define a quadrantal trianglei and show how its solution 
may be reduced to that of the right triangle. 

24. Solve the quadrantal triangle whose sides are : 

a = 174^ 12' 49.1", J = 94*8'20", (? = 90^ 

25. Solve the quadrantal triangle in which 

c = 9(f, ^ = ll(f47'50", J? = 135*35' 84.5". 

26. Given in a spherical triangle A^ (7, and c = 90* ; solve 
the triangle. 

27. Given A = 60*, C= 90*, and (? = 90* ; solve the tri- 
angle. 

28. Given in a right spherical triangle, A = 42* 24' 9", 
.B = 9*4'll"; solve the triangle. 

29. In a right triangle, given a = 119* 11', J?= 126* 54'; 
solve the triangle. 

30. In a right triangle, given (? = 50*, J = 44* 18' 39" ; solve 
the triangle. 

31. In a right triangle, given ^=156* 20' 30", a=65*15'45"; 
solve the triangle. 

32. If the legs a and & of a ri ght s pherical triangle are 
equal, prove that cos a = cot -4 = Vcosc. 

33. In a right triangle prove that cos* A X sin' c = sin (c— a) 
sin ((? + «). 

34. In a right triangle prove that tana cose = Binb cot J?. 

35. In a right triangle prove that 

sin'^ = cos'-B + sin' a sin* A 

36. In a right triangle prove that 

em{b + c) = 2co^iAcoBbBme. 

37. In a right triangle prove that 

sin(<? — 6) = 2sin'i^ cosi sine. 
88. If, in a right triangle, p denote the arc of the great circle 
passing through the vertex of the right angle and perpendic- 
ular to the hypotenuse, m and n the segments of the hypote- 
nuse made by this arc adjacent to the legs a and b respectively, 
prove that (i.) tan' a = tan e tan m, (ii.) sin'/? = tan m tan n. 



116 TKIQONOMETEY. 



§ 49. Solution of the Isosceles Sphesical Tblajbtgle. 

If an arc of a great circle is passed through the vertex of 
an iBosceles spherical triangle and the middle point of its base, 
the triangle will be divided into two symmetrical right tri- 
angles. In this way the -seliAtion x>f 4ua isosceles spherical 
triangle may be reduced to that of a right spherical triangle. 

In a similar manner the solution of a regular spherical 
polygon may be reduced to that of a right spherical triangle. 
Arcs of great circles, passed through the centre of the polygon 
and its vertices, divide it into a series of equal isosceles tri- 
angles; and each one of these may be divided into two equal 
right triangles. 

EXEBCISE XXIII. 

1. In an isosceles spherical triangle, given the base b and 
the side a; find A the angle at the base, £ the angle at the 
vertex, and h the altitude. 

2. In an equilateral spherical triangle, given the side a; 
find the angle A. 

3. Given the side a of a regular spherical polygon of n 
sides; find the angle A of the polygon, the distance H from 
the centre of the polygon to one of its vertices, and the dis- 
tance r from the centre to the middle point of one of its sides. 

4. Compute the dihedral angles made by the faces of the 
five regular polyhedrons. 

5. A spherical square is a spherical, quadrilateral which 
has equal sides and equal angles. Its two diagonals divide it 
into four equal right triangles. Find the angle A of the 
square, having given the side a. 
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THE OBUQXTE SPHERICAL TRIANGLE. 

§51. FUNDAMEKTAL FOSMULAS. 

Let ABC (Fig. 41) be an oblique spherical triangle, a, h, e 
its three sides, A, Bfi the angles 
opposite to them, respectiyely. 

Through O draw an arc CD of 
a great circle, perpendicular to 
the side AB^ meeting AB at D. 
For brevity let CD=^pj AD=^m^ 
BD^n, ZACD=^x, Z,BCD 

1. By §46 [38], in the right 
triangles BDC and ADC, 

vojip = sin a sin JS, 
and Anp == sin & sin A. 

Therefore, sina sinB = sinb sin A 

similarly, sina sinO = sine sin A 

and sinb sinO = sine sinB 




[43] 



These equations may of course also be written in the form 
of proportions ; as, for example, 

sina : sin& = sin^ : sin B, 

In Fig. 41 the arc of the great circle CD cuts the side AB 
within the triangle. In case it cut AB produced without the 
triangle, sin (180* - A), sin (180^ - B\ or sin (180^ - C\ would 
be employed in the aboye proof instead of sin^, sin£, or 
sin (7. These sines, however, are equal to sin^, sin JS, and 
sin (7, respectively, so that the Formulas [48] hold true in all 
cases. 
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2. In the right triangle BDC, by § 46 [37], 

cosa = C08J3 cosn = co%p cob(<? — m), 
or (§ 32) cosa = Qo%p coa<? cosm + co8/> sin c sinm. 

Now, COB/? COB w = COB 6 ; (§ 46 [37]) 

whence, co8j:> = cos i seem, 

and cqpp 8mm = cosi tanm 

= cosi tan i cos ^ (§46 [39]) 

= sini COB A, 

Substituting these values of omp cosm and cos^ sinm in 
the value of cosa, we obtain 

oo8a = oo6boo8o + >inb sincoosA 
and similarly, oosb = oosa ooso -f- sina sine oos B }- ■ [44] 

0080 =oooaooob + nnft nnb oosO 

8. In the right triangle ADC, by § ^ [41], 



"* cos^ = C08/7 sin X = cos^ sin ((7— y), 

or (§ 32) cos -4 = cos^ sin (7 cosy — cos^ cos C siny. 

Now, cos/? siny = cos jB; (§46 [40]) 

whence, cos/? = cos J? esc y, 

and QO%p cosy = cos £ coty 

= cos jB tan JS cos a (§ 46 [42]) 

^sinJ? cosa. 

Substituting these values of oosp siny and cosp cosy in the 
value of cos^, we obtain 

oo6A = — oooB 0060+ nnB sinO oo6a*| 
and similarly, oosB = — 000 A OO0O + sin A sinO oosb > ■ [46] 

oosO = — 000 A oosB + biqA sinB ooso J 

Formulas [44] and [45] are also universally true ; for the 
same equations are obtained when the arc CD cuts the side 
AB without the triangle. 
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Exercise XXIV. 

1. What do Formulas [48] become if ^ = 90**? if JS = 9(f ? 
if C=90^? if a = 90**? if ^ = J5 = 9(f ? if a = i = 9(r? 

2. What does the first of [44] become if ^ = 0*? if ^ = 9(f? 
if^==180*? % 

3. From Formulas [44] deduce Formulas [45], bj means of 
the relations between polar triangles (§ 45). 

§52. Formulas for the Half Angles and Sides. 

From the first equation of [44], 

^^« A cosa — cosicostf 
cos^ = . - . ; 

sin 6 sine 

whence, 

1 «^« A ^^^ sin c + cos J cos<? — cosa 
1 — cos^ = 4 — ; — . 

sin 6 sine 

cos(5 — c) — cosa 

* . , '. » 

sino sine 

n , J sini sing — cost cosg + cosa 

1 -p cos ^ — . — ;; — . 

sm b Sin c 

__ cosa— co8(i + c) ^ 

sini sine ' 

or, by § 34 [16] and [17], and §85 [23], 

sin* } ^ = sin i (a+ 5— e) sin i (a— i+ ^) csci esc e, 
cos*}-4. = sin}(a+J+e)sin}(i+e— a) cscicsce. 

Now, let }(a + i + <?) = «; 

whence^ J (6 + e — a) = « — a, 

} (a — J + c) = a — i, 

} (a + i — e) = « — e. 
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Then, by substitution and extraction of the square root, 



sin }A= Vsin(8 — b) Bin(8— b) osobosoc 

006 iA= Vsins Bin(8 — a) osob osoo 

taniA= Vosos 08c(s — a) Bin(s^b) sin(s — o) ^ 



[46] 



In like manner it may be shown that 

sin }B = V8in(8 — a) 8m(8 — o) osoa osoo, 

006 iB = Veins 8in(8 — b) osoa osoo, 

taniB = Vosos 08o(s — b) 8iQ(s — a) sin(s — o). 



sin iO = Vnn(s — a) sin(s — b) osoa osoby 
oosiO == Vsins 8m(s — o) osoa osob, 
taniO = Vosos oso(s — o) sin(s — a) 8iQ(s 

Again, from the first equation of [45], 



-b). 



C08a= 



_ cosjg cos C+ cos A . 



whence. 



1 — cosa = 



sin^ BinC7 



sin jB sin C— cos B cos C7— cos A 
sin £ sin C 



1 I ^^->. sin 5 sin (7+ cos 5 cos (7+ cos ^ 

sm £ sm C 



If we place i(A + JS + C) = 8t and proceed in the same 
manner as before, we obtain the following results : 



V— oosB oos(B— A) osoB csoO 
Voos(B-B) oos(B-O) osoB csoO 



sin ia 
006}a 
tania = V— oosB oos(8-A) seo(8--B) seo(8-0)^ 



[47] 
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And, in like manner, 

am }b = V— oosB oo8(B — B) osoAosoO, 
ooB }b = Voo8(B-A) 008(8^=^) oaoA osoO, 
tMiJb = V-ooBS ooB(S-B) Beo(B-A) Beo(B-O). 



nn^o =V— oo8Boo8(B — 0)c8oAo8oB, 
ooBio =Voo8(B— A) oob(B— B) osoA obcB, 
tanio =V-oob8 oob(B-O) Beo(8~A) Beo(B~B). 

§53. Gausses Equations and Napies's Analogies. 
By §81 [5], 

or, by substituting for co8|-^, cob^JB, 8in^-4, sin^^, their 
values given in § 52, and reducing, 



C0Bi(^+S)=J^°' 8in(g-a) JBin 8 sin (8- bl 

\ sm^sine \ sinasinc 

f sin (a — b) sin (s—c) f sinCg— a)6in(a--g) 
ll sin i sine A( sin a sine 

__ sing— sin(a— g) bin (a — a) sin (a — - b) 

sine II sin a sin i 

This value, by applying §§ 33 [12], 35 [21]," and observing 
that the quantity under the radical is equal to sin }(7, becomes 

^^r,t/A I T>\ 2 sinic co8(« — ic) . ,^ 
cos4-(^ + B) = — ^ ? , — ^ , ^ ^ Binlu, 

which, by cancelling common factors, multiplying by cos|-c, 
and observing that 8 — \c = \(a+b), reduces to the form 

cos^(-4 + J5) 008^0 = cos^(a + b) sin^ C. 



122 



TBIGOKOHETBY. 



By proceeding in like manner with the values of 

An^(A + J5), co8i(-4-J?), and sin ^ (-4 -5), 

three analogous equations are obtained. 

The four equations, 

008 i(A + B) 008 }o = 006 }(a+b) sin iO 
Bin } ( A + B) 008 } = 008 } (a — b) 008 i 
oo8}(A-B)8inio=:8ini(a + b)8m}0 
sin i ( A — B) sin } = 8iQ i (a — b) 008 } 



[48] 



are called Gkuss's Equations. 

By dividing the second of Qauss*s Equations by the first, 
the fourth by the third, the third by the first, and the fourth 
by the second, we obtain 






[49] 



These equations are called Napier's Analogies. 

In the first equation the factors cos i(a — b) and cot i O are 
always positive; therefore, tan ^(-4 + J?) and cos|-(a + J) 
must always have like signs. Hence, ]£ a + b< 180°, and 
therefore cos J (a + J) > 0, then, also, tan } (-4 + -B) > 0, and 
therefore A + £< 180°. Similarly, it follows that if 
a + J>180^ then, also, A + £>180\ If a + i = 180°, 
and therefore ooe }(a + i) == 0, then tan } (-4+ -B) = oo ; 
whence J (^ + J5) = 90^ and ^ + ^ = 180°. 

Conversely, it may be shown from the third equation, that 
a + b ia less than, greater than, or equal to 180°, according as 
A + J3i& less thau; greater than, or equal to 180°. 
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§54. C4SE I. 

Owen two gideSj a and b, and the included angle C. 
The angles A and B maj be found by tbe first two of 
Napier's Analogies ; viz. : 

tan J (^ + -B) = ^2lii«^ cot J C. 

COS } (a + 0) 

tan J (.1 - ^) = S5Li$^ cot J a 

Bin i (a + 6) 

After A and B have been found, the side c may be found 
by [43] ; but it is better to use for this purpose Gkuss's Equa- 
tions, because they involve functions of the same angles Uiat 
occur in working Napier's Analogies. Any one of the equa- 
tions may be used ; for example, from the first we have 



cos 



cosi(^+5) ^ 



Example. « - 73« 68' 54". therefore. J («-*)- 1"?** 36' bV 



6 -saris' 0". 

C-46«33'41''. 

logco8}(a-5) -9.97914 
log8ec}(a + &) -0.25658 
log cot i (7 -0.36626 

lGgtan|(ii-h^- 0.60198 

log8ec}(^ + 5) -0.61647 
logco8}(a + 6) -9.74342 
logBJn \C - 9.59686 

log COB }e - 9.95576 

\c -25*»25'40" 



}(a + ft)-66«21'57^ 
\C -23^16' 50.5" 

log8in}(a-6) -9.48092 
logG8c}(a + 6) -0.07956 
log cot} (7 -0.36626 

logtant(^-^° 9.92674 

\{A + B)^ 75«57'40.7" 
}U-5)- 40*»11'25.6" 

A^wep V 6.3" 

S- 35»46'15.1'' 
c- 50«51'20" 



If the side c only is desired, it may be found from [44], 
without previously computing A and B. But the Formulas 
[44] are not adapted to logarithmic work. Instead of chang- 
ing them to forms suitable for logarithms, we may use the fol- 
lowing method, which leads to the same results, and has the 
advantage that, in appljring it, nothing has to be remembered 
except Napier's Bules : 
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B 



Make the triangle (Fig. 42), as in §51, equal to the earn 

(or the difference) of two right 
triangles. For this purpose, 
through B (or A^ but ryot C) 
draw an arc of a great circle 
perpendicular to AC, cutting 
AOAiD, Let JBD=p,CI)=m, 
AjD=n\ and mark with crosses 
the given parts. 
By Rule I., 

cos C = tan m cota, 
whence tanm = tana cos C. 

By Rule II., 

cos a = cos m cos/?, whence cos j9 = cos a sec m. 
cos c = cos n cos 2?, whence cosp = cos o sec «. 

Therefore, cos c sec n = cos a sec m ; 

or, since n = b-'m, cosc = cosaBecw cos(6 — m). 

It is evident that c may be computed, with the aid of loga- 
rithms, from the two equations 

tanm = tana cos C, 

cos c = cosa seem cos(i — m). 

Example. Given a = 97^80'20", i = 55*12'10", C=89* 
58'; find c. 




log tan a = 0.88025 (n) 
logcos (7= 9.88447 

log tan m = 0. 76472 (n) 
m= 99^4544" 
J-m = -44**83' 4" 



logco8a = 9.11602(n) 
log cos (6 - m) = 9.85286 
log8ecm = 0.77103 (n) 

logco8c = 9.73991 

c = 56** 40' 20" 



EZEBOISE XXV. 

1. Write formulas for finding, by Napier's Rules, the side 
a when &, c, and A are given, and for finding the side b when 
a, c, and J3 are given. 
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2. Given a = 88** 12' 20", ft = 124^ 7' 17", C=50^2'l"; 
find ^ = 63*^ 15' 11", B = 132* 17' 59", c = 59* 4' 18". 

3. Given a = 12(f 55' 35", i = 88* 12' 20". C= 47* 42' 1" ; 
find ^ = 129* 58' 3". B = 63* 15' 9'\ c = 55* 52' 40". 

4. Given ft = 63* 15' 12", e = 47*42'l", ^ = 59* 4' 25"; 
find 5 = 88* 12' 24", C= 55* 52' 42", a = 50* 1' 40". 

5. Given ft = 69* 25' 11", c = 109* 46' 19", A = 54* 54' 42" ; 
find ^ = 56* 11' 57", C= 123* 21' 12". a = 6ri3'. 

§ 55. Case II. 

Oiven two angles^ A and JS, and the included side c. 
The sides a and ft may be found by the third or fourth of 
Napier's Analogies, 

and then the angle (? may be found by one of Gauss's equa- 
tions ; as, for instance, the second, which gives 

COS i (a — ft) 



Exahple. a 
B 



c — 



log cos |(^ — ^ 
log sec }(^ + B) 
logtanjc 



1070 47^ 7// 

38* 58' 27" 
51«41'14" 

9.91648 

0.54359 

9.68517 



logtanHa + 6) » 0.14524 



logBiii}(A + .B) 
logBec}(a — 6) 
log cos ^c 



9.98146 
0.01703 
9.95423 



log cos} (7 



« 9.95272 
}C= 26*14' 52.5" 



HA-B) 
iU-^B) 
Jc 
log8in}(^-5)< 

l0gCBC}(^+5)' 

logtan^c 



,340 24' 20" 
73* 22' 47" 
25* 50' 37" 
9.75208 
0.01854 
9.68517 



log tan} (a -ft) -9.45579 




54* 24' 24.4" 
15* 56' 25.6" 
70* 20' 50" 
38* 27'59" 
62* 29' 45" 
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If the angle (7 alone is wanted, the best way is to decompose 
the triangle into two right triangles, and then apply Napier's 
Bales, as in Case I., when the side c alone is desired. 

Let (Fig. 43) Z ABD = x,A OBD =^y, BD=p\ then, 

B By Rule I., 

cos(? = cota?cot-4, 
whence cotrr = tan^ cose. 

By Rule II., 

co8^ = cosjpsinar, 
whence cos p = cos^ cscar. 

cos C = cosjj siny, 
whence cos ^ = cos Ccscy. 

Therefore, 
cos C = cos A CSC a: siny = cos A csca; sin {B — x). 

It is clear that C may be computed from the equations 

cot a: = tan -4 cose, 

cosC= cos A CSC z sin (-B — x). 

Example. Given ^ = 35^ 46' 15", 5=115*»9'7", ^=61*2'; 
find a 




log tan A = 9.85760 
log cos g =9.79856 

logcotar =9.65616 

X =65^ 37' 35" 
B-x =49** 31' 32" 



log-cos^ =9.90992 

log8in(5-a:) = 9.88122 

log CSC a: = 0.04055 

log cos C= 9.83099 
C= ^r 20' 30" 



Exercise XXVI. 

1. What are the formulas for computing A when -B, C, and 
a are given; and for computing B when A^ C^ and b are 
given? 

2. Given ^ = 26*» 58' 46", 5 = 39*» 45' 10", c = 154M6'48"; 
find a = 37^ 14' 10", b = 12r 28' 10", C= 161** 22' 11". 
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8. Given ^ = 128M1'49", j5 = lOr 38' 20", c=124**12' 
31" ; find a= 126^ 41' 44", i = 82* 47' 34", (7= 127* 22'. 

4. Given 5= 153* 17' 6", (7= 78* 43' 36", a = 86* 15' 15"; 
find b = 152* 43' 51", c = 88* 12' 21", A = 78* 15' 48". 

6. Given A == 125*41' 44", 0= 82* 47' 35", i = 52* 37' 57" ; 
find a = 128* 31' 46", c = 107* 33' 20", £ = 55* 47' 40". 

§66. Case III. 

Owen two sides a and i, and the angle A opposite to one of 
them. 

The angle B is found firom [43], whence we have 

sin £ = sin A sin i esc a. 

When B has been found, O and c may be found from the 
fourth and the second of Napier's Analogies, from which we 
obtain 

Sin i{A — £) 

sin t{a — (>) 

The third and the first of Napier's Analogies may also be 
used for the same purpose. 

Note 1. Since B \b determined from its sine, the problem in general 
haa two solationfl ; and, moreover, in case sin S> 1, the problem is impos- 
sible. By geometric construction it may be shown, as in the correspond- 
ing case in Plane Trigonometry, under what conditions the problem 
really has two solutions, one solution, and no solution. But in practical 
applications a general knowledge of the shape of the triangle is known 
beforehand ; so that it is easy to see, without special investigation, which 
solution (if any) corresponds to the circumstances of the question. 

It can be shown that there are two solutions, when 

^<9(y>, a + i<180^ anda<6, 
or, when il>90*, a + 6>180®, and a > 6. 
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Note 2. The side c or tlie angle may be computed, without fint 
finding £, by meauB of the fonnulas 

tanm « cos il tan &, and co8(c — m) >- cos a X sec 5 x cosm, 
cot z — tan A cosh, and cos (C— x) «» cot a X tan hxcoBx. 

These formulas may be obtained by resolution of the triangle into 
right triangles, and applying Napier's Bulee ; m is equal to that part of 
the side c included between the foot of the perpendicular from C and the 
vertex A, and x is equal to the corresponding portion of the angle 0. 

Example. Given a - 57*» 36', h - 31« 12', A - 104*> 25' 30". 



In this case A> 909, 

and a-f6<180®; 

therefore, A-i-B< 180*» ; 

hence, B< 90*», 

and only one solution. 



a + b 

a-b 

A + B 

A-B 

Iogsin^(il + ^) 

logcsc J(A — 5) 

log tan} (a — 5) 



88«50' 
26*>2e' 
140«51'53" 
67^59' 7'' 
9.97416 
0.25252 
9.37080 



log tan }c 
c 



9.59748 
21*» 35^38" 
43«11'16" 



log sin ^» 9.98609 
logsmft » 9.71435 
log CSC g «» 0.07349 

log sin -8-9.77393 

B - 36° 27' 20" 



J{a-6) 

iM + 5) 
i(^-B) 

log sin H<^ + ^) ' 

logcsc}(a~6) 

logtan}(-4-5)< 



W25^ 
13° 13' 
70° 26' 25" 
33° 59' 5" 
9.84502 
0.64086 
9.82873 



log cot} C> 

c 



0.31461 
25° 51' 15" 
61° 42' 30" 



Exercise XXVII. 

1. Given a = 73*» 49' 38", i = 120** 53' 35", ^ = 88** 52' 42"; 
find B = lie** 42' 30", c = 120*» 57' 27", C= 116*» 47' 4". 

2. Given a = 150' 57' 5", i = 134° 15' 54", ^ = 144** 22' 42" ; 
find 5i == 120° 47' 45", c, = 55° 42' 8", a = 97° 42' 55.4" ; 

.S,= 59° 12' 15", c, = 23° 57' 17.4", a = 29° 8' 39". 

3. Given a = 79° 0' 54.5", i = 82° IT 4", A = 82° 9' 25.8" ; 
find £ = 90°, c = 45° 12' 19", 0= 45° 44'. 

4. Given a = 30° 52' 36.6", b = 31° 9' 16", A = 87° 34' 12" ; 
show that the triangle is impossible. 
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§ 57. Case IV. 

Owen two angles A and B, and the aide a apposite to one of 
them. 

The side b is found from [43], whence 

8ini = sina sin j9cscj1. 

The values of c and Cmsj then be found by means of Na- 
pier's Analogies, the fourth and second of which give 

BinJ(J.— J9) 

cot iC= S£ii«±|) tan J (^ - iJ). 
Sin} (a — 6) 

Note 1. In thiB case, also, an unknown part is found from its sine ; 
and it may be shown thai, under certain conditions, the problem is im- 
possible, or that it admits of two solutions. In practice, the ambiguity is 
usually removed by the circumstances of the question. If sin5>l the 
problem of course is impossible ; and it may be shown that there are two 
solutions, when 

o<90». A-\-B<lSG9, and^<i5. 
or o>90», il + B>180». taidA>B. 

Note 2. By proceeding as indicated in Case III., Note 2, formulas for 
computing c or C, independent of the side 6, may be found ; viz.: 

tanm — tana cos B, and sin(e — m) — cot il tan iff sin m, 
cot s B cos a tanS, and sin((7— x) — cos J. sec B sins. 

In these formulas m «- BD^ s — Z BCD, D being the foot of the per- 
pendicular from the yertex C 

Exeecise XXVIII. 

1. Given ^ = 110nO', 5 = 133^8', a = 147^6' 32"; find 
b = 155** 5' 18", c = 33** 1' 36", C= 7(r 20* 40". 

2. Given ^ = 113*»39'21", 5=123^40'18", 0=65*^39' 46"; 
find b = 124^ 7' 20", c = 159** 53' 2", (?= 159** 43' 36". 
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3. Given ^=^100^ 2' 11.3", 5=98**30'28". a = 95^20'S8.7"; 
findi = 90*, c=147^4i'43", a=148**5'33". 

4. Given ^=24** 83' 9", J5=38^0'12", a=65*20^1S"; 
9how that the triangle is impossible. 



§58. Case Y. 

' CHven the three sideSf a, b, and c. 

The angles are computed by means of Formulas [46], and 
the corresponding formulas for the angles B and O, 

The formulas for the tangent are in general to be preferred. 

If we multiply the equation 



1 =sr ?1BJ[1Z12) 

ein(« — a) 



tan } -4 = Vc8c« C8c(« — a) sin(« — b) sin {a — c) 
by the equation 

and put 

Vcsc e sin (« — a) sin {a — b) sin {a — c) = tanr, 

and also make analogous changes in the equations for tan \ B 
and tani(?, we obtain 

tan}^ = tanr csc(« — a), 
tan}J9 = tanr csc(« — J), 
tan J C = tanr csc(« — c), 

which are the most convenient formulas to employ when all 
three angles have to be computed. 



Example 1. 



6- 3r? 47^18" 

2«-163*> 33^40" 

• - 8P4e'5(/' 

»-a- 3(y>52'18" 

»-6- 43^69' 32" 



logcflca- 0.00448 

logc8c(<-a)- 0.28978 

log sin (a- 6)*- 9.84171 

logsin (« - c) - 9.08072 

2)19.21669 

logtanM- 9.60835 
J-1-22* 6'20'' 
.i -44^10^40'' 
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a -124^12' 31" 
6- 64*18'1G" 



2a-275«4yi2'' 

logBin(«- a) -9.37293 

logsin (•-&)- 9.99725 

logsin (« — c) - 9.81390 

logcsc «- 0.17331 

logtanV- 9.35739 
logtaar- 9.67870 



« — a 

$ — G 



log tan} A 
log tan }S 
logtan^C' 



.137°51'3G" 
13^39' 5" 
83«>33'20'' 
40*>S9'11'' 

0.30577 
9.68145 
9.86480 



}^- 63«>41'3.8" 
}i5- 25^39' 5.0" 
|C- 36*> 13^20.1" 

-4-127*22' 7" 
J?- 51° 18^11" 
C- 72«26'4a' 



Exercise XXIX. 

1. Given a = 120*^ 55' 35", b = 59^ 4' 25", c = 106* 10' 22" ; 
find A = 116^ 44' 49", jB = 63^ 15' 14", C= 91^ 7' 21". 

2. Given a = 50^ 12' 4", b = 116* 44' 48", c = 129° 11' 42" ; 
find A = 59* 4' 28", J5 = 94* 23' 12", 0= 120* 4' 52". 

8. Given a = 131* 35' 4", 6 = 108* 30' 14", (?=84*46'34"; 
find A = 132* 14' 21", £ = 110* 10' 40", C= 99* 42' 24". 

4. Given a = 20* 16' 38", i = 56* 19' 40", c = 66* 20' 44"; 
find il = 20* y 54", £= 65* 62' 31", (7= 114* 20' 17". 

§59. Case VI. 

Oiven the three angles^ A, B^ and C, 

The sides are computed hj means of Formulas [47], and 
the corresponding formulas for the angles B and C. The 
formulas for the tangents are in general to be preferred. 

If we multiply the equation 

tan la= V- co8/9cos(/9- A) sec(/S— J5)Bec(/S'- C) 



by the equation 
and put 



1 _ sec(/y— ^) 
8ec(/S-^y 



V— cos/SsecC/S- -4)sec (/S- B) sec {8- (7) = tan JS, 
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and also make analogous changes in the equations for tan i b 
and tan } c, we obtain 

tan } a = tan J? cos(/S'— A\ 
tan J i = tan i2cos(/S- £), 
tan 1 c = tan H cob(S— C), 

which are the most conyenient formulas to use in case all 
three angles have to be computed. 

logcoBiSr^. 9.53405 (n) 
logcos(iSf-^)- 9.93753 
log sec (5- ^ - 0.30103 (n) 
logsec (8- C) -0.76033 (n) 

2 )0.53294 
logtan}a- 0.26647 

la- 6P34' 6" 
a-123<> 8' 12'' 

Note. Here the effect, as regards algebraic sign, of three negative 
factors, IB cancelled by the negative sign belonging to the whole fraction^ 

Example XL A^ 2fp 9^56" 



Example I. 


A-' 


.220* 




.B- 


130» 




e= 


150» 




28" 


500» 




8" 


.250» 


8- 


-A" 


ZQP 


8- 


-B^ 


120» 


8- 


-C- 


100» 



5- 55*»52'32'' 
C--114«> 20^14^^. 

2 iS'- 190*22' 42" 

logcosiSf- 8.95638 (n) 
log 8ec(/Sf- A) -0.58768 
logsec(5- 5) -0.11143 
log8 ec(5-C)- 0.02472 

log tan»iJ - 9.68021 
log tan .S- 9.84010 



5- 95«11'21«' 
8-A'' 75«> 1'25'' 
8-B'' 39«18'49«' 
^-C--19*» ySS" 

logtan}a- 9.25242 
logtan}&- 9.72867 
logtanjc- 9.81538 



Ja-lO** 8' 18.9'' 
Ji-28« 9^50.4" 
}c-33nO'21.y' 

a -20*16' 38" 
6 -56* 19' 41" 
c- 66* 20' 43" 
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1. Given A = 130^ B == 110*, C= 80^ ; 

find a = 139*^21' 22", i = 126*» 57' 52", <? = 66*^51' 48". 

2. Given A = 59*» 55' 10", B = 85*» 36' 50", = 59^ 55' 10" ; 
find g =^ l a r i aa aO *^, fe = 64° 2' 47", c = IQfl^ ifl' flO", 

5/Vr 3'^' sr/r^^"" 
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3. Given A = 102* 14' 12", £ = 64° 32' 24", C= 89** 5' 46" ; 
find a = 104** 26' 9", b = 63** 49' 26", c = 97** 44' 24". 

4. Given ^ = 4** 23' 36", J? = 8** 28' 20", C= 172** 17' 66" ; 
find a = 31** 9' 11", 6 « 84** 18' 23", c = 115** 9' 66". 

§60. Area of a Spherical Triangle. 

I. When the three angles At -B, C, are given. 

Let H = radius of sphere, 

U= the spherical excess = -4 + j?+ 0— 180**, 
I" = area of triangle ; 

then, by Solid Geometry, 

F = ^'B*- [50] 

« 

II. When the three sides a, b, c^ are given, 

A formula for computing the area is deduced as follows : 
From the first of [48], 

coai(A + B) _ coai(a + b) . 
cos (90**- 1(7) cob\g 

whence, by the Theory of Proportions, 

CO8^M + ^)-CO8(90*^-ig) __ CO84-(a + ^)-CO8^tf /^\ 

cosi(^+J?) + cos(90*-ia) ooai(a+b) + ooa^c 
Now, in § 35, the division of [23] by [22] gives 

52«4:z£2L| = -tan}(^+^ tan}(^-5> (b) 

cos J. + cos ^ 

in which for A and JB we may substitute any other two angu- 
lar magnitudes, as for example, } (^ + -B) and (90 — } C), or 
i{a-{-b) and } c. 

If we use in place of A and £ the values i(A-{- £) and 
(90** — ^ C), the first side of equation (b) becomes 

CO8l(^ + .g)-CO8(90**-ig) . 

coa|(^ + £) + 008(90**- i G) ' 
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and the second side becomes 

-tanJ(U+JJ9+90^-iC')tanJ(M+i5-90*+}(7); 
or, 

If we remember that JS=A + £+ C— 180®, and observe 
that 

tan t (^ + J5 - (7+ 180**) = tan K360*- 2(7+^ + J5 +(7- 180**) 

=tanK360*--2C+i5:) 
=tan[90VK2C-i5:)] 
=cott(2C-jE?), 

it will be evident that equation (b) may be written 

''ii^"^^h''^i^rt^! = -cotK2C-~^)tant^.(c) 
co8i(^+J5)+co8(90**~iC) ^ ^ ^ ^ 

If we substitute, in equation (b), for A and £, the values 
i(a-\-b) and i c, and also substitute 8 for i(a + b'\-c) and 
a — c for } (a + i — c), equation (b) will become 

cos}(a + i)-cos}g^_^^^ w X ,^x 

COsl(a + i) + cosic wni^wini^if c;;. ^u; 

Comparing (a), (c), and (d), we obtain 

cott(2(7-jE7)tantJ5? = tanJ«tan}(«~c). (e) 

By beginning with the second equation of [48], and treating 
it in the same way, we obtain as the result, 

tan t (2C- E) tan \ E= tani(«-a) tan i («-i). (0 

By taking the product of (e) and (f), we obtain the elegant 
formula, 

taaUE = taai8 taai(»-ft) taa}(*-b) taai(»-o). [51] 

which is known as I'Huilier's Formula. 

By means of it E may be computed from the three sides, 
and then the area of the triangle may be found by [50]. 
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m. In aU other cctsea, the area may be found by first boIv- 
ing the triangle so far as to obtain the angles or the sides, 
whichever may be more convenient, and then applying [50] 
or [51]. 



Example I. ^-102*»14'12'' 

B" 54«»32'24" 

246« 62^22'^ 
E^ 65« 52^22^' 
-237142^' 
180*» - 648000^' 



log JF- 5.37501 



♦log 



648000 



4.68^7 - 10 



0.06058 
F'^ 1.1497 JP 



Example II. a 

b 

c 



133*20^ 19^ 

64°60'5y' 

144*»iy45" 



2«-342«» 30^57" 



a — a 



171*»15'28.5" 
37*49' 9.5^' 

106*24' 35.5" 
27* 1'43.5'' 



}(.-a) 
J(.-6) 
}(.-c) 



85* ST' 44" 
18*54^35" 
53*12'18" 
13*30^52" 



log tan}* 
logtani(« — a) 
logtaii}(«~5) 
logtani(<— e) 



1.11669 
9.53474 
0.12612 
9.38083 



logton'^.^' 
logtan \E'- 



0.15838 
0.07919 
50*ll'4y' 
200*46'52" 



EXEBCISE XXXI. 



1. Given ^ = 84** 2(n9", J? = 27^ 22' 40", (7 =75*33'; 
find J5?= 26159", F^ 0.12685 iP. 

2. Given a = 69** 15' 6", b = 120** 42' 47", c = 159** 18' 33" ; 
findjE7=216**40'18". 

3. Given a = 33** 1' 45", b = 155** 5' 18", C= 110** 10' ; 
find ^=133** 48' 53". 

4. Find the spherical excess of a triangle on the earth's 
8urfiEu;e (regarded as spherical), if each side of the triangle is 
equal to 1**. 



» See Wentworth k Hill's Tables, page 20. 
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CHAPTER VIL 

APPLICATIONS OF SPHERICAL TRIGONOMETRY. 

§ 61. Pboblem. 

To reduce an angle measured in space to the horizon. 

Let (Fig. 44) be the position of the observer on the 

ground, AOB = h the angle 
measured in space (for example, 
the angle between the tops of 
two church spires), 0-4' and Off 
the projections of the sides of the 
angle upon the horizontal plane 
HE, AOA'=m and BOB^=n 
the angles of inclination of OA 
and OB respectively to the 
horizon. Required the angle 
A^OB'=^x made by the projec- 
tions on the horizon. 
The planes of the angles of inclination AOA' and BOB* 
produced intersect in the line OC, which is perpendicular to 
the horizontal plane (Geom. § 475). 

From as a centre describe a sphere, and let its surface 
cut the. -^dgeB^of the. trihedral Kn^^&Q^ABCin the points 
M, N, and P, In the spherical Jaaftngle MNP the three 
sides MIf=h, MF^^O — m/ IfP=9d--n, are known, and 
the spherical angle P is equal to the required angle x. 
From § 52 we obtain 

cos -J- a: = Vcos a cos (js — A) sec m sec n, 




ng.44. 



where i(m-\-n-\'h) = 8. 



APPLICATIONS. 



137 



§ 62. Pbobleh. 

To find the distance between two places on the eartKa surface 
{regarded as spherical\ given the latitudes of the places and 
the difference of their longitudes. 

Let M and iV (Fig. 45) be the places ; then their distance 
Jflf is an arc of the great cir- 
cle passing through the places. 
Let P be the pole, AB the 
equator. The arcs MB and 
N8 are the latitudes of the 
places, and the arc BS, or the 
angle MPN, is the difference 
of their longitudes. Let MB 
=0, N8=b, BS=l] then in 
the spherical triangle MNP 
two sides, ilfP=90— a, NP 
= 90 — J, and the included 
angle MPN=l, are given, and we have (from § 54) 

tan m = cot a cos Z, 
cos-3r2V=Bina secTn sin(i+m). 

From these equations first find m, then the arc JOT, and 
then reduce Mlfto geographical miles, of which there are 60 
in each degree. 




Fls.45. 



§ 63. The Celestial Sphere. 

The Odestial Sphere is an imaginary sphere of indefinite 
radius, upon the concave surface of which all the heavenly 
bodies appear to be situated. 

The Odestial Equator, or Equinoctial, is the great circle in 
which the plane of the earth's equator produced intersects 
the surface of the celestial sphere. 

The FdeB of the equinoctial are the points where the earth's 
axis produced cuts the surface of the celestial sphere. 
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The Odestial Meridian of an observer is the great circle in 
which the plane of his terrestrial meridian produced mee^ 
the surface of the celestial sphere. 

Hour OiideSi or OirdeB of Dedinaticnif are great circles passing 
through the poles, and perpendicular to the equinoctial. 

The Eorison of an observer is the great circle in which a 
plane tangent to the earth's surface, at the place where he is, 
meets the surface of the celestial sphere. 

The Zenith of an observer is that pole of his horizon which 
is exactly above his head. 

Tertioal Oirdes are great circles passing through the zenith 
of an observer, and perpendicular to his horizon. 

The vertical circle passing through the east and west points 
of the horizon is csJled the Prime Tertioal; that passing 
through the north and south points coincides with the celestial 
meridian. 

The Ecliptic is a great circle of the celestial sphere, appar- 
ently traversed by the sun in one year from west to east, in 
consequence of the motion of the earth around the sun. 

The Equinoxes are the points where the ecliptic cuts the 
equinoctial. They are distinguished as the Vernal equinox 
and the AiUumnal equinox ; the sun in his annual journey 
passes through the former on March 21, and through the 
latter on September 21. 

Oiides of Latitude are great circles passing through the 
poles of the ecliptic, and perpendicular to the plane of the 
ecliptic. 

The angle which the ecliptic makes with the equinoctial is 
called the obliquity of the ecliptic; it is equal to 23*^27', 
nearly, and is often denoted by the letter e. 

These definitions are illustrated in Figs. 46 and 47. In 
Fig. 46, AVBU ia the equinoctial, F and JP* its poles, NFZS 
the celestial meridian of an observer, JN^JSSW his horizon, Z 
his zenith, M a star, PMP the hour circle passing through 
the star, ZMDZ^ the vertical through the star. ^ 
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In Fig. 47, AVBTJ represents the equinoctial, EVFU the 
ecliptic, P and Q their respective poles, Fthe vernal equinox, 
U ^e autumnal equinox, M a star, PMR the hour circle 
through the star, QJf 7 the circle of latitude through the star, 
and ZrF5.=c. 




Vlf.«. 



The earth's diurnal motion causes all the heavenly bodies 
to appear to rotate from east to west at the uniform rate of 
15** per hour. If in Fig. 46 we conceive the observer 
placed at the centre 0, and his zenith, horizon, and celestial 
meridian fixed in position, and all the heavenly bodies rotatr 
ing around PP as an axis from east to west at the rate of 15** 
per hour, we form a correct idea of the apparent diurnal 
motions of these bodies. When the sun or a star in its diur- 
nal motion crosses the meridian, it is said to make a transit 
across the meridian ; when it passes across the part NWS 
of the horizon, it is said to set; and when it passes across the 
part NES, it is said to rise (the effect of refraction being 
here neglected). Each star, as JET, describes daily a small 
circle of the sphere parallel to the equinoctial, and called the 
IKumal Girola of the star. The diurnal circle is the smaller 
the nearer the star is to the pole ; and if there were stars at 
the poles P and P', they would have no diurnal motion. To 
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an observer north of the equator, the north pole P is elevated 
above the horizon (as shown in Fig. 46) ; to an observer south 
of the equator, the south pole P is the elevated pole. 

§64. SpHEBIOAL Ck)-0BDINATE8. 

Several systems of fixing the position of a star on the sur- 
fetce of the celestial sphere at any instant are in use. In each 
system a great circle and its pole are taken as standards of 
reference, and the position of the star is determined by means 
of two quantities called its spherical co-ordinaiea. 

I. If the horizon and the zenith are chosen, the co-ordinates 
of the star are called its altitude and its azimuth. 

The Altltode of a star is its angular distance, measured on 
a vertical circle, above the horizon. The complement of the 
altitude is called the Zenith Distanoe. 

The Admnth of a star is the angle at the zenith formed by 
the meridian of the observer and the vertical circle passing 
through the star, and is measured therefore by an arc of the 
horizon. It is usually reckoned from the north point of the 
horizon in north latitudes, and from the south point in south 
latitudes ; and east or west according as the star is east or 
west of the meridian. 

II. ^ the equinoctial and its pole are chosen, then the posi- 
tion of the star may be fixed by means of its declination and 
its hour angle. 

The Dedination of a star is its angular distance from the 
equinoctial, measured on an hour circle. The angular dis- 
tance of the star, measured on the hour circle, /ram the elevated 
pole is called its Polar Distanoe. 

The declination of a star, like the latitude of a place on the 
earth's surface, may be either north or south ; but, in practical 
problems, while latitude is always to be considered positive, 
declination, if of a di£ferent name from the latitude, must be 
regarded as negative. 
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If the declination ifl negative, the polar distance is equal 
numerically to 90" + the declination. 

The Hoar Angle of a star is the angle at the pole formed by 
the meridian of the observer and the hour circle passing 
through the star. On account of the diurnal rotation, it is 
constantly changing at the rate of 15° per hour. Hour angles 
are reckoned fix>m the celestial meridian, positive towards the 
west, and negative towards the east. 

III. The equinoctial and its pole being still retained, we 
may employ as the co-ordinates of the star its declination and 
its right ascension. 

The Sight Asoeudon of a star is the arc of the equinoctial 
included between the vernal equinox and the point where the 
hour circle of the star cuts the equinoctial Right ascension is 
reckoned from the vernal equinox eastward from 0° to 360°. 

lY. The ecliptic and Ha pole may be taken as the standards 
of reference. The co-ordinates of the star are then called its 
latitude and its longitude. 

The Latitnda of a star is its angular distance from the eclip- 
tic measured on a circle of latitude. 

The LoDgitada of a star is the arc of the ecliptic included 
between the vernal equinox and the point where the circle of 
latitude through the star cuts the ecliptic. 

In problems it is useful to employ certain letters to denote 
these various co-ordinates. For a star Jf (Fig. 46), let 

I = latitude of the observer, 
h = DM = the altitude of the star, 
z = ZM = the zenith distance of the star, 
a=ZPZ3f= the azimuth of the star, 
i=ZZFM= the hour angle of the star, 
rf = B3f = the declination of the star, 
p == PM = the polar distance of the star, 
r = Kff = the right ascension of the star, 
u= MT (Fig, 47) = the latitude of the star, 
t;= Fr(Fig. 47) = the longitude of the star. 
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In many problems, a siinple way of representing the mag- 
nitudes involved, is to project the sphere on the plane of the 

horizon, as shown in Fig. 48. 



N 




NESW is the horizon, Z 
the zenith, NZ3 the meridian, 
FZjE? the prime vertical, WAE 
the equinoctial projected on the 
plane of the horizon, P the ele- 
vated pole, M a star, DM its 
altitude, ZM its zenith dis- 
tance, Z.PZM its azimuth, 
MR its declination, PJf its 
polar distance, AZPM\\a hour 
angle. 



§65. The Asteonomical Tbiakglb. 

The triangle ZPM (Figs. 46 and 48) is often called the 
astronomical triangle, on account of its importance in prob- 
lems in Nautical Astronomy. 

The side PZ is equal to the complement of the latitude of 
the observer. For (Fig. 46) the angle ZOB between the 
zenith of the observer and the celestial equator is obviously 
equal to his latitude, and the angle POZ is the complement 
of ZOP. The arc NP being the complement of PZ, it follows 
that the aUitvde of the elevated pole is equal to the latitude of 
the place of observation. 

The triangle ZPM then (however much it may vary in 
shape for different positions of the star M), always contains 
the following five magnitudes : 

PZ= co-latitude of observer = 90**— Z, 

ZM= zenith distance of star = z, 
PZM= azimuth of star = a, 

PM= polar distance of star =p, 
ZPM= hour angle of star = t. 
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A very simple relation exists between the hour angle of the 
sun and the local (apparent) time of day. Since the hourly 
rate at which the sun appears to move from east to west is 
15^, and it is apparent noon when the sun is on the meridian 
of a place, it is evident that if hour angle = 0**, 15**, — 15®, etc., 
time of day is noon, 1 o*clock p.m., 11 o'clock A.K., etc. 

In general, if t denote the absolute value of the hour angle, 

time of day = —-p.m., or 12 — -— A.M., 

15 15 

according as the sun is west or east of the meridian. 

§ 66. Pboblem. 

CHven the latitude of the observer and the aUUude and azimuth 
of a star, to find Us declination and its hour angle. 

In the triangle ZPM (Fig. 48), 

given FZ= 9(f — l== co-latitude, 

ZM= 9(r - A = co-altitude, 

Z.PZ3f= a = azimuth ; 

to find FM= 90® — c? = polar distance, 

Z.ZPM= t = hour angle. 

Draw MQl. N8, and put ZQ = m, 

then, if a < 90®, PQ = 90® - (/ -f w), 

and if a>90®,PQ = 90®-(^-w); 

and, by Napier's Rules, 

cos a = d: tanm tan A, 
sin £? = cos PQ cos MQ^ 
sin A =008771 cos JfQ; 

whence, tan m = dr cot A cos a, 

sin d = sin A sin(/ ± m) seom, 

in which the — sign is to be used if a > 90®. The hour angle 
may then be found by means of [43], whence we have 

sin ^ = sin a cos A sec d. 
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§ 67. Pboblek. 

To find the hcmr angle of a heavenly body when Us declines 

iion, Us aJaLvde^ and the lati- 
^ tvde of the place are knoum. 

In the triangle ZFM (Fig. 
49), 

given PZ=W-l, 

PM=^W-d=p, 
ZM=9(f'-h; 

required 

Z ZPM= t. 

If, in the first formula of [46], 




Bin } -4 = V8in(« — i) 8in(« — c) csci caoe, 
we put 

A = t, a = 9(f — h, b=p, c = 90*-/, 
we have 

and the formula becomes 

sin } < = ifc [coBi(l+p + h) Bini (l+p — A) secZ csc^]* 

in which the — sign is to be taken when the body is east of 
the meridian. 

If the body is the sun, how can the local time be found 
when the hour angle has been computed ? (See § 65.) 
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§68. Pkobleh. 

To find the aUiivde and azimuth of a celestial body, when its 
declination^ its hour angle^ and the hxtUude of the place are 
known. 

In the triangle ZPM (Fig. 49), 

given P^=90"-Z, 

PM-^W-d^p. 

Z.ZPM=t; 
required ZM= 9(f — A, 

ZPZM= a. 

Here there are given two sides and the included angle. 
Placing PQ = m, and proceeding as in § 66, we obtain 

tan 771 = Qotd cos^, 

sin A = sin (/-f-^) Bine? seem, 

tan a = sec (2 -f ^) tan t sinm, 

in the last of which formulas a must be marked E. or W., to 
agree with the hour angle. 

§69. Pbobleh. 

To find the latitude of the place when the aUUude of a celes- 
tial body, its declvnation, and its hour angle are known. 

In the triangle ZPM (Fig. 49), 
given Zif=90^-A, 





PJf=90»-<f, 




ZZPM=t; 


lequired 


PZ=W-l. 


Let 


PQ = m, ZQ = n. 
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Then, by Napier*8 fiules, 



N 



cos t = tanm tan d, 
Bin A = cosn cos MQ^ 
sin c7= cosm cos JITQ; 

whence, 

tanm = cotef cos^, 

cos n = cos m sin hoacd^ 

and it is evident from the fig- 
ure that 

/=9(f-(w*d=n), 



in which the sign + or the sign 

— is to be taken according as 

the body and the elevated pole 

are on the same side of the prime vertical or on opposite 

sides. 

In fact, both values of I may be possible for the same alti- 
tude and hour angle; but, unless n is very small, the two 
values will differ largely from each other, so that the observer 
has no difficulty in deciding which of them should be taken. 
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§70. Pbobleic. 

Cfiven (he declination, the right ascension of a star, and the 

obliquity of the ecliptic, to find 
the latitude and the longitude of 
the star. 

Let M (Fig. 50) be the star, 
P be the pole of the equinoctial, 
and Q the pole of the ecliptic. 

Then, on the triangle PMQ^ 

given PQ = e = 23^ 27', 
PM-=W-d,. 
ZifPQ = 90**+r(8ee Fig. 47); 
required QJf = 90^ - u, and APqM^ 90** -t;(see Fig. 47). 




flff-A 
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In this case, also, two sides and the included angle are given. 
Draw MSA^PQ^ and meeting it produced at S^ and let 

By Napier's Rules, 

sin r =tann tane?, 
sin w = cos(e + n) cos MH^ 
dn c7=cosn cos Jfi?*, 
Bin (e + n) = tanv tan M3^ 
Bin n = tanr tan MH\ 
whence, tan n = cot c? sin r, 

sin u = sine/ cos(« + ^) Bee n, 
tant; = tanr Bin(e + n) cscn. 

To avoid obtaining u from its sine we may proceed as fol- 
lows: 

From the last two equations we have, by division, 

sin M = tan v cot (e + n) sin d cot r tan n. 

By taking Mffea middle part, successively, in the triangles 
ifQ-ffand MFM, we obtain 

cos u COS V = cof^d cosr ; 

whence, cos u = Becv coad cosr. 

From these values of sin u and cosu we obtain, by division, 

tan u = sin t; cot(e + n) tan d esc r tann. 

From the relation 

sin r = tan n tan d, 

it follows that tanc^cscr tan n = 1. 

Therefore tan u = sin v cot (e + n), 

a formula by which u can be easily found after t; has been 
computed. 
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EXEBCISE XXXII. 

1. Find the dihedral angle made hj the lateral faces of a 
regular ten-sided pyramid; given the angle ^=18^, made at 
the vertex by two adjacent lateral edges. 

2. Through the foot of a rod which makes the angle A with 
a plane, a straight line is drawn in the plane. This line makes 
the angle £ with the projection of the rod upon the plane. 
What angle does this line make with the rod ? 

3. Find the volume V of an oblique parallelopipedon ; 
given the three unequal edges a, b, c, and the three angles 
If m, n, which the edges make with one another. 

4. The continent of Asia has nearly the shape of an equi- 
lateral triangle, the vertices being the East Cape, Cape Romania, 
and the Promontory of Baba. Assuming each side of this tri- 
angle to be 4800 geographical miles, and the earth's radius to 
be 3440 geographical miles, find the area of the triangle : (i.) 
regarded as a plane triangle; (ii.) regarded as a spherical 
triangle. 

5. A ship sails from a harbor in latitude I, and keeps on 
the arc of a great circle. Her course (or angle between the 
direction in which she sails and the meridian) at starting is a. 
Find where she will cross the equator, her course at the equa- 
tor, and the distance she has sailed. 

6. Two places have the same latitude Z, and their distance 
apart, measured on an arc of a great circle, is d. How much 
greater is the arc of the parallel of latitude between the places 
than the arc of the great circle? Compute the results for 

z=46^ (^=9o^ 

7. The shortest distance d between two places and their 
latitudes I and P are known. Find the difference between 
their longitudes. 

8. Given the latitudes and longitudes of three places on the 
earth's surfieu^e, and also the radius of the earth ; show how to 
find the area of the spherical triangle formed by arcs of great 
circles passing through the places. 
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9. The distance between Paris and Berlin (that is, the arc 
of a great circle between these places) is equal to 472 geo- 
graphical miles. The latitude of Paris is 48'' 30' 13"; that of 
Berlin, 52° 3ff 16". When it is noon at Pans what time is it 
at Berlin 7 

Note. Owing to the apparent motion of the san, the local time over 
the earth's sorface at any instant yariee at the rate of one hoar for 15® 
of longitade ; and the more eatUrly the place, the later the local time. 

10. The altitude of the pole being 45°, I see a star on the 
horizon and observe its azimuth to be 45°; find its polar 
distance. 

11. Given the latitude I of the observer, and the declina* 
tion d of the sun ; find the local time (apparent solar time) of 
sunrise and sunset, and also the azimuth of the sun at these 
times (re&action being neglected). When and where does the 
sun rise on the longest day of the year (at which time c7=s 
+23° 27*) in Boston (i = 42°21^, and what is the length of 
the day from sunrise to sunset ? Also, find when and where 
the sun rises in Boston on the shortest day of the year (when 
d = — 23° 27'), and the length of this day. 

12. When is the solution of the problem in Example 11 im- 
possible, and for what places is the solution impossible ? 

13. Given the latitude of a place and the sun*s declination ; 
find lus altitude and azimuth at 6 o'clock a.m. (neglecting re- 
fraction). Compute the results for the longest day of the year 
at Munich (Z= 48° 9'). 

14. How does the altitude of the sun at 6 a.m. on a given 
day change as we go from the equator to the pole ? At what 
time of the year is it a maximum at a given place f (Given 
sin A == sin Z sin ef .) 

15. Given the latitude of a place north of the equator, and 
the declination of the sun ; find the time of day when the sun 
bears due east and due west. Compute the results for the 
longest day at St. Petersburg (i = 59° 56'). 
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16. Apply the general result in Example 15 (cos ^ = cot 2 
tanc?) to the case when the days and nights are equal in 
length (that is, when d = 0^). Why can the sun in summer 
never be due east before 6 a.m., or due west after 6 p.m. ? 
How does the time of bearing due east and due west change 
with the declination of the sun ? Apply the general result to 
the cases where K d and l'=d. What does it become at the 
north pole ? 

17. Given the sun*s declination and his altitude when he 
bears due east ; find the latitude of the observer. 

18. At a point in a horizontal plane MNb, staff OA is 
fixed, so that its angle of inclination AOB with the plane 
is equal to the latitude of the place, 51^ 30' N., and the direc- 
tion OB is due north. What angle will OB make with the 
shadow of OA on the plane, at 1 p.m., when the sun is on the 
equinoctial ? 

19. What is the direction of a wall in latitude 52** 30' N. 
which casts no shadow at 6 a.m. on the longest day of the 
year? 

20. At a certain place the sun is observed to rise exactly in 
the north-east point on the longest day of the year ; find the 
latitude of the place. 

21. Find the latitude of the place at which the sun sets at 
10 o'clock on the longest day. 

22. To what does the general formula for the hour angle, 
in § 67, reduce when (i.) A = 0^ (ii.) ; = 0** and £^=0^ (iii.) 
loTd = W( 

23. What does the general formula for the azimuth of a 
celestial body, in § 68, become when t = 90** = 6 hours ? 

24. Show that the formulas of § 69, if ^=90°, lead to the 
equation 8inZ=sinAcscef; and that if £^=0^, they lead to 
the equation cos 2 = sin A sec t 

26. Given latitude of place 52® 30' 16", declination of star 
SS**, its hour angle 28® 17' 15" ; find its altitude. 
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26. Given latitude of place 51^ 19' 20", polar distance of 
star 67** 59' 5', its hour angle 15^ 8' 12" ; find its altitude and 
its azimuth.. 

27. Given the declination of a star 7^ 54', its altitude 22** 
45' 12", its azimuth 129** 45' 37" ; find its hour angle and the 
latitude of the observer. 

28. Given the longitude v of the sun, and the obliquity of 
the ecliptic e = 28^ 27' ; find the declination d, and the right 
ascension r. 

29. Given the obliquity of the ecliptic « = 23® 27', the lati- 
tude of a star 5V, its longitude 315® ; find its declination and 
its right ascension. 

80. Given the latitude of place 44® 50' 14", the azimuth of 
a star 188® 58' 43", and its hour angle 20® ; find its declination. 

31. Given latitude of place 51® 31' 48", altitude of sun west 
of the meridian 35® 14' 27", its declination +21® 27' ; find the 
local apparent time. 

32. Given latitude of place Z, the polar distance j> of a star, 
and its altitude A ; find its azimuth a. 
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FORMULAS. 



L mn*A + cof?A = l. ' 



2. 


cos^ 






'sin AxcBcA^ 


1. 


8.4 


coaA X8ec^ = 


1. 


1 


.tan^ Xcotul = 


1. 



§6. 



4. sin (a: + y) = Biiia:co8y + co8a:8iiiy. ' 
6. cos (a? + y) = cos a? cosy — sin x siny. 

6. tan(ar + y) = -*a°^±^. 

1— tana;tany 

7. cot(:r+y) = 22i£M2^Ili 

cota; + coty 

8> sin (a; — y) = sin a? cosy — cos 0? sin y. 
9. cos (x''y) = cosa? cosy + sina; siny. 

la tan(a?-y) = ,^^^""^^y. 
^ '^ 1 + tanartany 

-, , f V cota?coty + l 

11. cot (x — y) = — 2— i — 

coty — cota; 



12. sin 2ar = 2 sin a; cos a?. 



13. cos 2ar = cos'a; — sin'ar. 



§33. 



§3L 



§32. 
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14. tan2:r = 



16. cot 2x 



2isLnx 

1 — tSJi*X 

cot'a; — • 1 

» ■ • 

2cot:r 



§38, 



16. sin i 2 



17. cos } 2 



1& tan } 2 



=.v^ 



— 008 2 



=.J 



+ COSZ 



=.^f 



— C08Z 



+ C08Z 



19. cotj2;=±JS 



cosz 



C08Z 



§84. 



aa 8in^ + sin^ = 28inJ(^ + jB)co8}M-^. 

21. sin -A - sin 5 = 2 cos J (^ + J5) sin i{A- £), 

22. cos j1 + cos5 ^ 2 cos } (-4 + 5) cos J (-4 — 5). I § 35 



83. cos ^ - cos 5 = - 2 sin J (^ + 5) sin J (-4 - £). 



S4. 



sin A + sin JB _ tan K^ + -B) 
sin -4 — sin J5 tan J (-4 — £) 



26. ^ = 



a sin^ 



b sin J? 



§86. 



26. a' = 6' + c'~2i(?cos^. §87. 



27. 



2& 



g — & _ tan K-^ — ^) g 00 
a + b ta,ni(A + £) ^ 

8inM=^pEM3. 5 48. 



F0&HVLA8. 
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28i coel ^ 



do. 



3L 



82. 



_ l8(8-a) 
\ be 



tan J A =* SZSIiEl). 
\ «(«-a) 



^fc^ 



tan i A= • 

a — a 



§43. 



83. jP=JflM?8inJ?. 



36. F== 



AH 



36. i^=Jr(a + ft + c)=:r». 



§44. 
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87. cos c = COB a cos b. 



8a 



{sin a = si 
sin 6 = si 



= sin ff sin A. 
sin c sin B, 



89, 



'{ 



cos -4 
cos^ 



Icos^ 



tan b cot e. 
tan a cot (?. 

cos a sin £. 
cos b sin ^. 



§4«, 



^ r sin i = tan a cot -4. 
I sin a = tan b cot £. 



4S. cos (? = cot ^ cot ^. . 

sin a sin jS == sin i sin A. 
43, \ siuasin C =sin(?sin ^. }>§ 51 
sin i sin C = sin c sin i^. 
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r cos a : 


M.^ 


cosi = 




coac- 




rcos^ 


46.^ 


cos J? 




. coflC 



cos & COS c + sin i Bin c cos A. 
cos a cos c -f sin a sin c cos J3. 
cos a coe i + Bin a sin & cos (7. 

= — cos J? cos (7 -f Bin £ sin (7 cos a. 
= — cos -4 cos C + sin ^ sin C cos 6. 
= — cos ^ cos i? + Bin ^ sin £ cos c. , 



§51. 



46. 



47. 



sin } A = Vsin (« — b) sin (« — c) esc J esc c, 
cos } A = Vsin 8 sin (« — a) esc 6 esc c, 
^ tan } A =Vcsc s csc(« — a) sin (a — i) sin (« — c), 

sin } a =V— cos iS cos (/S— -4) esc J? esc C 
cos } a = Vcos (/S— i?) cos (8 —0)cbcB csc C 
. tan } a = V— cos /Scos (5- J.) sec {8-B) sec (aS-0'). 



§52. 



4a 



cos } (^ + ^ cos } c = cos } (a + &) Bin } C7. ' 
sin } (-4 + -S) cos } c = cos i (a — 6) cos i C. 
cos i (-4 — -B) sin i c = sin } (a + b) sin i O. 
sin } (^ — J?) sin } c = sin J (a — 6) cos } C 



49 J 



tan J (^ + ^ = 
tani(^-J?) = 
tan } (a + 6) = 
tan i (a — 6) = 



COS J (a + o) 

"° H« - ^) cot t g 
sin } (a + i) 

C08i(^ + J?) ' 

aai(A + £) 



6a i^= 



180' 



IP. 



53. 



6L tan'i^=tant(«— o)tan}(a— i)tanl(«— c). _ 



§60. 
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Pbof. Blakslee's construction bj which the direction ratios 
for plane right triangles give directly from a figure the analo- 
gies for a right trihedral or for a right spherical triangle. 

^i 




The construction consists of two parts. 

(a) Lay off from the vertex Vh unit's distance on each edge. 

(b) Pass through the three extremities of these distances 
three planes perpendicular to one of the edges, as VA, Now 
these three parallel planes will cut out three similar right 
triangles. The first being constructed in either of the two 
usual ways, the construction of the others is evident. 

Since the plane angles Au A^, At all equal the dihedral A, 
and the nine right triangles in the three faces give the values 
in the figure, we have : 

(1) sin ^ = sin a : sin h ; similarly, sin £ = sin i : sin A. 

(2) cos A = tan b : tan h ; similarly, cos £ = tan a : tan A. 

(3) tan A = tana : sin J ; similarly, tan £ = tan b : sin a. 

(4) cos A = cos a cos b ; (by 3) = cot A cot £. 

(5) sin ^ = cosi?: cos i ; sin £ = cos A : cos a. 



Note. If a sphere of unit radius be described about Fas a centre, the 
three faces will cut out a right spherical triangle, having the sides a, b, 
and A, and angles A^ B^ and H, The above formulas are thus seen to 
be the analogies of: 
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(1) BUi A^a:h\ sin -ff — & : A. 

(2) coi A^b :h; COB B^aiK 

(3) iAnA^a.b ; tan^-5:a. 

(4) A»-a» + 5« ; l-Bin» + coe«; 1-cotilcotA 

(5) BinA^cMB; Bin B^iXM A, 

Napier's rules give only the following, which follow from the analo- 
gies as numbered : 

By ( sin a » sin ii sin h » tan 5 cot ^ ) /^x 
(1) I sin 6 » sin BBinh^ tan a cot ii 3 

. ^.^ f cos ii «<• sin ^ cos a » tan & cot A ) /2\ 
I COB ^ — sin ii cos & — tan a cot A J 

(4) { 008 A - cos a cos 5 - cot iicot ^ } (4) 



The Gauss Equations. 



\ 




ein\{A + B)co8\c 

cofl^(-4 — 5)8in^c 

mn^(A-£)sin\c 

f\{A±E) fie 



cos |(a + *) sin \ O. 
cos 4^ (a — 6) cos i C. 
sin |(a + i) sin \ O. 
sin i (a — i) cos ^ O. 



Rule I. sin in (I.) gives - in (3)» and conversely, 
cos in (I.) gives + in (3), and conversely. 

Rule II. Functions have same names in (2) and (3). 
Functions have co-names in (4) and (1). 



ANSWERS. 



FLANB TRIGONOMETRY. 

EXEBOISE I. 

1. BinJ?-^ C08J9--, tanJ9-^, coiB^t 8eeJ9-£, ck^-^ 
e e a a b 



eto. 



8, (i.) sin — |, coe « 4, (ii.) sin — |^, etc. (v. J Bin — *|, etc. 
tan *- 1, cot — i, f lii.^ sin — -jV, etc. (vi.) sin — f|f , et< 
Bee — {, C8C — f . (iv.) Bin — ^, etc. 

4. The required condition is that a^ + 5* — c*. It is. 

6. (i.) sin — -^ — =, etc. (iii.) sin — 2L, etc. 

Ill' + H* • • 

(u.) Bin - ^^. etc. (iv.) sin - ^, etc. 

7. In (iii.) /j'j* + /a* —/>'•■ ; in (iv.) iii»n"«" + m*|)» t^ - n*/**. 

8. 6^145; whence, 8inii»|^»co8^; cosA^{^'^BinB; 
tanil-i^-cot^; cotii-J^- tan^; 8ecil-|^}-c8c^; eta 

a 5-0.023; whence, tan il» cot ^-^; cotA-tan^-^. etc. 

10. a — 16.8 ; whence, sin A » ||f » coe ^, etc. 

11. c— p + g; whence, sin ^ — -^^- — ^T^cog^. etc. 

IZ 6 — Vq(pTq) ; whence, tan -4 - -vl^ - cotJ9 ; etc 

13. a — p — q ; whence, sin A — ?-t-? — coe 5 ; etc. 

14. sin^- 1^5-0.89443; etc. 15. sinii-f ; etc 

16. sin -4 - J (5 + V7) - 0.95572 ; etc. 

17. cofl-4 - J (v^-1)- 0.57097; einil- J (VST + 1)- 0.82097; etc. 

18. a -12.3. 20. a -9. 22. c-40. 

19. 5-1.54. 21. 5-68. 23. e- 229.62. 

24. Construct a rt. A with legs equal to 3 and 2 respectively; then 
construct a similar A with hypotenuse equal to 6. 

In like manner, 25, 26, 27, may be solved. 
28. a - 1.5 miles ; 5 - 2 miles. 31. 400,000 mUes. 

80. a - 0.342, 5 - 0.940 ; a - 1.368, 5 - 3.760. 32. 142.926 yank. 



TBIG0N0METB7. 



EXEBCISE II.. 

6. Through A (Fig. 3) draw a tangent, and take AT^S; the angle 
AOTiB the required angle. 

6. From (Fig. 3) as a centre, with a radius » 2, describe an arc cut- 

ting at 0^the tangent drawn through £ ; the angle SOA is the 
required angle. 

7. In Fig. 3, take OJ/*--}, and erect 2fP± OA and intersecting the 

circumference at P; the angle F02£iB the required angle. 

8. Since sin 2 — coax, 02£^ P2£ (Fig. 3), and x — 45® ; hence, constmct 

X - 45®. 

9. Construct a rt. A with one leg » twice the other ; the angle opposite 

the longer leg is the required angle. 

10. Divide OA (Fig. 3) into four equal parts ; at the first point of divi- 
sion from erect a perpendicular to meet the circumference at 
some point P. Join UP; the angle AOPia the required angle. 

21. r sin x. 22. Leg adjacent U> A^ne, leg opposite to A^ me. 





EXEBGISE III. 




1. COS 60®. 
sin 46®. 


COtl®. 
tan 75®. 


sec 71® 60^. 
sin 52® 36'. 


tan 7® 41'. 
sec 36® 14' 


2. COS 30®. 
sin 15®. 


cot 33®. 
tan 6®. 


sec 20® 68'. 
sin 4® 21'. 


tanO®l'. 
sec 44® 59. 



3. i\/3. 

4. tanil-cotil-cot(90®-il); hence, il- 90® --4 and -4-46®. 

5. 30®. 7. 90®. 9. 22® 30'. 11. 10®. 

6. 30® 8. 60®. 



10. 18®. 


12. 80-, 


Exercise V. 





1. cosii — 1^, tanii — J^, cotii — ^, sec^— -y, cscii— 44- 

2. cos .4-0.6, tan.4-1.3333, cot .4-0.76, sec ii- 1.6667, esc ii- 1.26. 

3. sin .4 — f^, tan .4 — ^, col .4 — ff , sec ii — ^^, cscii — f^. 

4. sin il - 0.96. tan ^ - 3.42854, cot ^ - 0.29167, sec A - 3.5714. 

5. sin A - 0.8, cos ii - 0.6, cot A - 0.76, sec ii - 1.6667, esc ii - 1.26. 

6. sin-4-}V2, co8.4-}V2, tan.4-1, sec.4-A/2, cscil-V^ 

7. tan .4 - 2, sin ^ - 0.90. cos A - 0.46, sec A - 2.22, cac A- 1.11. 
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8. cosA-J. Binil-jVs; tan^-Va, cotil-jVa, c8Cil-}\/3. 

9. 8inil«J\/2^ COS-4-JV2, tanil-1. cotjl-1. 8ecil->/2. 

10. cosil-Vl-m«. tonil«--^Vl-m», oot i - i vT^I^*. 

l+tn* 1 — wr 2m 1— m' 

12. Bin -4-^=; — ^. tan-d^-r .sec A--- 

m'+n* 2mn 2mn 

13. cot- 1. 8m-J>/2; coB-J\/2, 8ec-\/2. CBC-Vi 

14. coe-}>/3, tan-jVS; cot->/3, 8ec-}V3, c8c-2. 

15. Bin - } V3, COB - J. tan - V3, cot - J\/3. sec - 2. 

16. 8in-jV2-\/3, cofl-}V2+\/3. cot -2+^31 

17. Bin-}V2-\/2. COB-JV2+V2, tan-V2-l. 

18. COB- 1, tan a- 0, cot — 00, sec- 1, cbo-oo. 

19. cob — 0, tan — 00, cot-0, Bee — 00, cbc — 1. 

20. Bin — 1, COB — 0. cot — 0, bbc — 00, cbc — 1. 

21. coBA-Vl-BinM. tan il - ■— ?i?:4=» CBCil- ^ 



22. Binil-Vl-coeM. tan A - ^i^^^^^^^. cotil 2^i_. 

COflil Vl-cofl«wi 

BOC ii — r* CBC il — 



c<»^ - VI-cobM 

23. Bin-A **°^ , coB^- - — I . cotii- ^ . 

Vl + tanM VI + tanM ^^ -^ 

BBCil-Vl+tanM, CSC ii - ^^ "^ ^°' ^. 

tan^ 

24. tanil-— — , csc A - VI + cotM^ Bin il 



«^*^ "• Vl + cotM 

Vl + cot»il cot A 

25. Binil-tV5, coB^-fV5. 27. Binil-^. cob^-|}. 

26. BinA-jViS, tanil-Vl5. ^8 1 -3cosM -H ScosM 

COB* il — cos* .4. 
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Exercise YI. 



1. -«cOBii; /.o — 



h 

COB A' 



e 
b 
b 
e 
e 



39. c- 7.8112. A 

40. 6-70.007. A 

41. a- 1.1886, 1 

42. 6-21.249. e 

43. a -6.6882. 

44. a- 63.89, 

45. a- 19.40. 

46. 6-63.719, 

47. a- 12.981, 

48. a- 0.58046, 6. 
49,F^i(<?BinAcoBA), 
bO.F'^iia^cotA), 

53. 6-11.6, e- 15.815, A' 

54. a -7.2, c- 8.766, B 

55. a -3.6474. 6-6.58, e 

56. a -10.283. 6-19.449, A 

57. 19*» 28' and 70** 32'. 

58. 3 and 5.1961. 

ecoB • 



n + 1 
90» 



59. a 

6 — 6 sin 

n + 1 

60. 36*52' 12" and 63«7'48". 

61. 212.1 feet 

62. 732.22 feet. 

63. 3270 feet 

64. 37.3 feet, 96 feet 



5. -4-90*>-.B, a-ccoBJ9, 

6 — eeinJ?. 

39«48', 5-50*>12'. 

30*12", -B-89«»29'48'». 

43*20', 5-46*40*. 

22.372, 5-71*46*. 

13.738, 5-60*52*. 

23.369, 5-20* 6*. 

18.778, il- 45*56'. 

71.377, A -41* IK 

15.796, il-55*16'. 

8.442, il- 3*56*. 

51. J'-J(6«tan^). 

52. F^i{aV?^^. 
40* 45' 48", 5-49*14*12", 

.34*46*40", ^-55*13*20". 
. 7.5233, 5 - 61*. 

.27*52*. 5-62*8*. 

65. tanil-?. il-59*45'. 

6 

66. a-6tanil. 95.34. 

67. 1*25*66'*. 

68.^ 7.0712 miles in each direction. 

69. 20.88 feet 

70. 56.65 feet 

71. 228.63 yards. 

72. 136.6 feet 

73. 140 feet 

74. 84.74 feet 



Exercise VII. 

1. C-2( 90*-il), c-2aco8il, A-asinil 

2. -4-}(180*-C), c-2acoBil, A-a«iniL 

3. C-2( 90*-^), a-e-i-2coiil, A-aeiniL 



▲K8WEB8. 



4. il-i(180°-C), a-e^2coBii, A-asinil. 

5. C^2 (90^ — ^), a-A-i-ainil, e-2aoosiL 

6. il-i(180^--C), a*A-i-8inii, ei«2aco8iL 

7. nnA^h-i-a, C-2(90^*il), c<-2aoMiL 

9. A - er* 22' 50", C-46«14'20".A-13.2. 

10. e- 0.21943, A -0.27384, J*- 0.03001 

11. o- 2.055. A -1.6852, J*- 1.9819. 

12. a -7.705. c- 3.6676. J*- 13.73. 

13. A - 79« 36' 30". C-20« 45^30". c- 2.4206. 

14. il - 7r» ly 11". C- 25» 21' 38". a - 20.5. 



15. 


-A - 25« 28', C- 


129<>4'. 


a - 81.388, A - 35. 


16. 


A - 81<» 12^ 9", C- 


ir 351 42rf, 


a - 17, c - 5.2. 


17. 


J'-tcV4a«^c». 


22. 0.76537- 


18. 


^-a>8in}Cc<Mi(7. 




23. 94*»20'. 


19. 


^— a'siniicoBA 




24. 2.7261. 


20. 


jP- A' tan id 




26. 38«»56'33". 


21. 


28.284 feet. 4525.44 8<] 


[. feet. 


26. 37.7 



Exercise VIII. 

1. r - 1.618. A - 1.5388, F- 7.694. 

2. r^ 11.269, A - 10.886. F" 381.04, 

3. A - 0.9848, p - 6.2514. -P- 3.0782. 

4. A - 19.754. e - 6.2537. J^- 1236. 
6. r - 1.082i e - 0.8284. J*- 3.3137. 

6. r- 2.592. A -2.488, 6-1.4615. 

7. r - 1.5994. A - 1.441. p - 9.716. 

8. 0.6181. 12. 0.2238. 17. 11.636. 

9. 0.64984. 13. 0.31. 18. 99.64. 
10. 0.51764. 14. 0.82842. 19. 1.0235. 

e 15. 94.63. 20. 0.635. 



11. 6- 



2 cos??! 16. 415. 
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EZEBOISE IX. 

5. Two angles : one in Quadrant I., the other in Quadrant II. 

6. Four vaiaes : two in Quadrant I., two in Quadrant IV. 

7. X may have two values in the fint case, and one value in each of 

the other cases. 

8. If cosxa — |, ic is between 90^ and 270^ ; if cotse » 4, s is between 

QP and 90^ or 180^ and 270° ; if sec a; ^^ 80, « is between 0^* and 
90° or between 270° and 360°; if esc a; -->3, a; is between 180<^' 
and 360°. 

9. In Quadrant III. ; in Quadrant II. ; in Quadrant III. 

10. 40 angles ; 20 positive and 20 negative. 

11. +, when X is known to be in Quadrant I. or IV. ; — , when x is known 

to be in Quadrant II. or III. 

14. sina!--f\/3. tanx--4V3. cotx--^'\/5, cnx^^^VZ. 

15. Bmx^±^VW,coBX^T^Vl5,tukx^^i, secx— t}v10. 

csos— db Vio. 

16. The cosine, the tangent, the cotangent, and the secant are negative 

when the angle is obtuse. 

17. Sine and cosecant leave it doubtful whether the angle is an acute 

angle or an obtuse angle ; the other functions, if + determine an 
acute angle, if — an obtuse angle. 

20. sin450 -sin(360 + 90)»sin90-l; tan540°-itanl80°«>0; 
cos630°-cos270°-0; cot720°-cot 0°-qo; 
sin 810° - sin 90° -1; esc 900° - esc 180° - o>. 

21. 45°, 135°. 225°, 315°. 22. 0. 23. 0. 24. 0. 
25. a«-6« + 4a&. 

EXBBCISE X. 

2. sin 172°- sin 8°. 11. cot 264° - tan 6°. 

3. cos 100° -- sin 10°. 12. sec 244° -- esc 26°. 

4. tan 125° --cot 35°. 13. esc 271° -- sec 1°. 

5. cot 91° --tan 1°. 14. sin 163° 49*- sin 16° 11'. 

6. sec 110°- -CSC 20°. 16. cos 195° 33' -- cos 16° 33'. 

7. CSC 157°- CSC 23°. 16. tan 289° 15'- cot 0°45'. 

8. sin 204°--^ sin 24°. 17. cot 139° 17' -- cot 40° 43'. 

9. cos 369°- cos 1°. 18. sec 299° 45'- esc 29° 45'. 
10. tan 300° --cot 30°. 19. esc 92° 25'- sec 2° 26'. 
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20. Bin(- 75V -«in 76<>— coa 15^ co<- 75V «>8 75<>- Binl5« ato. 

21. 8m(-12r»)- -«n 127*- -coa 3r». coe(-127 V coe 127*- -ain 3r, etc 

22. 8in(-20(y»)- wnieO"- 8m2(y>,cofl(-200»>-cai200»— C08 20«».etc. 

23. 8iii(-345<»)— 8i]i345«*- tinlS^ co8(-345»)-oo8345<'-coBl5».etc. 



24. linr- 52°370--Bm 62»37'--coB3r»23'. 
coB(- 52*»37')- 



COB 52*»37'- iin3r»23'. etc. 



25. sin (- 196® 54') 



coe{-196«64') 



8inl96<'54'- 006l6<>54', 
coel96<» 54* • -cob 16*» 54'. etc. 



26. 8ml20»- 

27. Bml35»- + 

28. 8inl50»- + 

29. 8m210*»-- 
Sa Bm225*»-- 

31. sin 240**-- 

32. BinSOO^-- 



VJ, cob120«»--. 

^/2, co8l36*»-- 
cob150»-.- 
CO8210*-- 

\/2. cob226«-- 

V3, cofl24(y*-- 



}• etc. 
iV2. etc. 
JV'3, etc 
J\/3. etc 
}V2, etc 
it etc. 
i, etc 



\/3, coB300^>t> + 

33. 8in(-3(y>) --}, co8{-30«) -. + jV3;eto 

34. flin(-225«)-+}\/2; cob(-225«»)--}V2, etc 

35. cob X - - }\/2 or - y/i, etc., » - 225®. 

36. tans*- vX sins-}, coBa;--}v^3, c-150®. 

37. sin354(y'-sin300«--8in6a»--}\/3, cob 3540® - + }, etc 
33. 210*» and 330» ; 1209 and 300«. 

39. 135®, 225®. and -225«» ; 150» and -SO®. 

40. 30«. 150«>, 390», and 610*>. 

41. 8inl68<*. cob334^ tan 225<*. cot252<», 
Bin349^ cob240*», tan 64*. ootl7r». 

42. 0.848. (Hint : tan 238<' - tan 58<'. sin 122» - sin 58<»). 



43. -1.952. 

44. (a — 5) sins. 
45 m sin SCOBS. 

46. (a — &)cots— (a-f &)tans. 



47. a» + 6« + 2a&co8s. 

48. O. 

49. COBS sin y— Bins cosy. 



50. tans. 

51. Positive between s — 0* and s <-* 135^ and between s — 315® and 

s - 360® ; negative between s - 135® and s - 315®. 

52. Positive between s — 45® and s — 225® ; negative between s — 0® 

and s » 45®, and between s - 225® and s - 360®. 

53. sin (s — 90**) — — coe s, cob(s — 90®) — sins, etc. 

54. Bin(s — 180®) - — sin s. cob(s — 180®) - - coss, etc 

Exercises 53 and 54 sbonld be solved by drawing saitable figures, and 
employing a mode of proof similar to that used in {28. 
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Exercise XI. 

1. Bm(ap + y)-H. coe(aj + y)-tt- 

3. Bin (90^ + y) - cosy, cob ( 90 + y) **< — sin y. etc 

4. Bin(180— y)— Biny, coB(180—y) ——cosy, etc 

5. Bin (180 + y) — —sin y, gob (180 + y) ■■ — cob y, etc 

6. Bin (270 — y) — — COB y, cob (270 — y) - — Bin y , etc 

7. sin (270 + y) — — coBy, cob (270** + y)« sin y, etc 

8. Bin (360** - y>- -Bin y, cob (360 - y) - cob y, etc 

9. Bin (360 + y) => Bin y , cob (360® + y>- cob y , etc 

10. Bin («- 90®) --COB*. oofl(aj-90®)- Bin«, etc 

11. Bin (»~ 180®)- -Bin*, cob(x— 180®)<--coex, etc , 

12. Bin (a? - 270®)- cob a;, cob (a; - 270®)- —Bin «, etc 

13. Bin(— y) — — Biny, oob(— y) — cob y, etc. 

14. Bin (45®-y) — } V2 (cob y— Bin y), cob (45®— y) — i ^2 (cob y +Bin y), etc 

16. Bin (46® +y) — } V2 (cob y +Bin y), cob (46® +y) — J V2 (coBy-sin y), etc 
16 Bin (30® +y) — } (cosy + VJ sin y), cob (30® +y) — } ( \/3 cosy-fiin y), etc. 

17. Bin (60®-y) — J ( V3 cob y— Bin y), cob (60®— y) — } (cob y + V^sin y), etc 

18. 3Bing-4 Bin»ap. 1 9. 4coB*«-3coBaj. 20. 0. 2 1. JVS. 

22. sin J«-Ji^^^^- 0.10051; cob J «-Jl±M^« 0.99494. 

23. cob2«--}, tan2a:- ->/3. 

24. Bin 22J® - jV2->/2 - 3827, cob 22J® - }V2 +V2 - 0.9239. 
tan 22J® - V2 -1 - 0.4142, cot 22J® - V2 -fl - 2.4142. 

25. sin 15® - J V2 -V3 - 0.2588, cos 15® - jV2 + V3 - 0.9659. 
ten 15® -2-V3 -0.2679, cot 15® -2+V3 -3.7321. 

27-33. The trnth of theee e^natione is to be eBteblished by expresBing 
the given functionB in terme of the 9ame function of tne 9ame 
angle. ThoB, in Example 27, 
Bin 2« — 2 Bin SCOBS, 

and 2ten» — 2?i5-?, 1 + tan's- bcg^x- 



COBS cob's 

By making these BabstitationB in the given equation its troth 
will be evident. 
34. sinil + sinB + sin C- sin il + Bin^ + Bin[180-(il + B)] 

— ain^ + 8in.B + Bin(-4 + B) 

- 2Bin J(il + B) COB J(il - .fe) + 28in}(-4 + B)coai(A + B) 

- 28in}(il + B) [cobUA - ^) + co8}(il + B)] 

-48iniU + '^) eoBi^cos}^, (see {I2 34 and 35) 

But cofl}C-coflr90®-}(il + -B)]-BinK^ + ^). 

Therefore. Bini + sin Jf + sin C— 4coBiil cobI^cob} C. 
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S6i Proof similar to that for 34. 

38. twi^ + tenif + tanC ^±Ajo»B^co»Am^B«nO 

cobAoobB cobAcobB cohO 
sinC sin (7 sinCcoeC+cos^cos^BinC 



cobAcxmB oobO cobAcobBcobC 

(cobAcosB + cMC)KnC [oosilcoe^ — oo6(il-f ^]gin(7 
C0BiiC08^C0B(7 cosiicoe^ooBC 

C06ilC06^C08C7 

87. Proof similar to that for 36. 

M 2 42. tan's. ^ ooe(g + y ) 

sin 2s ^o 008(4? — y) ' sinxsiny 

39. 2cot2«. ' cosscosy 47. tanxtany. 

4a ^^i'-y) 44. c<»(» + y) 

sinxcosy cosscoey 

4L ^^^g 4- y) 45 coB(ap~y) 

■ins cosy ' sinxsiny 

EZEBOISE XII. 

1. If, for instance, B^W^, [26] becomes ^ - sin A. 

h ■ 

3. a«-6« + c», a»-6« + e»-26c, a«-6« + (j» + 2ft& 

6. 90^ in each case. 

7. (i.) iLzi|« tan (il-46«), and a right triangle. 

o + 

(ii.) a + 6 - (a-- h) (2 + VS), an isosceles triangle with the angles 30®, 

EXEBCISE XIII. 

9. 300. 15. a - 5, c - 9.6592. 

10. AB - 59.664 miles ; 16. a - 7, & - 8.673. 

AC - 64.286 miles. j^ g.^^ g^ ^^^ ^^^^ ^^^3^ 2 f^^ . 

11. 4.6064 miles, 4.4494 mUes, altitude, 619.6 feet. 



3.7733 miles. 

12. 4.1601 and 8.67. 

13. 6.1433 miles and 8.7918 miles. 
11 8 and 5.4723. 



18. 866:1607. 

19. 5.438 and 6.867. 

20. 16.588. 



EXEKCISE XIV. 
11. 420. 12. The other diagonal - 124.617. 
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11. 6. 

12. 10.392. 
14. 8.9212. 



EXZBCISB XV. 



16. 25. 

16. 3800 yards. 

17. 729.7 yards. 



18. 10.266. 

19. a -i 5.0032, 5-2.3385. 

20. 26*»0'10"andi5^5'50". 



EXEBCISB XVI. 

11. A - 3e«> 52^ 12^', 5 - 63*» 7' 48", C- 90*». 16. 46«, 60<». 75^ 

12. ^-5-33*»33'27",C-112»63'6". 17. 4*» 23' W. of N.. or W. of a 

13. il-^-(7-60». 18. 60*». 

14. Impossible. 20. 0.88873. 

16. 16<», 45», 120". 21. 64.516 miles. 



EXEBCISB XYII. 



1. 4333600. 

2. 365.68. 

3. 13260. 

4. 8160. 
6. 240. 

6. 26208. 

7. 15540. 

8. 29450 or 6983. 



9. 10V3- 17.3205. 

10. 6\/3- 10.3923. 

11. 0.19952. 

12. ah fin A. 

13. Ha*-&')tan^. 

14. 2421000. 

15. 30*». 30*». 120*. 



EXEBCISB XVIII. 



1. 21.166 miles ; 24.966 miles. 

2. 6.3399 miles. 

3. 119.29 feet 

4. 30*. 



5. 20 feet 

6. 2.6268 or 21.4704. 

7. 276.14 yards. 

8. 383.35 yards. 




ANSWEBS. 
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MlSCELLAVEOUS PROBLEMS. 



2. 107 fefet ; 143 feet. 27. 8 inches. 



3. 
4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
19. 
20. 
21. 
22. 
23. 



1024i^eet. 
3r «K 5''. 
238,400 milee. 
861,800 miles. 
2922.4 miles. 
60». 
3.2. 
6.6. 

199.56 feet. 
43 feet. 
45 feet. 
26*> 34'. 
78.37 feet 
75 feet. 
1.44 miles. 
56.65 feet. 
69.28 feet 



77. 
78. 
79. 
80. 
81. 
82. 
83. 
84. 
85. 
86. 
87. 
89. 
90. 
92. 
93. 



30. 460.45 feet 

31. 88.94 feet 

32. 13.657 miles. 

34. 56.5 feet 

35. 51.6 feet 

36. 101.89 feet 

38. N. 76<» 56^ E. ; 
13.94 miles an hoar. 

39. 422 yards. 

40. 256 feet 

41. 3121 feet; 
3633.5 feet 

42. 529.5 feet 

43. 41.41 feet 

44. 234.5 feet 

45. 25.43 miles. 

46. 294.7 feet 
260 feet ; 3690 feet 47. 12,492 feet 
1.344 miles. 48. 6.34 miles. 
235.8 yards. 49. 210.44 feet 

74. i(^B\iiARinBcBc(A-^ B), 

75. v^«(«-a)(«-i)(«-c)]. 



51. 757.5 feet 

52. 520 yards. 

53. 1366.4 feet 

54. 658 pounds ; 
22*24' with first 
force. 

55. 88.33 pounds; 
45° 37' with known 
force. 

58. 500.2; 536.3. 

59. 345.47 feet 

60. 345,47 yards. 

61. 61.23 feet 

63. 307.79. 

64. 19.8; 35.7; 44.5. 

65. 46^ 

68. 60«. 

69. 60*. 

70. 30*. 
73. i be Bin A. 



199 A. 3 B. 10 p. 
210 A. 3 B. 26 F. 
12 A. 3 B. 37 p. 

3 A. B. 6 p. 
12 A. 1 B. 14 p. 

4 A. 2 B. 26 p. 
14 A. 2 B. 9 p. 
61 A 2 B. 

4 A. 2 B. 26 p. 



94. 16,281. 

95. 435.8 feet 

96. 49.089 feet 

97. 750 feet 

98. 422.4 feet 

99. 1835 feet 
100. 26.88. 
103. 6. 



114. 

115. 

116. 
121. 
122. 
124. 



108. 6. 

13.93, 23.21, 32.5ch.110. 6087 feet 125. 

9 a 111. 5*25'S.; 

876.31. 467.5 mUes. 126. 

1229.5. 112. 460.8 ; 383.1 miles. 

1075.3. 113. 229 miles; 127. 

2660.45. lat 11* 39' S. 



S. 56* 7' 30" E. ; 
202.6 miles. 
N. ir 25' W. ; 
37* 46' N. 
56* 11' E. ; 244.3. 
Long. 68* 56' W. 
103.6 miles. 
33* 18' N. ; 
36* 24' W. 
N. 28* 47' E. ; 
1293 miles. 
S. 50* 40' W. ; 
260.8; 20* 9' W. 
.^ft*21'N.; 
55* 12' W. 
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128. 171 mUes ; 32« 44^ W. 129. N. 36*> 52' W. ; 36* 8' W. 

130. 173 mUoB ; 51« 18^8. ; 34« 13' E. 

131. S. 60» 68' E. ; 4r» IS' N. ; 20° 49' W. 

132. N. 53« atK E.. 16" 7' W. ; or N. 63« 20' W.. 25« 63' W. 
133. N. 47« 42.5' E., \9^ 27' N.. 121** 61' E. ; or N. 47** 42.5' W., 19<» 27' 

N.. 116« 9' E. ; or 8. 47« 42.6' E., 14« 33' N., 121« 48' E. ; or 8. 
47« 42.5' W., 14« 33' N.. 116« 12' E. 

137. N. 73' E., 46 miles ; 42* 15' N.. 89o 5' W. 

138. N. 72« W., 287 milee ; 33« 8.. IS** 2' K 



ANSWERS. 
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SFHEftlCAL TRK^ONOMBTRY. 



1. 110*», 100°. 80». 



EZEBCISE XIX. 
2. 140*>. 90». 66^ 

EXEBCISE XX. 



7. fir, 2ir, ^ir. 



3. (i.) Either a or 5 moat be eqaal to 90°. (ii.) If a -90°, then A 
and B^b; if &-90°, then ^-90°. and il- a. (iii.) e> 
il-90°. -B-6. (iv.)c-90*il-90°,-B-90°, 0-90°. 

EXEBCISE XXI. 



90°. 
90°, 



2. I. The coeine of the middle part— the product of the cotangents of 
the adjacent parts. 
II. The cosine ot the middle part — the product of the sines of the 
opposite parts. 

EXEBCISE XXII. 

24. il - 175° Sr lO'', B - 136° 42' 50". C- 135° 34' 7". 

25. C7 - 104° 41' 39". a - 104° 53' 2". b - 133° 39' 48". 

26. lin " "H d ^^ f| ^^" ^ - tin i1 cnt C, t^^ F — snn 4 rns 

27. 0-60°. 6-90°. 5-90°. 

28. The triangle is impossible ; why 7 

29. 6 - 130° 41' 42". e - 71° 27' 43". A - 112° 57' 2". 

30. o - 26° 3' 51". il - 35°. 5-65° 46' r '. 

31. Impossible; why? 

EXEBCISE XXIII. 

1. 006 il — cot a tan } 5. Bin}5 — cscasin^ft, cos A — cos a sec i 5. 

2. sin } J. — } sec } a. or cos il — } cos asec* }a, or tan } ii — sec a cos } a. 

180° 180^ 

3. sin^J.- sec^acoBl-f^, sini^ — sin^acsci----, 

n n 



ain r — tan } a cot 



180° 
n 



4. Tetrahedron, 70° 31' 43"; octahedron, 109° 28' 18"; icosahedron, 
138° 11' 36" ; cube, 90° ; dodecahedron. 116° 33' 44". 

5.- cot} J.-Vcosa. 



. -^ 



' « 






J^ 



d^^O 
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EXEBCISE XXV. 

1. (i.) tan m — tan IcobA, * (ii.) tan 

COB a-*cos6fl6cmcos(e— m); cos &>->coflaBec 



Exercise XXVI. 



1. (i.) tans — tan ^008 «, (iL) tan x — tan ii cos 5, 

cosii — cos^c8cxBin(C— x): cos^ — co8ilc8cxsin((7— x). 



Exebcise XXXI. 

4. 27.26^'. 

Exercise XXXII. 

1. If X denote the angle required, sin } x — cos 18^ sec 0®, x — 148^ 42^. 

2. OOBX—COSilcOS^. 

3. Let V « the inclination of the edge e to the plane of a and h. Then 
it is easily shown that F— abe sin I sin w. Now, conceive a sphere 
constructed having for centre the vertex of the trihedral angle 
whose edges are a,o, e. The spherical triangle, whose vertices are 
the points where a, &, e meet tne 8arfiBi.ce of tnis sphere, has for its 
sides Iftn^n; and to is equal to the perpendicular arc from the side 
Z to the opposite vertex. Let L, i/, iv, denote the angles of this 
triangle. Then, hj means of [38] and [47], we find that 

sin to •• sin m sin N" 2 sin m sin JiVcos i N 



■- -:— - Vsin f sin (• — sin (• — m) sin (• — n), 
Bin I 

where • — } (i + m + n) ; 

hence, F =» 2 abc Vsin i sin (» — sin {» — m) sin (i — n). 

4. (i.) 9,976,600 square miles ; (ii.) 13,316,600 square miles. 

5. Let m — longitude of point where the ship crosses the equator, h -• 

her course at the equator, d >- distance sailed. Then 

tan m — sin 4 tan a, cos & — cos I sin a, cot (2 » cot I cos a. 

6. Let k «- arc of the parallel between the places, x «> difference re- 

quired; then sin} ib — sin} (2 sec Z. s — 90°(v2 — 1). 

7. cos (m — mf) — (cos d — Binl sin V) sec Z sec I' ; where m and mf ore 

the longitudes of the places. 

9. 12 hrs. 42 min. 41 sec., very nearly. 10. 60°. 
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11. eo8 < «- — tan (2 tan { ; time of sunrise — 12 — -- o'clock a.m. ; time of 

t ^ 

gQjiaet -> -^ o'clock p.m. ; cos a ^i sin d sec Z. For longest day at 

16 
Boston : time of snnrise, 4 hrs. 26 min. 50 y^ a.m. ; time of sanset, 

7 hrs. 33 min. 10 sec. p.m. Azimnth of s^^Lt these times, 6T* 25^ 
15^' ; length of day, 16 hrs. 6 min. 20iMKr shortest day, times 
of sunrise and sunset are 7 hrs. 33 min. 10 sec. a.m. and 4 hrs. 26 
min. 50 sec. p.m. ; aumuth of sun, 122^ 34' 45^' ; length of day, 

8 hrs. 63 min. 40 sec. 

12. The problem is impossible when ootd <tan {; that is, for places in 

the frigid zone. 

13. For the northern hemisphere and positive declination, 

sin /^ -■ sin Z sin (2, cot a — cos Z tan d. 
Example : A - 17** 14' 36^', a - 73<> 51' 34^' E. 

14. The farther the place from the equator, the js^eater the sun's altitude 

at 6 A.M. in summer. At the equator it is 0°. At the north pole 
it is equal to the sun's declination. At a given place, the sun's 
altitude at 6 am. is a maximum on the loosest day of the year, 
and then sin A — sin Z sin « (where e — 23^ 27^. 

15. cos { — cot { tan d Times of bearing due east and due west are 

12 — -r o'clock A.M., and -- o'clock p.m., respectively. 
15 15 

Example : 6 hrs. 58 min. a.m. and 5 hrs. 2 min. p.m. 

16. When the days and nights are equal, d- 0°, cos e -» 0, e -> 90^ ; that 

is, sun is ever3rwhere due east at 6 a.m., and due west at 6 p.m. 
Since I and d must both be less than 90^, cos t cannot be negative, 
therefore, t cannot be greater than 90^. As d increases, t decreases ; 
that is, the times in question both approach noon. If Kd, then 
cos t>l; therefore this case is impossible. If 2 » (2, then cos < »1, 
and { — 0^ ; that is, the times both coincide with noon. The ex- 

Elanation of this result is, that the sun at noon is in the zenith ; 
ence on the prime vertical. At the pole I — 90°, cos < » 0, 
t » 90° ; therefore the sun in summer always bears due east at 6 
A.M., and due west at 6 p.m. 

17. sinZ-siddcscA. 18. 11° 50^35''. 

19. The bearing of the wall, reckoned from the north point of the hori- 

zon, is given by the equation cotd; •• cos Z tan a; whence, for the 
given case, x -75° 12^ 38''. 

20. 55° 45' 6" N. 21. 63° 23' 41" N. or 8. 

22. (i.) cos i — — tan { tan d; (il) i — s ; (iii.) the result is indeterminate. 

23. cot a — cos { tan d 28. sind-sinssinvytanr—cosstanv. 

25. * - 65° 37' 20". 29. d - 32° 24' 12", r - 301° 48^ 17". 

26. A -58° 25^15", a -152° 28^. 30. d- 20° 48' 12". 

27. < - 45° 42', i - 67° 58' 54". 31. 3 hrs. 59 min. 27} sec. p.m. 
32. coe}a-Vcoel(i + A+|))cosJ(i + A-|))8ecZ8ecA. 
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CHAPTER I. 
DEFINinONa INSTRUMENTS AND THEIR USES. 



§ 1. Definitions. 

Stureying is the art of determining and representing dis- 
tances, areas, and the relative position of points upon the 
surface of the earth. 

In plane surveying, the portion surveyed is considered as a 
plane. 

In geodetic surveying, the curvature of the earth is re- 
garded. 

A Plimib-Lme is a cord with a weight attached and freely 
suspended. 

A Yertioal Line is a line having the direction of the plumb- 
line. 

A Yertioal Plane is a plane embracing a vertical line. 

A Eoniontal Plane is a plane perpendicular to a vertical line. 

A Eoiiiontal Line is a line in a horizontal plane. 

A Hoiiiontal Angle is an angle the sides of which are in a 
horizontal plane. 

A Vertical Angle is an angle the sides of which are in a 
vertical plane. If one side of a vertical angle is horizontal, 
and the other ascends, it is an angle of elevation ; if one side 
is horizontal, and the other descends, it is an angle of 
depression. 

The ICagnetio Heridian is the direction which a bar-magnet 
assumes when freely supported in a horizontal position. 
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The Hagnetio Bearing of a line is the angle it makes with 
the magnetic meridian. 

Surveying commonlj comprises three distinct operations; 
viz.: 

1. The Field Heasniements, or the process of determining by 
direct measurement certain lines and angles. 

2. The Oomputation of the required parts from the measured 
lines and angles. 

3. The Plotting, or representing on paper the measured and 
computed parts in relative extent and position. 



THE MEASUREMENT OF LINES. 

§ 2. Instbuments fok Measuking Lines. 

The Ghmter's Ohain is generally employed in measuring land. 
It is 4 rods, or 66 feet, in length, and is divided into 100 links. 
Hence, links may be written as hundredths of a chain. 

The Engineer's Ohain is employed in surveying railroads, 
canals, etc. It is 100 feet long, and is divided into 100 links. 

A Tape Measure, divided into feet and inches, is employed 
in measuring town-lots, cross-section work in railroad survey- 
ing, etc. 

In the United States Coast and Geodetic Survey, the meter 
is the unit ; and, when great accuracy is required, rods placed 
end to end, and brought to a horizontal position by means of 
a spirit-level, are employed in measuring lines. 

§ 3. Chaining. 

Eleven tally-pins of iron or steel are used in chaining; also, 
one or more slender poles shod with iron, and bearing a flag. 

A forward chainman, or leader, and a hind chainman, or 
follower, are required. A flag-staff having been placed at the 
farther end of the line, or at some point in the line visible 
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from the beginning, the follower takes one end of the chain, 
and a pin which he thrusts into the ground at the beginning 
of the line. The leader moves forward in the direction of 
the flag-staff, with the other end of the chain and the re- 
maining ten pins, until the word "halt" from the follower 
warns him that he has advanced nearly the length of the 
chain. 

At this signal he stops, and the follower, meanwhile hav- 
ing placed his end of the chain at the beginning of the line, 
directs the leader hj the words "right" or "left" until the 
chain is exactly in line with the flag-staff. This being accom- 
plished, and the chain stretched tightly in a horizontal posi- 
tion, the follower says, "down." The leader then puts in 
a tally-pin exactly at the end of the chain, and answers, 
"down"; after which the follower withdraws the pin at the 
beginning of the line, and the chainmen move forward until 
the follower nears the pin set by the leader. The follower 
again says, "halt," and the operation just described is re- 
peated. This process is continued until the end of the line 
is reached. 

If the tally-pins in the hands of the leader are exhausted 
before the end of the line is reached, when he has placed the 
last pin in the ground, he waits until the follower comes up 
to him. The follower gives the leader the ten pins in his 
hand, and records the fact that ten chains have been meas- 
ured. The measuring then proceeds as before. If the distance 
from the last pin to the end of the line is less than a chain, 
the leader places his end of the chain at the end of the line, 
and the follower stretches tightly such a part of the chain 
as is necessary to reach to the last pin, and the number of 
links is counted. The number of whole chains is indicated by 
the number of pins in the hands of the follower, the last pin 
remairdng in the ground. 

In measuring, the chain must be held in a horizontal posi- 
tion. If the ground slopes, one end of the chain must be 
raised until the horizontal position is attained. By means of 
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a plumb-line, or a slender staff, or, less accurately, bj drop- 
ping a pin (heavy end downwards), the point vertically under 
the raised end of the chain may be determined. If the slope 
is considerable, half a chain or less may be used. 

To constmGt a perpendioular with a chain i 

1. When the point through which the perpendicular is to 
pass is in the line : 

Let AB (Fig. 1) reprosent the line, and P the point. Measure from 

P to the right or left, PC- 40 links. 
D and place a stake at C. Let one end 

of the chain be held at P, and the 
end of the eightieth link at C; then, 
taking the chain at the end of the 
thirtieth link from P, draw it so that 



y 

y 
y 
y 
y 

y" 

y 
y 
y 



^ ^ Fig. I. ^ ^ *^® portions DC and DP are tightly 

stretched, and place a stake at i>. 
DP will be the perpendicular required. (Why ?) 

2. When the point is without the line : 

Let AB (Fig. 1) be the line, and D the point Take C any point in 
the line, and stretch the chain between D and C\ then, let the middle of 
the part of the chain between (7 and D be held in place, and swing the 
end at D around until it meets the line in P. DP will be the perpen- 
dicular required. (Why ?) 

§ 4. Obstacles to Chaining. 

1. When a tree, building, or other obstacle is encountered 
in measuring or extending a line, it may be passed by an off- 
set in the following manner : 

Let (Fig. 2) represent a building on the line AD, At B erect BE 

/v^ , perpendicular to 

i ? %• C^O — f 7 AB; at E erect 

I • r^_ 1 • EF perpendicu- 

^ ^ Fig. 2. '^ ^ 1" ^ ^-^5 ** ^ 

erect FG^BE 

perpendicular to EF; then, CD perpendicular to FC will be in the 
required line, and AB + EF-^- CD — AD, By constructing two other per- 
pendiculars, B^E' and P'C, the accuracy of the work will be increased. 
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2. To measure across a body of water : 

Let it be reqaired to meaaare the line ABCD (Fig. 3) crossing a river 
between B and C, Measure BE "400 links; at E erect the perpendi- 
cular EF'* 600 links ; at B erect the perpendicular BG » 300 links. 
Place a stake at (7, the intersection of AD and FG beyond the river. 




FIff. 3. 

Then J5C-400 links. For, by similar triangles, EF: BGi.CE: CB. 
But EF"2BG; hence, CE"2CB, and (Zff- J?-E:-400 links. EG 
and FG should be measured, in order to test the accuracy of the work. 
EG "FG" 500 links. 

Instead of the above distances, any convenient distan ces may be ta ken. 

For, if EF" 2BG, then CB - BE, and EG - FG » VW + W. 

3. To measure a line the end of which is invisible from the 
beginning, and intermediate points unknown : 



r- 



B 






Fig. 4. 



(f D 



Let AB (Fig. 4) represent the line. Set up a flag-staff at D, beyond 
^and visible from A. From B let fall J?(7 perpendicular to AD. Meas- 
ure ilC and -BG Then , — - — =- 

AB "-y/AC* + 55". 

To £nd intermediate points on A£ : 

At any point E on AC erect .^^ perpendicular to AQ and determine 
EG by the proportion AC: CB : : AE: EG. G will be a point on AB 

The line AD is called a Bandom Liiie. 
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THE MEASTJEEMEKT OF ANGLES. 

§ 5. The Veenier Compass * 

The Yonder Oompass is shown on the following page. 

The compass circle is divided into half-degrees, and is fig- 
ured from 0^ to 90^ each way from the north and south points. 
In the centre of the compass circle is the pivot which supports 
the magnetic needle. The needle may be lifted from the pivot 
by a spring and pressed against the glass covering of the 
compass circle, when the instrument is not in use. The main 
plate moves around the compass circle through a small arc, 
read by the vemieTf for the purpose of allowing for the varia- 
tion of the needle (§ 23). The sight standards at the extremi- 
ties of the main plate have fine slits nearly their whole length, 
with circular openings at intervals ; on the edges of the north 
standard tangent scales are placed ; and on the outside of the 
south standard two eye-pieces at the same distance from the 
main plate as the zeros of the tangent scales, respectively. 
The telescopic sight (a recent improvement by the Messrs. 
Gurley), consists of a small telescope attached to the south 
standard. The main plate is furnished with two spirit levels 
at right angles, and turns horizontally upon the upper end of 
the ball spindle, the lower end of which rests in a spherical 
socket in the top of the tripod or Jacob's staff which sup- 
ports the instrument. From the centre of the plate at the 
top of the tripod a plumb-bob is suspended by which the 
centre of the compass can be placed directly over a definite 
point on the ground. 

* The instrnments described on this and the following pages are adjusted 
by the maker. If they shoald require readjustment, full directions will be 
found in the manual furnished with the instruments. 

The manual published by Messrs. W. k L. E. GusLST, Troy, N.Y., has 
been freely used, by permission, in describing these instruments. 
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§ 6. Uses of the Compass. 



To take fhe beazing'*' of a line. Place the instrument so tliat 
the bob will be directly over one end of the line, and level by 
pressing with the hands on the main plate until the bubbles 
are brought to the middle of the spirit levels. Turn the south 
end of the instrument toward you, and sight at the flag-staff 
at the other end of the line. Read the bearing from the north 
end of the needle. First, write N. or S. according as the 
north end of the needle is nearer N. or S. of the compass cir- 
cle ; secondly, write the number of degrees between the north 
end of the needle and the nearest zero mark ; and thirdly, 
write E. or W. according as the north end of the needle is 
nearer E. or W. of the compass circle. 

In Fig. 5 the bearing would be U. 45® W. 

In Fig. 6 the bearing would be S. 45° W. 

In Fig. 7 the bearing would be S. 30® E. 

In Fig. 8 the bearing would be N. 60® E. 
If the needle coincides with the N. S. or E.W. line, the bear- 
ing would be N., S., E., or 
W., according as the north 
end of the needle is over 
N., S., E., or W. 

As the compass circle is 
divided into half-degrees, 
the bearing may be deter- 
mined pretty accurately to 
quarter-degrees. 

When a fence or other 
obstruction interferes with 
placing the instrument 
over the line, it may be 

placed at one side, the ^8- 7. Fig. 8. 

flag-staff being placed at an equal distance from the line. 




Fig. 5. 



Fig. 6. 




* The magnetio bearing is meant unless otherwise specified. 
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Looal Difltnrbanoes. Before a bearing is recorded, care should 
be exercised that the chain, pins, and other instruments that 
would affect the direction of the needle, are removed from the 
vicinity of the compass. Even after the greatest care in this 
respect is exercised, the direction of the needle is often affected 
by iron ore, ferruginous rocks, etc. 

Baverse Bearings. When the bearing of a line has been taken, 
the instrument should be removed to the other end of the line 
and the reverse bearing taken. The number of degrees should 
be the same as before, but the letters should be reversed. 

To take the bearing of a line one end of which cannot be seen 
from the other. Run a random line (§ 4, 3) ; then (Fig. 4), 

« 

tan CAB = ^; 

whence, the angle CAB may be found. This angle combined 
with the bearing of the random line will give the bearing 
required. 

Another method will be given in § 19. 

To measure a horiiontal angle bj means of the needle. Place the 
compass over the vertex of the angle, take the bearing of each 
side separately, and combine these bearings. 

To measnie angles of elevation. Bring the south end of the 
compass towards you, place the eye at the lower eye-piece, 
and with the hand hold a card on the front side of the north 
sight, so that its top edge will be at right angles to the divided 
edge and coincide with the zero mark; then, sighting over 
the top of the card, note upon a flag-staff the height cut by 
the line of sight ; move the staff up the elevation, and carry 
the card along the edge of the sight until the line of sight 
again cuts the same height on the staff; read off the degrees 
of the tangent scale passed over by the card. 

To measnie angles of depression. Proceed in the same man- 
ner as above, using the eye-piece and tangent scale on the 
opposite sides of the sights, and reading from the top of the 
sight 
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§ 7. Verkiebs. 

first form. Let AB (Fig. 9) represent a portion of a rod 
for measuring heights (§ 82). The graduation to feet and hun- 
dredths of a foot begins at the lower end, which rests on the 
ground when the rod is in use. The line 
extending nearly across the rod at the bot- 
tom of the portion shown marks the begin- 
ning of the fourth foot. The face of the rod 
is divided into four columns : in the first is 
written the number of feet ; in the second, 
the number of tenths ; and in the third, the 
number of hundredths. 

It is evident that, with the arrangement 
just described, heights could be measured 
only to hundredths of a foot. To enable us 
to find the height more precisely, a contri- 
vance called a Vernier is used. This is shown 
at the right of the rod. It consists of a piece 
of metal or wood, the graduated paii of 
which is -j^ of a foot in length; and this 
is divided into ten equal parts. Hence, one 
division of the vernier = iV of iVir = lUo 
of a foot; and one division of the vernier 
exceeds one division of the rod by ^y^^ — 

tH = TtW of * foot. 

The vernier slides along the face or side 
of the rod. 

To use the vernier, place the lower end 
of the rod upon the ground, and move the vernier until its in- 
dex or zero mark is opposite the point whose distance from 
the ground is desired. In the figure, the height of the index 
of the vernier is evidently 4.16 feet, increased by the distance 
of the index above the next lower line (4.16) of the rod. Wo 
shall now determine this distance. 



uw 



A 
Fig. 9. 
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Observe which line of the vernier is exactly opposite a line 
of the rod. In this case, the line of the vernier numbered 7 is 
opposite a line of the rod. Then, since each division of the 
vernier exceeds each division of the rod by yi^ of a foot, 



6 of the 
6 of the 
4 of the 
3 of the 
2 of the 
1 of the 



vernier 
vernier 
vernier 
vernier 
vemies 
vernier 
vernier 



^ 101)0 
^ lOoO 



of a foot above the next lower line of the rod. 
of a foot above the next lower line of the rod. 
of a foot above the next lower lino of the rod. 
of a foot above the next lower line of the rod. 
of a foot above the next lower line of the rod. 
of a foot above the next lower line of the rod. 
of a foot above the next lower line of the rod. 



Oof the 

Hence, the required reading is 4.16 + .007 = 4.167 feet. 



B 

T 


6 

4 
3 
2 



9 
8 
7 
6 
5 
4 
3 
2 



10 

9 

8 

7 



6 

4 

8 

2 

1 





UHr 



Fig. 10. 



In general, the following rule is evident : 

Move the vernier untU its zero Une is at the 
required height; read the height to the near- 
est hundredth below the index^ and write in 
the thousandths^ place the numher of the divi- 
sion line of the vernier which stands opposite 
any line of the rod. 

Second form. In this form (Fig. 10) the 
graduated part of the vernier is y§^ of a foot 
in length, and is divided into ten equal parts. 
Hence, one division of the vernier = iV ^^ 

tH ~ "nftnr ^^ * ^"^^ J ^^^ ^^® division of the 
vernier is less than one division of the rod 
ty rb - tAt = TrAnr o^ a foot. 

The height of the index of the vernier 
in Fig. 10 is 4.16 feet, increased by the dis- 
tance of the index from the next lower line 
(4.16) of the rod. We shall now determine 
this distance. 

We observe that the line of the vernier 
numbered 7 stands exactly opposite a line 
(3) of the rod. Hence, 
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6 of the vernier is y/^ o^ ^ ^*^^ above the next lower line of the rod. 
6 of the vernier b ^f^ of a foot above the next lower line of the rod. 
4 of the vernier is ^J^ o^ * ^oo* above the next lower line of the rod. 
3 of the vernier is ^Ars ^^ * ^^^^ above the next lower line of the rod. 
2 of the vernier is yj^ of a foot above the next lower line of the rod. 
1 of the vernier is y^flpy of a foot above the next lower line of the rod. 
of the vernier is ^Jts ^^ * ^^^^ above the next lower line of the rod. 

Hence, the required reading is 4.16 + .007 = 4.167 feet ; 
and the rule is evidently the same as for the first form. 




Fig. II. 

Oompaas Yemien. Let ZZ* (Fig. 11) represent the limb of 
the compass graduated to half-degrees, and VV^ the vernier 
divided into thirty equal spaces, equal to twenty-nine spaces 
of the limb. Then one space of the vernier is less than one 
space of the limb by 1', and the reading may be obtained to 
single minutes. 

In Fig. 11 the index or zero of the vernier stands between 
32** and 32** 30', and the line of the vernier marked 9 coincides 
with a line of the limb. Hence, the reading ia 32® 9'. 

When the index moves from the zero line of the limb in a 
direction contrary to that in which the numbers of the limb 
run, the number of minutes obtained as above must be sub- 
tracted from 30' to obtain the minutes required. 

If, however, the vernier be made double, that is, if it have 
thirty spaces on each side of the zero line, it is always read 
directly. The usual form of the double vernier, shown in 
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Fig. 12, has only fifteen spaces on each side of the zero line. 
When the vernier is turned to the right less than 15' past a 
division line of the limb, read the lower figures on the left of 
the zero line at any coincidence ; if moved more than 15' past 
a division line of the limb, read the upper figures on the right 
of the zero line at any coincidence ; and vice versa. 




TTses of the OompaBS Yemieri The most important use of the 
vernier of the vernier compass is in setting off the variation 
of the needle (§ 23). If Uie variation of the needle at any 
place is known, by means of the vernier screw the compass 
circle may be turned through an arc equal to the variation. 
If the observer stands at the south end of the instrument, the 
vernier is turned to the right or left according as the varia- 
tion is west or east. The compass will now give the bearings 
of the lines with the tru€ meridian. 

In order to retrace the lines of an old survey, turn the sights 
in the directit)n of a known line, and move the vernier until the 
needle indicates the old bearing. The arc moved over by 
the vernier will indicate the change of variation since the^time 
of the old survey. If no line is definitely known, the change 
of variation from the time of the old survey will give the arc 
to be set off. 
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§ 8. The Sueveyor's Transit. 

This insifnment is shown on page 17. 

The cfympoBa circle is similar to that of the compass. The 
vernier plate which carries the telescope has two verniers and 
moves entirely around the graduated limb of the main plate. 
The axis of the telescope carries a vertical circle which meas- 
ures vertical angles to single minutes by means of a vernier. 
Under the telescope, and attached to it, is a spirit level by 
means of which horizontal lines may be run, or the difference 
of level between two stations found. The cross wires are two 
fine fibres of spider's web, or fine platinum wires, which extend 
across the tube of the telescope at right angles to each other ; 
their intersection determines the optical axis or line of colli- 
mation of the telescope. The transit is levelled by four level- 
Ung screws which pass through a plate firmly feistened to the 
ball spindle, and the lower ends of which rest in depressions 
on the upper side of the tripod plate. 

Two recent improvements (introduced by the Messrs. Our- 
ley) enable the surveyor to bring the transit quickly to an 
approximately level position by the pressure of the hands, 
after which the levelling screws are used ; also, to change the 
position of the transit without changing the position of the 
tripod legs, so as to bring the bob exactly over any point. 

To level the transit by the levdling Borews, Turn the instru- 
ment until the spirit levels on the vernier plate are parallel 
to the vertical planes passing through opposite pairs of level- 
ling screws. Take hold of opposite screw heads with the 
thumb and fore-finger of each hand, and turn both thumbs 
in or out as may be necessary to raise the lower side of the 
parallel plate and lower the other until the desired correction 
is made. 

To use the tdesoope. Both the eye-piece and the object 
glass may be moved in and out by a rack-and-pinion move- 
ment. The eye-piece must be moved until the cross wires are 
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perfectly distinct; in which case, a slight movement of the# 
eye of the observer, from side to side, will produce no appar- 
ent change in the position of the threads upon the object. 
The object glass must be moved until the object is distinctly 
visible; and this operation must be repeated whenever the 
distance of the object is changed. 

§ 9. Uses of the Tbansit. 

The transit may be used for all the purposes indicated in 
§ 6, but with much greater precision than the compass. The 
principal M»e^ however ^ of the traneit is in measuring horizorUal 
angles by means of the gradwaled Umh and verniers. 

To measnie a horiiontal angle with the transit Place the transit 
over the vertex of the angle ; level, and set the limb at zero. 
Turn the telescope in the direction of one of the sides of the 
angle, clamp to the spindle ; unclamp the main plate, and turn 
the telescope until it is in the direction of the other side of 
the angle, and read the angle by the verniers. The object 
of the two verniers on the vernier plate is to correct any mis- 
take that might arise from the want of exact coincidence in 
the centres of the verniers and the limb. The correct reading 
may be obtained by adding to the reading of one vernier the 
supplement of the reading of the other, and dividing by 2. 

By turning off a right angle by this method, perpendiculars 

may be constructed with much greater facility than by the 

chain. 

§ 10. The Theodolite. 

The telescope of the transit can perform a complete revo- 
lution on its axis; whence the name transit. The theodolite 
differs from the transit chiefly in that its telescope cannot be so 
revolved. It is not much used in this country. 

§ 11. The Railboad Compass. 

This instrument has all the features of the ordinary com- 
pass, and has also a vernier plate and graduated limb for 
measuring horizontal angles. 
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§ 12. Plotting. 

The principal plotting instruments are a ruler, pencil, 
straight-line pen, hair-spring dividers, diagonal scale, a right 
triangle of wood, and a circular protractor. A T-square will 
al^ be found convenient. 




Rg. 13. 

The Diagonal Scale. A portion of this scale is shown in Fig. 
13. AB is the unit. AB and A*B' are divided into ten 
equal parts, and B is joined with A, the first division point to 
the left of B'; the first division point to the left of J? is joined 
with the second to the left of B\ etc. 

The part of the horizontal line numbered 1 intercepted be- 
tween BB' and Bh is evidently ^of ^ = j^ of the unit ; 
the part of the horizontal line numbered 2 intercepted between 
BB* and Bh is -^ of the unit, etc. 

The method of using this scale, in laying ofif distances, will 
be made plain by the following example : 

Let it be required to lay off the distance 1.43. 

Place one foot of the dividers at the intersection of the horisontal line 
numbered 3 and the diagonal numbered 4, and place the other foot sX 
the intersection of the vertical line numbered 1 {CC') and the horizontal 
line numbered 3 ; the distance between the feet of the dividers will be 
the distance required. For, measuring along the horizontal line num- 
bered 3,from CC to BB^ is 1 ; from BB* to Bh is .03 ; and from Bh to 
the diagonal numbered 4 is .4 ; and 1 + .03 + .4 1- 1.43. 
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The (Kionlar Protractor. This instrument (Fig. 14) usually 
consists of a semi-circular piece of brass or german silver, hay- 
ing its arc divided into degrees and its centre marked. 

To lay off an angle with the protractor, place the centre 
over the vertex of the angle, and make the diameter coincide 
with the given side of the angle. Mark off the number* of 
degrees in the given angle, and draw a line through this point 
and the vertex. 




Fig. 14. 

Some protractors have an arm which carries a vernier, by 
which angles may be constructed to single minutes. 

To draw through a given point a line parallel to a given 
line, make one of the sides of a triangle coincide with the 
given line, and, placing a ruler against one of the other sides, 
move the triangle along the ruler until the first side passes 
through the given point ; then draw a line along this side. 

To draw through a given point a line perpendicular to a 
given line, make the hypotenuse of a rigbt triangle coincide 
with the given line, and, placing a ruler against one of the 
other sides of the triangle, revolve the triangle about the ver- 
tex of the right angle as a centre until its other perpendicular 
side is against the ruler; then move the triangle along the 
ruler until the hypotenuse passes through the given point, 
and draw a line along the hypotenuse. 
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§ 13. Definition. 

Land Bnryeying is the art of measuring, laying out, and 
dividing land, and preparing a plot. 

§ 14. Determination of Abeas. 

The unit of land measure is the 

acre = 10 square chains 
= 4 roods 
= 160 square rods, perches, or poles. 

Areas are referred to the horizontal plane, no allowance 
being made for inequalities of surface. 

For convenience of reference, the following rules for areas 
are given : 

Let A, Bj and (7 be the angles of a triangle, and a, &, and c 
the opposite sides, respectively ; and let « = } (a + i + c). 



Area of triangle ABO= V« (« — a) (« — b) {a — c) [k 

= } Jc sin A \b 

_, i tt'sin J8in(7 r -i 

sin(^ + C) ^ ^ 

' = } base X altitude. [d] 

Area of rectangle = base X altitude. 

Area of trapezoid = } sum of parallel sides X altitude. 

Problem 1. To determine the area of a triangular field. 

Measure the necessary parts with a Gunter's chain, or with a chain 
and transit, and compute by formula [a], [b], [c], or [d]. 
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Pboblem 2. To find the azea of a field haYiiig any number of 
straight eidee. 

(a) Divide the field into triangles by diagonals; find the area of each 
triangle and take the snm. 

(b) Run a diagonal, and perpendicolars from the opposite vertices to 
this diagonal. The field is thus divided into right triangles, rectangles, 
and trapezoids, the areas of which may be found and the sum taken. 
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Fig. 16. 



Problem 3. To find the area of a field haYing an 
boundary line. 

(a) Let AOBCD (Fig. 15) represent a field having a stream AEFG 
HKB as a boundary line. Bun the line AB. From JE', F, G, H, and 
K, prominent points on the bank of the stream, let fall perpendiculars 
EE', FF', etc., upon AB. Regarding AE, EF, etc., as straight lines, the 
portion of the field cut ofi* by AB is divided into right triangles, rect- 
angles, and trapezoids, the necessary elements of which can be measured 
and the areas computed. The sum ol these areas added to the area of 
ABCD will give the area required. 

(6) When the irregular boundary line crosses the straight line joining 
its extremities, as in Fig. 16, the areas of AEFH9,iidi HOB may be found 
separately, as in the preceding case. Then the area required « ABCD + 
HOB-AEFH. 



Problem 4. To determine the area of a field from two Interior 

BtatiooBi 

Let ABCD{¥\g. 17) represent a field, and Pand P* two stations within 
it. Measure PP* with great exactness. Measure the angles between PP 
and the lines from P and P* to the comers of the field. 
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In the triangle PP'A PP* and the angles P'PD and PP'D are 
known ; hence, PD may be fonnd. In ^ 
like manner, PC may be fonnd. Then, 
in the triangle PDC, PD, PC, and the 
angle DPC atq known; hence, the area 
of PDC may be computed. 

In like manner, the areas of all the 
triangles about P au/ P* may be deter- 
mined. 

Area APCD - PAD + PDC + PCS 
+ PBA. Also, 

Area ABCD ^P'AD + P'DC-^FCB 
•^PBA. 

Pboblem 5. To dBtenniaa the azea of a field from two exterior 
itatioDi* 

Let ABCD (Fig. 18) represent the field, 
and P and P* the stations. Determine the 
areas of the triangles PAD, PDC, PCB, 
and PBA, as in the preceding problem. 

Area ABCD - PAD + PDC + PBC- 
PBA. Also, 

Area ABCD - P'AJ) + P'DC + P^BA 

-P'^0, pjg, ,8. 





EXEBCISE I. 

1. Required the area of a triangular field whose sides are 
respectively 13, 14, and 15 chains. 

2. Required the area of a triangular field whose sides are 
respectively 20, 30, and 40 chains. 

3. Required the area of a triangular field whose base is 
12.60 chains, and altitude 6.40 chains. 

4. Required the area of a triangular field which has two sides 
4.50 and 3.70 chains, respectively, and the included angle 60^. 

5. Required the area of a field in the form of a trapezium, 
one of whose diagonals is 9 chains, and the two perpendiculars 
upon this diagonal from the opposite vertices 4.50 and 3.25 
chains. 
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Fig. 19. 



6. Required the area of the field ABCDEF (Fig. 19), if 
-4JE7= 9.25 chains, J?y = 6.40 chains, BE^ 13.75 chains, DJff 

= 7 chains, DB = 10 chains, C(7' = 
4 chains, and .^^'=4.75 chains. 

7. Required the area of the field 
ABCDEF (Fig. 20), if 
Ar=^ 4 chains, ^^'= 6 chains, 
JS;j&'=6.50 chains, -4jS;'= 9 chains, 
AD = 14 chains, -4C = 10 chains, 
-45' = 6.50 chains, ^^' = 7 chains, 
CC^ =6.75 chains. 
8. Required the area of the field AOBCD (Fig. 16), if the 

diagonal AC=^5t BB' (the perpen- 
dicular from Bio AC) = 1, DD' (the 
perpendicular from D to AC)= 1.60, 
^^'=0.25, i?y= 0.25, (?(?' = 0.60, 
^^=0.52, ^^'=0.54, ^^'=0.2, 
^'J^' = 0.50, rff=0A5, 0'Br'== 
0.45, JBT'JT' = 0.60, and ^'5 = 0.40. 
9. Required the area of the field 
AOBCD (Fig. 16), if ^D = 8, AC 
= 5,^5 = 6, angle 2)^(7= 45^ angle 5^C=30^ ^^' = 
0.75, ^i^' = 2.25, ^J5r=2.53, ^ff' = 3.15, ^jE7' = 0.60, 
FF' = 0.40, and 00' = 0.75. 

10. Determine the area of the field ABCD from two inte- 
rior stations, P and P', if PF'=: 1.50 chains, 

angle PP'C7= 89*35', angle P'PP= 3** 36', 

FP'B = 185* 30', F'FA = 113* 45', 

FF'A = 309* 15', P'PjD = 165*40', 

PrD = 349* 45', P'P(7 = 303* 15'. 

11. Determine the area of the field ABCD from two ezte 
rior stations P and P*, if FF^ = 1.50 chains, • 

angle P'PP= 41*10'. angle PP'D= 66*45'. 

rPA^ 55*45'. PP'C7= 95*40', 

P'P(7= 77*20', PP'J9=132*15', 

P'PD = 104*45', PP'^ = 103* 0'. 
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§ 16. Definitions. 

An East and West Lina is a line perpendicular to the mag- 
netic meridian. \ 

The Latitnde of a line is the distance between the east and 
west lines through its extremities. 

The Departnie of a line is the distance between the meridians 
through its extremities. 

Note. When a line extends north of the initial point the latitude is 
^led a northing ; when it extends south, a southing ; when it extends 
^ast the departure is called an easting ; when it extends west, a westing. 

The Meridian Distance of a point is its distance from a meridian. 

Let AB (Fig. 21) represent a line, and NAS the magnetic 
meridian. Let BB^ be perpendicular to N8, 

The bearing of the line AB is the angle 
BAB. 

The latitude of the line AB is AB, 

The departure of the line AB is BB\ 

The meridian distance of the point B is 
BB\ 

In the right triangle ABB\ 

AB' = -4^ X cos BAB\ 
and BB' = AB X sin BAB\ 

Hence, latittide = disUvnce X cos of bearing ^ 
and departure = distance X sin of hearing. 

The latitudes and departures correspond- 
ing to any distance and bearing may be 
found from the above formulas by means of 
a table of natural sines and cosines, or from 
" The Traverse Table." * Fig. 21. 




• See Table VII. of Wentworth <fc Hill's Five-Place Logarithmic and 
Trigonometric Tables. 
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§ 16. Field Notes, Computation, and Plotting. 

The field notes are kept in a book provided for the purpose. 
The page is ruled in three columns, in the first of which is 
written the number of the station ; in the second, the bearing 
of the side ; and in the third, the length of the side. 

Example 1. To survey the field ABCD (Fig. 22). 

H 






Field Notes. 


1 


N. 20<> E. 


8.66 


2 


S. 70<> E. 


5.00 


3 


S. 10** E. 


10.00 


4 


N. 70« W. 


10.00 



(a) To obtain the field notes. 

Place the compass at ii, the first sta- 
tion, and take the bearing of AB (§ 6) ; 
sappose it to be N. 20^ E. Write the re- 
sult in the second colnmn of the field notes 
Irr^D opposite the number of the station. Meas- 
ure AB » 8.66 chains, and write the result 
in the third column of the field notes. 

Place the compass at B, and, after test- 
ing the bearing of AB ($ 6), take the 
bearing of BQ measure BC, and write the 
results in the field notes ; and so continue until the bearing and length 
of each side have been recorded* 

(b) To oompute the area. 



Fig. 22. 



I. 


n. 


m. 


IV. 


V. 


VI. 


vn. 
w. 

• • 9 


vm. 


rx. 


X. 


XI. 


side. 


Bearing. 


Dl9t. 


N. 


8, 


E. 


M.D. 


D.M.D. 


N,A, 


S.A. 


AB 


N.20"E. 


8.66 


AB' 

8.14 


B • • • 


BB' 

2.96 


BB' 
2.06 


BB' 
2.96 


2ABB' 
24.0M4 




BC 


S. TCTE. 


6.00 


• • « • 


B'C 

1.71 


CC 
4.70 


9 • • 


CC 
7.66 


BB'-^CC 
10.62 


• • • • 


2CCBB' 
18.1602 


CD 


S. 10* E. 


10.00 


• ■ • • 


CD' 
0.85 


DD" 

1.74 


• • • 


DD' 
9.40 


CC+DD' 
17.06 


• • • • 


2D'DCC 
168.0«10 


DA 


N.7(yW. 


10.00 


D'A 

8.42 


■ • • B 


• . * . 


DD' 

0.40 





DD' 
9.40 


2ADD' 
82.1480 






66.2424 


186.2012 
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The Borvey may begin at any corner of the field ; but in computing 
the area, the field notes should be arranged so 186.9012 

that the most eastern or most western station M.S4M 

will stand first. For the sake of uniformity, we 2 
shall always begin with the most vfetUm station, ^^ 



129.9588 



M.98 ■q.obains. 



and keep the field on the rigJU in passing around it ^'^^ 

The field notes occupy the first three of the eleven columns in the 
above tablet Columns IV., V., VI., and VII. contain the latitudes 
and departures corresponding to the sides, and taken from the Traverse 
Table. The lines represented by these numbers are indicated imme- 
diately above each number. Column VIII. contains the meridian dis- 
tances of the points B^ C, D, and A, taken in order. Column IX. contains 
the double meridian distances. Their composition is indicated by the 
letters immediately above the numbers. Column X. contains the pro- 
ducts of the double meridian distances by the northings in the same 
line. The first number, 

24.0944 - 2.96 x 8.14 ^BB'xAB' ^2 area of the triangle ABB* ; 
32.1480 - 9.40 x 3.42 - Diy x A/X - 2 area of the triangle ADiy. 

Column XI. contains the products of the double meridian distances by 
the southings in the same line. The first number, 

18.1602 - 10.62 X 1.71 - (55' + CC) x B^C 

- 2 area of the trapezoid C'CBB*; 
168.0410 - 17.06 X 9.86 ^(CC + DU) X lyC 

- 2 area of the trapezoid D'DCC'. 

The sum of the north areas in column X. 

- 56.2424 - 2(^55' + ADiX), 

The sum of the south areab in column XI. 

- 186.2012 - 2{aCBff + lyDCC), 
But (CCBB' + iyDCC)-' {ABB'-^ADD»)^ ABCD. 

Hence. 2{CCBff + D^DCC) - 2{^ABB^ + ADiy) - 2 ABCD ; 
that is. 186.2012 - 56.2424 - 129.9588 - 2 ABCD. 

Hence, area ABCD » } of 129.9588 - 64.9794 sq. ch. - 6.498 acres. 

(c) To make the plot 

The plot or map may be drawn to any desired scale. If a line one 
inch in length in the plot represents a line one chain in length, the plot 
is said to be drawn to a scale of one chain to an inch. In this case the 
plot (Fig. 22) is drawn to a scale of eight chains to an inch. 

Draw the line NA8 to represent the magnetic meridian, and lay off 
the first northing AB^ » 8.14 (§ 12). Draw the indefinite line B^E per- 
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pendicnlar to N8 and lay off B^B, the first eaBting — 2.96. Join A and 
B; then the line AB will represent the first side of the field. Through 
B draw BC^ perpendicular to BB', and make BC" - 1.71, the first 
southing. Through C" draw C"C perpendicular to BC", and equal to 
4.70, the second easting. Join [B and C. The line BC will represent 
the second side of the field. 

Proceed in like manner until the field is completely represented. The 
extremity of the last line i/il, measured from D', should £gJ1 at A. This 
will he a test of the accuracy of the plot. 

By drawing the diagonal AQ and letting fall upon it perpendiculars 
from B and i>, the quadrilateral ABCD is divided into two triangles, 
the bases and altitudes of which may be measured and the area com- 
puted approximately. 

Other methods of plotting will suggest themselves, but the method 
just explained is one of the best. 

Balancing the Work. 

In the survey, we pass entirely around the field ; hence, we 
move just as far north as south. Therefore, the sum of the 
northings should equal the sum of the southings. In like 
manner, the sum of the eastings should equal the sum of the 
westings. In this way the accuracy of the field work may be 
tested. 

In Example 1, the sum of the northings is equal to the sum 
of the southings, being 11.56 in eaph case ; and the sum of the 
eastings is equal to the sum of the westings, being 9.40 in each 
case. Hence, the work balances. 

In actual practice the work seldom balances. When it does 
not balance, corrections are generally applied to the latitudes 
and departures, by the following rules : 

The perimeter of the field : any one side 

: : total error in latitude : correction ; 
: : total error in departure : correction. 

If special difiiculty has been experienced in taking a par* 
ticular bearing, or in measuring a particular line, the correo- 
tions should be applied to the corresponding latitudes and 
departures. 
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The amonnt of error allowable varies in the practice of dif- 
ferent surveyors, and according to the nature of the ground. 
An error of 1 link in 8 chains would not be considered too 
great on smooth, level ground ; while, on rough ground, an 
error of 1 link in 2 or 8 chains 
might be allowed. If the error 
is considerable, the field meas- 
urements should be repeated. 



Example 2. Let it be re- 
quired to survey the field AB 
CDEF{Yig. 23). 





Field Notes. 


1 


N.ya^so'w. 


5.00 


2 


s. le^scw. 


6.00 


3 


N.28«30'W. 


7.07 


4 


N.20*»00'E. 


11.18 


5 


S. 43«3(yE. 


5.00 


6 


S. 13« 3(/ E. 


10.00 



S48.0688 
81.4856 



8 
10 



161.5033 



80.7987 



8.0707 



EzPLAVATiov. The first station 
in the field notes is i>, bnt we re- 
arrange the numbers in the tablet so 
that A stands first. The northings 
and southings balance, bnt the east- 
ings exceed the westings by 1 link. 
We apply the correction to the west- 
ing 4.79 (the distance DE being in 
doubt), making it 4.80, and rewrite 

all the latitudes and departures in the next four columns, incorporating 
the correction. In practice, the corrected numbers are written in red ink. 
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The remainder of the computation does not require expla- 
nation. 

It will be seen that this method of computing areas is 
perfectly general. 

f* § 17. Supplying Omissions. 

If, for any reason, the bearing 
and length of any side do not ap- 
pear in the field notes, the latitude 
and departure of this side may be 
found in the following manner : 

Find the latitudes and departures 
of the other sides as usual. The 
difference between the northings 
and southings will give the north- 
ing or southing of the unknown 
side, and the difference between 
the eastings and westings will give 
the easting or westing of the un- 
known side. 

If the length and bearing of the 
unknown side are desired, they 
may be found by solving the right 
triangle, whose sides are the lati- 
tude and departure found by the method just explained, and 
whose hypotenuse is the length required. 
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§18. Iereoular Boundabies. 

If a field have irregular boundaries, its area may be found 
by offsets, as explained in § 14, Prob. 8. 



§19. Obstbuctions. 

If the end of a line be not visible from its beginning, or if 
the line be inaccessible, its length and bearing may be found 
as follows : 
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1. By means of a random line (§ 4, 3). 

2. When it is impossible to run a random line, whicli is 
frequently tlie case on ai^ount of the extent of the obstruction, 
the following method may be used : ^ 

Let AB (Fig. 24) represent an inaccessible line 
whose extremities A and B only are known, and 
B invisible from A. 

Set flag-6ta£k at convenient points, C and D. 
Find the bearings and lengths of AC, CD^ and DB, 
and then proceed to find the latitude and depar- 
ture of AB, as in § 17. 



S 
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Example. Suppose that we have the following notes (see 
Fig. 24) : 



side. 


Bearing, 


Diet. 


N, 


8. 
2.12 

2.12 


E, 

2.12 
3.60 
2.42 

8.04 


w. 


AC 
CD 
DB 


S. 45«E. 

E. 

N.30»E. 


3.00 
3.50 
4.83 


4.18 
4.18 











Hg. 25. 



418 The northing of AB is 2.06, and the easting, 8.04; which 

2 12 numbers may be entered in the tablet in the columns N. and E., 
77^ opposite the side AB. 

If the bearing and length of AB are required, construct the 
right triangle ABC {Tig. 25), making AC'^ 8.04 and ^C- 2.06. 

' tan^ilC-—- — -0.256, 
AC 8.04 

Hence, the angle BAC-- 1 4^22'. 

Also. AB - VZ^TW - V8.04« + 2.06« - 8.29. 

Therefore, the bearing and length of AB are N. 75*» 38^ E. 8.29. 
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EXEBGISE n. 

Note. In ezunploB 6 and 6 detoan were made on account of inacces* 
iible sides (J 19, 2). The notee of the detours are written in braces. 



1. 



Sts. 

1 


BetHngt, 


Dlwt 


S. 75«»E. 


6.00 


2 


S. 15«E. 


4.00 


3 


S. 75«»W. 


6.93 


4 


N.45'»E. 


5.00 


5 


N.45'»W. 


5.191 



2. 



Sts. 

1 
2 
3 
4 


Bearing: 


Diet. 


N.45«»E. 
S. 75*»E. 
S. 15«W. 
N.45<>W. 


10.00 
11.55 
18.21 
19.11 



3. 



Ste. 

1 
2 
3 

4 


Bearing: 


£7/«f. 


N.15«E. 

N.75«E. 
S. 15«W. 
N.75«W. 


3.00 
6.00 
6.00 
5.20 



4. 



1 


Beeringe. 


Diet. 


N,89«»45'E. 


4.94 


2 


s. roo'w. 


2.30 


3 


S. 28<>00'E. 


1.52 


4 


S. 0«>46'E. 


2.57 


5 


N.84«46'W. 


5.11 


6 


N. 2°30'W. 


5.79 



5. 



Ste. 
1 


Beeringe. 


Diet. 


S. 2^15'E. 


9.68 


m 


N.51«»45'W. 


2.39 


2- 


S. 85«»00'W. 


6.47 


k 


S. 55«»10'W. 


1.62 


3 


N. 3*»45'E. 


6.39 


4 


S. 66*»45'E. 


1.70 


5 


N.15«»00'E. 


4.98 


6 


S.82»45'E. 6.03 



6. 



ste. 



{ 



2 
3 



Beeringe. Diet 



1 



S. 81*»20'W. 
N.76*»30'W. 
N. 5«00'E. 
S. 8r»30'E. 
S. 7*»00'E. 
S. 2r'00'E. 
S. 10»30'E. 
N.76*'45'W. 



4.28 
2.67 
8.68 
5.54 
1.79 
1.94 
5.35 
1.70 



7. 



Ste. 

1 
2 
3 
4 


Beeringe, 


Diet. 


N. 6n5'W. 
S. 81«»50'W. 
S. 5«»00'E. 
N.88«30'E. 


6.31 
4.06 
5.86 
4.12 



Ste, 
1 


Beeringe. 


Diet 


N. 5«»30'W. 


6.08 


2 


S. 82^30'W. 


6.51 


3 


S. 3*»00'E, 


6.33 


4 


E. 


6.72 





9. 




Ste. 


Beeringe, 


Diet, 


1 


N.20°00'E. 


4.621 


2 


N.73*»00'E. 


4.161 


3 


S. 45«»15'E. 


6.181 


4 


S. 38<»30'W. 


8.00 


5 


WwUH. 


WMltec. 



10. 



ste. 



1 
2 
3 
4 
5 
6 
7 
8 
9 



Beeringe, 



S. 3*»00'E. 
S. 86*»45'W. 
S. Sr'OO'W. 
N.81«»00'W. 
N.61*»00'W. 
N.32<»00'E. 
S. 75*»50'E. 
S. 14°46'W. 
S. 79«15'E. 



Diet 



4.23 
4.78 
2.00 
7.45 
2.17 
8.68 
6.38 
0.98 
4.52 
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§ 20. Modification of the Rectanqulab Method. 

The area of a field may be found by a modification of the 
rectangular method, if its aides and interior angles are known. 

Let -4, jB, C, -D, represent the inte- ; 

rior angles of the field ABCD (Fig. 
26). Let the side AB determine the 
direction of reference. 

The bearing of AB, with reference 
to AB, is (f . 

The bearing of BC, with reference 
to AB, is the angle b = ISO**- JB. 

The bearing of CD, with reference a^ 
to AB, is the angle c=^C^b, ng. w. 

The bearing of i>^, with reference to AB, is the angle J =^. 

The area may now be computed by the rectangular method, 
regarding AB as the magnetic meridian. 

As the interior angles may be measured with considerable 
accuracy by the transit, the latitudes and departures should 
be obtained by using a table of natural sines and cosines. 

Ezeecise ni. 

1. Find the area of the field ABCD, in which the angle 
^ = 120^ £==60", (7=160**, and i> = 30*; and the side 
AB = Ai chains, BG^ 4 chains, CD = 6.928 chains, and DA 
= 8 chains. 

2. Find the area of the &rm ABCDE, in which the angle 
A = 106** 19', B = 99** 40', C= 120* 20', D = 86** 8', and E^ 
127**33'; and the side ^5=79.86 rods, jBC= 121.13 rods, 
CD = 90 rods, DE^ 100.66 rods, and EA = 100 rods. 

§21. Oenebal Rehabks ok Deteehikikg Abeas. 

Operations depending upon the reading of the magnetic 
needle must lack accuracy. Hence, when great accuracy is 
required (which is seldom the case in land surveying), the 
rectangular method (§§ 16-19) cannot be employed. 
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The best results are obtained by the methods explained in 
§§ 14 and 20, the horizontal angles being measured with the 
transit, and great care exercised in measuring the lines. 

§22. The Vabiation of the Needle. 

The Hagnetio Dedlination, or variation of the needle, at any 
place, is the angle which the magnetic meridian makes with 
the true meridian, or north and south line. The variation is 
said to be east or west, according as the north end of the 
needle lies east or west of the true meridian. Western vari- 
ation is indicated by the sign +t &xid eastern variation by the 
sign — . • 

Inegolar VaiiationB are sudden deflections of the needle, 
which occur without apparent cause. They are sometimes 
accompanied by auroral displays and thunder storms, and are 
most frequent in years of greatest sun-spot activity. 

Bolar-Dinmal Variation. North of the equator, the north end 
of the needle moves to the west, from 8 A.M. to 1.80 p.m., about 
6' in winter and 11' in summer, and then returns gradually to 
its normal position. 

Seonlar Variation is a change in the same direction for about 
a century and a half; then in the opposite direction for about 
the same time. 

The line of no variation, or the Agonic Line, is a line joining 
those places at which the magnetic meridian coincides with 
the true meridian. In the United States, this line at present 
(1882) passes through Michigan, Ohio, the Virginias, and the 
Carolinas. It is moving gradually westward, so that the varia- 
tion is increasing at places east of this line, and decreasing at 
places west of this line. East of this line the variation is 
westerly, and west of this line the variation is easterly. 

The table on page 85, which has been prepared by permis- 
sion from the report for 1879 of the United States Coast and 
Geodetio Survey, shows the magnetic variation at different 
places in the United States and Canada for several years; 
also, the annual change for 1880, 
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g. . . ^ 


!;|iM II 


r 


43 38.3 

43 04.2 
42 21.5 
42 22.9 
46 48.4 
41 49.5 
41 45.9 

41 18.5 

44 28.2 

42 39.2 
40 42.7 
39 66.9 

39 17.8 

40 15,9 
38 53.3 

42 62.8 

43 39.4 
32 46.6 
42 07.8 
32 04.9 

41 30.3 
24 33.5 

42 20.0 
30 41.4 
20 57.2 
38 38.0 
41 15.7 
32 42.1 
37 47.5 


1 


0.,, W.. 
70 16.6 

70 42.5 

71 03.8 
71 07.7 
71 14.5 

71 24.1 

72 40.4 

72 55.7 

73 12.3 

73 45.8 

74 00.4 

75 00.0 

76 37.0 

76 52.9 

77 00.6 

78 63.5 

79 23.4 

79 65.8 

80 05.4 
31 05.6 

81 42.0 
81 48.5 
83 03.0 
88 02.5 
90 03.9 
90 12.2 
95 56.5 

117 14.3 
122 27.2 
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1.6 

3.7 
2.9 
2.1 
1.6 

■3.7 ' 

4.3 

6.0 

3.7 

2.5 

4.9 

3.9 

3.3 

3.2 

6.0 

4,5 

3.0 

4.2 

3.5 

2.5 

4,2 

3.0 

3.4 

3.5 

3.2 

2.6 
-1.7 

-0.6 


i 


II 
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§23. To Establish a Tbue Meridian. 

This may be done as follows : 

1. By meana of Surt's Solar Oompaas (§ 25). 

2. By observcUums of Polaria. 

The North Star or Polaris revolves about the pole at pres- 
ent at the distance of about 1-^^ ; hence, it is on the meridian 
twice in 28 h. 56 m. (a siderial day), once above the pole 
called the upper culmination, and 11 h. 58 m. later below the 
pole called the lower culmination. It attains its greatest 
eastern or western elongation, or greatest distance from the 
meridian, 5 h. 59 m. after the culmination. 

The following table gives the time of the upper culmination 
of Polaris for 1882. The time is growing later at the rate of 
about one minute in three years. 



Montli. 


FintDay. 


B]«T0&thDay. 


TwtBtj-fintDay. 




H. u. 


//. u. 


H, m. 


January . . 


6 32 P.M. 


6 53 P.M. 


5 13 P.M. 


February . 


4 30 P.M. 


3 50 P.M. 


3 11 P.M. 


March . . . 


2 35 P.M. 


1 56 P.M. 


1 17 P.M. 


April. . . . 


12 29 P.M. 


11 50 A.M. 


11 11 A.M. 


May 


10 31 A.M. 


9 52 A.M. 


9 13 A.M. 


June .... 


8 30 A.M. 


7 51 A.M. 


7 12 A.M. 


July 


6 32 A.M. 


5 53 A.M. 


5 14 A.M. 


August. . . 


4 31 A.M. 


3 52 A.M. 


3 13 A.M. 


September . 


2 29 A.M. 


1 50 A.M. 


1 11 A.M. 


October . . 


12 32 A.X. 


11 52 P.M. 


11 13 P.M. 


November . 


10 30 P.M. 


9 50 P.M. 


9 11 P.M. 


December . 


8 32 P.M. 


7 52 P.M. 


7 13 P.M. 



The time of the upper cuhnincUion of Polaris may be found 
by means of the star Alioth, which is the star in the handle 
of the Dipper (in the constellation of the Great Bear) next to 
the four which form the bowl. It crosses the meridian about 
the same time as Polaris. Suspend from a height of about 20 
feet a plumb-line, placing the bob in a pail of water to lessen 
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its vibrations. About 15 feet south of the plumb-line, upon a 
horizontal board firmly supported at a convenient height, place 
a compass sight fastened to a board a few inches square. At 
night, when Alioth by estimation approaches the meridian, 
place the compass sight in line with Polaris and the plumb- 
line, and move it so , 



as to keep it in this 
line until the plumb- 
line also falls on Ali- 
oth (Fig 27). Note 
the time; then twen- 
ty-two minutes later 
Polaris will be on the 
meridian. 

If the lower cul- 
mination takes place 
at night,the time may 
be found in a similar 



Pol: 



•I 



Pof; 



ng. 27. 



manner. 

Instead of the compass sight, any upright with a small open- 
ing or slit may be used. 

The plumb-line may be made visible by a light held near it. 

(a) To looate fhe true meridiui \sj the position of Folaxis at its 
dununationa 

1. By udng the apparaiua described in finding the time of 
ctdmination. At the time of culmination bring Polaris, the 
plumb-line, and the compass sight into line. The compass 
sight and the plumb-bob will give two points in the true 
meridian. 

2. £7/ means of the transit. Bring the telescope to bear on 
Polaris at the time of culmination, holding a light near to 
make the wires visible, if the observation ia made at night. 
The telescope will then lie in the plane of the meridian, which 
may be marked by bringing the telescope to a horizontal 
position. 
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(b) To locate the meridian by the poeitioa of Polaris at gnateit 
doDgatioiL 

The Arimnth of a star is the angle which the meridian plane 
makes with a vertical plane passing through the star and the 
zenith of observer. 

Let Z (Fig. 28) represent the zenith of the place, P the pole, and N 
Polaris at its greatest elongation. Let ZP, ZN, and PN be 
arcs of great circles, and let iV be a right angle. 

sin PN'' cos(90* - 2P)cos(90« - Z). 

[Spher. Trig. 2 47.] 

Bat ZP-^ the complement of the latitude. 

Hence, 90° - ZP» the latitude of the place. 

Hence, sin PN" cos latitude X sin Z. 

sin PiV 




Hence, sin^— 



cos latitude 



Hence, Z (the azimnth of Polaris) can be found if the lati- 
tude of the place and the greatest elongation of Polaris (PI^) 
are known. 

The following table gives the latter element Jan. 1, 1882-93. 

Gbeatest Elohoatiov of Polabib. 



1882 


1«»19'12.5" 


1886 


1« 17' 56.6" 


1890 


1«»16'40.7" 


1883 


1«» 18' 53.5" 


1887 


r 17' 37.6" 


1891 


r 16' 21.8^' 


1884 


P 18' 34.5" 


1888 


V ir 18.6" 


1892 


ne' 3" 


1885 


1<» 18' 15.5" 


1889 


1« 16' 59.7" 


1893 


1" 16' 44.1" 



The greatest elongation of Polaris, or the polar distance, is 
given in the Nautical Almanac. The table gives this element 
for Jan. 1. It may be found for other dates by interpolation. 

To obtain a line in the dizeotion of Folaria at gnatest dongatioiL 
1. £y tLsing the apparatus for firhding the time of cuhmnor 
tion. A few minutes before the time of greatest elongation 
(5 h. 59 m. after culmination), place the compass sight in line 
with the plumb-line and Polaris, and keep it in line with these 
until the star begins to recede. At this moment the sight and 
plumb-line are in the required line. 
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2. By Tneans of the transit, A few minutes before the time 
of greatest elongation, bring the telescope to bear on the star, 
and follow it, keeping the vertical wire over the star until it 
begins to recede. The telescope will then be in the required 
line. 

To establish the meridian. Having the transit sighted in the 
direction of the line just found, turn it through an angle equal 
to the azimuth in the proper direction. 



§ 24. Dividing Land. 

A few problems in the Division of Land are solved in this 
section, for the purpose of acquainting the student with some 
of the methods employed. The surveyor must, for the most 
part, depend on his general knowledge of Geometry and Trigo- 
nometry, and his own ingenuity, for solutions of the problems 
that arise in practice. 

Problem 1. To divide a triangular field into two parts haying a 
given ratio, by a line through a given vertex. ^ 

Let ABC (Fig. 29) be the triangle, and A the 
given vertex. 

Divide BO at D, so that --— equals the given 

ratio, and join A and D, ABD and ADC will 
be the parts required ; for 

ABDiADC.iBDiDa 



Pboblem 2. To cut off from a 
triangular field a given area, by a 
line parallel to the base. 

Let ABC (Fig. 30) be the triangle, 
and let DE be the division line re- 
quired. 

VABC : y/ADE ..AB: AD, 




.^,AD^AB^j?^ 




ABO 



Fig. 30. 
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Peoblem 3. To dinde any field into two parts having a given 

wtio, hj a line throogh a given point in 
the perimeteTt 

Let A^Ci) J? (Fig. 31) represent the field, 
P the given point, and FQ the required divi- 
sion line. 

The areas of the whole field and of the 
required parts having been determined, run 
the line PD from P to a corner i>, dividing 
the field, as near as possible, as required. 
Determine the area PBCD, 

The triangle PDQ represents the part 
which must be added to PBCD to make the 
Fig. 31. required division. 

Area PD Q - i X P2> X i> C X sin PjD Q. 

Hence DQ- 2areaP2><? , 
nence.ayv p^xsinPDQ 




NoTB. DQ" 



2 area PDQ 



perpendicular from P on DE" 
Pon 2)^ may be run and measured directly. 



This perpendicular from 



Peobleh 4. To divide a field into a given nnmber of parts, 

B 80 that aooess to a pond of water is given 

to eaoh* 

Let ABODE (Fig 32) represent the field, 
and Pthe pond. Let it be required to divide 
the field into four parts. Find the area of 
the field and of each part 

Let AP be one division line. Run PE, 
and find the area APE. Take the differ- 
ence between APE and the area of one of 
the required parts ; this will give the area 
of the triangle PQE, from which QE may be 
found, as in Problem 3. Join P and Q\ 
PAQ will be one of the required parts. In 

like manner, PQB and PAS are determined ; whence, PSB must be the 

fourth part required. 
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EZEBCISE IV. 

■ 

1. From the square ABCD, containing 6 A. 1 &. 24 p., 
part off 8 A. by a line J^jP parallel to AB, 

2. From the rectangle ABCD, containing 8 A. 1 &. 24 P., 
part off 2 A. 1 E. 32 p. by a line EF parallel to AD = 7 ch. 
Then, from the remainder of the rectangle, part off 2 A. 8 e. 
25 p., by a line (? JET parallel to EB. 

8. Fart off 6 A. 8 E. 12 p. from a rectangle ABCD^ con* 
taining 15 A., by a line J?^ parallel to AB ; AD being 10 ch. 

4. From a square ABCD^ whose side is 9 ch., part off a 
triangle which shall contain 2 A. 1 E. 86 p., by a line BE 
drawn frx)m B to the side AD. 

5. From ABCD^ representing a rectangle, whose length is 
12.65 ch., and breadth 7.58 ch., part off a trapezoid which 
shall contain 7 A. 8 E. 24 p., by a line BE drawn from B to 
the side DC. 

6. In the triangle ABO, AB =12 ch., AC= 10 ch., and 
BC= 8 ch. ; part off 1 A. 2 e. 16 p., by the line DE parallel 
to ^5. 

7. In the triangle ABC, -4j5 = 26 ch., -4(7=20 ch., and 
BC= 16 ch. ; part off 6 A. 1 E. 24 p., by the line DE par- 
allel to AB. 

8. It is required to divide the triangular field ABC among 
three persons whose claims are as the numbers 2, 8, and 5, so 
that they may all have the use of a watering-place at C\ AB 
= 10 ch., AC= 6.85 ch., and CB = 6.10 ch. 

9. Divide the five-sided field ABCHE among three per- 
sons, X, T, and Z, in proportion to their claims, X paying 
$500, T paying $750, and Z paying $1000, so that each may 
have the use of an interior pond at P, the quality of the land 
being equal throughout. Given AB = 8.64 ch., BC= 8.27 ch., 
Cfl"= 8.06 ch., HE= 6.82 ch., and EA = 9.90 ch. The per- 
pendicular PD upon AB = 5.60 ch., PjD' upon BC= 6.08 ch., 
PD" upon Cff=4.80 ch., PD^'' upon ME=5Ai ch., and 
PD"" upon EA = 5.40 ch. Assume PJJ as the divisional 
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fence between X 's and Z *s shares ; it is required to determine 
the position of the fences PJK'and PN between X 's and Y 's 
shares and Y *s and Z 's shares, respectively. 

10. Divide the triangukx field ABC, whose sides AB, AO^ 
and BO are 15, 12, and 10 ch., respectively, into three equal 
parts, by fences EO and J9i^ parallel to BO. 

11. Divide the triangular field ABO, whose sides AB, BO, 
and ^(7 are 22, 17, and 15 ch., respectively, among three per- 
sons. A, B, and 0, by fences parallel to the base AB, so that 
A may have 8 A., B, 4 A., and 0, the remainder. 



25. United States Public Lands. 
BurCs Solar Oompass. 

This instrument, which is exhibited on the following page, 
may be used for most of the purposes of a compass or transit. 
Its most important use, however, is to run north and south 
lines in laying out the public lands. 

A full description of the solar compass, with its principles, 
adjustments, and uses, forms the subject of a considerable vol- 
ume, which should be in the hands of the surveyor who uses 
this instrument. The limits of our space will allow only a 
brief reference to its principal features. 

The main plate and standards resemble these parts of the 
compass. 

a is the IcUitude are. 

b is the declination are. 

A is an arm, on each end of which is a solar lens having its 
focus on a silvered plate on the other end. 

c is the hour arc. 

n is the needle-box, which has an arc of about 86^ 

To nm a north and south lioe with the solar compass. Set off 
the declination of the sun on the declination arc. Set off the 
latitude of the place (which may be determined by this instru- 
ment) on the latitude arc. Set the instrument over the station, 
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level, and turn the dghta in a north and south direction, ap< 
proximat«lf , by the needle. Turn the eolor lens toward the 
enn, and bring the bod'b image between the equatorial lines on 
the silvered plate. Allowance being made for refraction, the 
sights will then indicate a true north and south line. 

The Solar AUachmetUfar TransiU. 

This consiBta, essentially, of the solar apparatna of the Bolar 
compass attached to the telescope of the ordinary transit. 

Laifmg Oui the PubHc Lcmdt. 

The public lands north of the Ohio Kiver and west of the 
Mississippi are generally laid out in townships approximately 
ni miles square. 

A Frindpal Meridiaiit or true north and south line, is first 
ran by means of Burt's Solar Compass, and then an east and 
west line, called a Bau Uno. 

Parallels to the base line are run at intervals of six miles, 
and north and south lines at 
the tame intervals. Thus, the 
tract would bo divided into 
townehipe exactly six miles 
square, if it were not for the 
convergence of the meridians 
on account of the curratore of 
the earth. 

The north and south lines, 
or meridians, are called Suigfl 
Unas. The east and west lines, 
or parallels, are called Town- 

,. -. Fig. )J. 

■nip Ijitiwl 

Let N8(^\g. 83) represent a principal meridian, and WE 
a base line ; and let tiie other lines represent meridians and 
parallels at int«rvals of six miles. 

The small squares, A, £, 0, etc., will represent townships. 
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A would be designated thus : T. 3 N., B. 2 W. ; that is, 
township three north, range two west; which means that the 
township is in the third tier north of the base line, and in the 
second tier west of the principal meridian. £ and 0, respec- 
tively, would be designated thus : T. 4 S., R. 3 W. ; and 
T. 2 N., R. 2 E. 

The townships are divided into sections approximately one 

mile square, and the sections are di- 
vided into quarter-sections. The town- 
ship, section, and quarter-section comers 
are permanently marked. 

The sections are numbered, beginning 
at the north-east comer, as in Fig. 34, 
which represents a township divided 
into sections. The quarter-sections are 
^'' ^' designated, according to their position, 

as N.E., N.W., S.E., and S.W. 

Every fifth parallel is called a Standard Parallel or Ooireotion 
Line. 
Let ^^^(Fig. 35) represent a principal meridian ; WU a base 

line ; rp, etc. , meridians ; and 
ma the fifth parallel. If Op 
equals six miles, mr will be 
less than six miles on account 
of the convergence of the 
meridians. Surveyors are 
instructed to make Op such 
a distance that mr shall be 
six miles ; then mA, Ai, etc., 
are taken similarly. At the 
correction lines north of ma 
the same operation is re- 
peated. 

The township and section 
lines are surveyed in such an 
order as to throw the errors on the north and outer townships 
and sections. 
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If, in running a line, a navigable stream or a lake more than 
one mile in length is encountered, it is meandered by marking 
the intersection of the line with the bank and running lines 
from this point along the bank to prominent points which are 
marked, and the lengths and bearings of the connecting lines 
recorded. 

Six principal meridians have been established and con- 
nected. In addition to these there are several independent 
meridians in the Western States and Territories which will in 
time be connected with each other and with the eastern 
system. 

§26. Planb-Table Surveyinq.* 

After the principal lines of a survey have been determined 
and plotted, the details of the plot may be filled in by means 
of the plane-table ; or, when a plot only of a tract of land is 
desired, this instrument affords the most expeditious means of 
obtaining it. 

An approved form of the plane-table, as used in the United 
States Coast and Geodetic Survey, is shown in the plate on 
page 49. 

The TaUe-top is a board of well-seasoned wood, panelled 
with the grain at right angles to prevent warping, and sup- 
ported at a convenient height by a Tripod and Levelling 
Head. 

The Alidade is a ruler of brass or steel supporting a telescope 
or sight standards, whose line of sight is parallel to a plane 
perpendicular to the lower side of the ruler, and embracing 
its fiducial edge. 

The DeolinatQiie consists of a detached rectangular box con- 
taining a magnetic needle which moves over an arc of about 
10^ on each side of the 0. 

*Iii prepftring tHis section the writer has eonsalted, hj permission, the treat- 
im on the plane-table hj Mr. E. Hergesheimer, contained in the report for 1880 
of the U.S. Coast and Geodetic Surrey. 
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Two spirit levels at right angles are attached to the mler or 
to the declinatoire. In 'some instruments these are replaced 
by a circular level, or hj a detached spirit level. 

The paper upon which the plot is to be made or completed 
is fastened evenly to the board by clamps, the surplus paper 
being loosely rolled under the sides of the board. 

To place the table in position. This operation, which is some- 
times called orienting the table, consists in placing the table 
so that the lines of the plot shall be parallel to the correspond- 
ing lines on the ground. 

This may be accomplished by turning the table until the 
needle of the declinatoire indicates the same bearing as at a 
previous station, the edge of the declinatoire coinciding with 
the same line on the paper at both stations. 

If, however, the line connecting the station at which the 
instrument is placed with another determined station is already 
plotted, the table may be placed in position by placing it over 
the station so that the plotted line is by estimation over and 
in the direction of the line on the ground ; then making the 
edge of the ruler coincide with the plotted line, and turning 
the board until the line of sight bisects the signal at the other 
end of the line on the ground. 

To plot any point. Let ai on the paper represent the line 
A£ on the ground; it is required to plot c, representing O on 
the ground. 

1. £1/ intersection. 

Place the table in position at A (Fig. 36), plumbing a over A^ and 

making the fiducial edge of the 
ruler paas through a; turn the 
alidade about a until the line of 
sight bisects the signal at Q and 
draw aline along the fiducial edge 
of the ruler. Place the table in 
position at B^ plumbing 5 over B, 
and repeat the operation just de- 
scribed, e will be the interseo- 
Rg. 36. tion of the two lines thus drawn. 
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2. By resection. 

Place the table in poeition at A (Fig. 37), and draw a line in the di- 
rection of C, as in the former case; then remove the instrument to Q 
place it in position by the line drawn 
from a, make the edge of the mler 
pass through b, and turn the alidade 
about 5 until ^ is in the line of 
sight. A line drawn along the 
edge of the ruler will intersect the 
line from a in e. 

8. £i/ rcuiiation. 

Place the table in position at A 
(Fig. 38), and draw a line from a 
toward C, as in the former cases. 
Measure AC, and lay off ae to the 
same scale as ab. 

To plot a field ABCD 

1. By radiation. 

Set up the table at any point P, 
and mark p on the paper over P. 
Draw indefinite lines fr^m p to- 
ward A, B, Q Measure FA, 

PB, , and lay off jxi, ph , to a suitable scale, and join a and 6, 

h and e, c and d, etc. 

2. By progression. 

Set up the table at J., and draw a line from a toward P. Measure 
AB, and plot a& to a suitable scale. Set up the table in position at P, 
and in like manner determine and plot he, etc. 

8. By intersection. 

Plot one side as a base line. Plot the other corners by the method of 
intersection, and join. 

4. By resection. 

Plot one side as a base line. Plot the other comers by the method of 
resection, and join. 




Rg. 38. 
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The Three BmU Problem. 

Let Af B, C represent three points determined and plotted 
as a, &, (Fig. 89) ; it is required to plot by the plane-table, 
d representing a fourth undetermined point 2). 




Rg. 99. 



Determine the point d by the method of resection ; first, 
from A and B^ then from A and C. If the three lines from 
a, h, and c meet in a point, this will determine d. Ordinarily, 
they will not meet in a point, but will form a triangle of error ^ 
ac be ah. Through a, &, and oi ; a, c, and ac\ and b, c, and 
bCf respectively, pass circumferences of circles; these three 
circles will intersect in the required point d. 



CHAPTER III. 



TBIAKGULATION.* 



§27. Intboductoby Reicabks. 

Gleographical positions upon the surfiace of the earth are 
commonly determined by systems of triangles which connect & 
carefully determined base line with the points to be located. 

Let i^(Fig. 40) represent a point whose position with refer- 
ence to the base line A£ is 
required. Connect ^^ with 
JP by the series of triangles 
ABO, ACD, ALE, and 
DEF, so that a signal at C 
is visible from A and B, a 
signal at D visible from A 
and C, a signal at E visible 
from A and D, and a signal at F visible from D and E. In 
the triangle ABC, the side AB is known, and the angles at 
A and B may be measured; hence, AC may be computed. 
In the triangle ACD, AC\a known, and the angles at A and 
C may be measured ; hence, AD may be computed. In like 
manner DE and EF or DF may be determined. DF, or 
some suitable line connected with DF, may be measured, and 
this result compared with the computed value to test the 
accuracy of the field measurements. 



* In preparing this ehftpier the writer has eonsnlted, bj permission, recent 
reports of the United States Coast and Qeodetio Sonrey. 
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Three orders of triangulation are recognized ; viz. : 

Primarj, in which the sides are from 20 to 150 miles in 
length. 

Seooudaay, in which the sides are from 5 to 40 miles in 
length, and which connect the primary with the tertiary. 

Tertiazy, in which the sides are seldom over 5 miles in 
length, and which bring the survey down to such dimensions 
as to admit of the minor details being filled in by the compass 
and plane-table. 

§ 28. The Measurement of Base Lutes. 

Base lines should be measured with a degree of accuracy 
corresponding to their importance. 

Suitable ground must be selected and cleared of all obstruc- 
tions. Each extremity of the line may be marked by cross 
lines on the head of a copper tack driven into a stub which is 
sunk to the surface of the ground. Poles are set up in line 
about half a mile apart, the alignment being controlled by a 
transit placed over one end of the line. 

The preliminan/ meaauremerU may be made with an iron 
wire about one-eighth of an inch in diameter and 60" in 
length. In measuring, the wire is brought into line by means 
of a transit set up in line not more than one-fourth of a mile 
in the rear. The end of each 60" is marked with pencil lines 
on a wooden bench whose legs are thrust into the ground after 
its position has been approximately determined. If the last 
measurement exceeds or falls short of the extremity of the line, 
the difference may be measured with the 20" chain. 

The final meaauremerU is made with the base apparatus, 
which consists of bars 6" long, which are supported upon 
trestles when in use. These bars are placed end to end, and 
brought to a horizontal position, if this can be quickly accom- 
plished ; if not, the angle of inclination is taken by a sector, 
or a vertical offset is measured with the aid of a transit, so 
that the exact horizontal distance can be computed. 
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A thermometer is attached to each bar, so that the tempera- 
ture of the bar may be noted and a correction for temperature 
applied. 

The method of measuring lines varies according to the re- 
quired degree of accuracy in any particular case, but the brief 
description given above will give the student a general idea 
of the methods employed. 

§29. The Measubement of Angles. 

Angles are measured by large theodolites, and the reading 
taken by microscopes to single seconds. 

In order to eliminate errors of observation, and errors aris- 
ing from imperfect graduation of the circles, a large number 
of readings is made and their mean taken. Two methods are 
in use; viz., repetition and series. 

The method of rq>etiiion consists, essentially, in measuring 
the angles about a point singly, then taking two adjacent 
angles as a single angle, then three, etc. ; thus " closing the 
horizon,*' or measuring the whole angular magnitude about a 
point in several different ways. 

The method of series consists, essentially, in taking the 
readings of an angle with the circle or limb of the theodolite 
in one position, then turning the circle through an arc and 
taking the readings of the same angle again, etc. ; thus read* 
ing the angle from successive portions of the graduated circle. 

On account of the curvature of the earth, the sum of the 
three angles of a triangle upon its surface exceeds 180^. This 
spherical excess^ as it is called, becomes appreciable only when 
the sides of the triangle are about 5 miles in length. To 
determine the angles of the rectilinesu: triangle having the 
same vertices, one-third of the spherical excess is deducted 
from each spherical angle. 



CHAPTER IV, 



LEVELLING. 



§80. Definitions, Cubyatube, and Refbaction. 

A Level Sni&oe is a surface parallel with the sorfGU^e of still 
water. 
A Level Line is a line in a level sarface. 
Levelling is the process of finding the difference of level of 
two places, or the distance of one place above or below a level 
line through another place. 

The Lme of Apparent Level of a place is a tangent to the level 
line at that place. Hence, the line of apparent level is per- 
pendicular to the plumb-line. 

The Ooiieotion for Onrvatnie is the deviation of the line of 
apparent level from the level line for any distance. 

Let t (Fig. 41) represent the line of apparent level of the 

place P, a the level line, d the diame- 
ter of the earth ; then c represents the 
correction for curvature. To compute 
the correction for curvature: 

fi = c{c + d). 

Therefore, c = ; = — 

c+d d 

approximately, since c is very small 
compared with d, and t = a without 
appreciable error. 
Since d is constant (= 7920 miles, nearly), the correction for 
curvature varies as the square of the distance. 




Fig. 41. 



THE LErSLLING BOD. 

ExAKPLK 'What is the correction for cDrT&- 
tore for 1 mile? 

By subetitntiDg id the formnlft deduced 
above, cf 

HeDce, the correction for cnrratare for any 
dietance may be found in incheB, approiimate- 
ly, by multiplying 8 by the square of the dia- 
tance expressed in miles. 

A correction for the reiraction of the rays of 
light is sometimes made by decreasing the cor- 
rection for curvature by one-sixth of itself. 

§31. The Y Level. 

This instrument is shown on page 59. 

The teUacf^e is about 20 inches in length, 
and rests on supports called T's, &om their 
shape. The BpvrU level is underneath the tel- 
escope, and attached to it. The leoelling-h^ad 
and tripod are similar to the same parts of the 
tjansit. 

§32. The LBVBLLiira Rod. 

The rod shown in Fig. 42 is known as the 
New York levelUng rod. It is made of two 
pieces of wood, sliding upon each other, and 
held together in any position by a clamp. The 
front surface of the rod is graduated to hun- 
dredths of a foot up to 6} feet. 

The target slides along the front of the rod, 
and is held in place by two springs which press 
upon the sides of the rod. It has a square 
opening at the centre, through which the divi- 
don line of the rod opposite to the horizontal 
line of the tai^et may be seen. It carries a 
vernier by which heights may be read to thou- 
sandths of a foot (§ 7). 
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If a greater height than 6^ feet is desired, the target is 
made fast with its horizontal line at 6^ feet from the lower 
end. The back part of the rod is then moved up until the 
target is at the required height, and the reading is taken at 
the side of the rod. When fully extended the rod is 12 feet 
long. 

§33. DiFFEBENGE OF LeVEL. 

To find the difference of leyel between two places visible from an 
intermediate place. 

Let A and £ (Fig. 43) represent the two places. Set the 
T level at a station equally distant, or nearly so, from A and 




Fig. 43. 

J5j but not necessarily on the line AB, Place the legs of the 
tripod firmly in the ground, and level over each opposite pair 
of levelling screws, successively. Let the rodman hold the 
levelling rod vertically at A. Bring the telescope to bear up- 
on the rod (§ 8), and by signal direct the rodman to move the 
target until its horizontal line is in the line of apparent level 
of the telescope. Let the rodman now record the height AA' 
of the target. In like manner find BJB'. The difference be- 
tween AA* and ££' will be the difference of level required. 
If the instrument be equally distant from A and J?, or nearly 
so, no correction for curvature will be necessary. 

If the instrument be set up at one station, and the rod at 
the other, the difference between the heights of the optical 
axis of the telescope and the target, corrected for curvature 
and refraction, will be the difference of level required. 
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To find the diff ennoe of level of two plaoes, one of whioh oannot 
be seen from the other, and both inTisible from the same piaoe; or, 
when the two plaoes differ oonndezaUj in lereL 

Let A and D (Fig. 44) represent the two places. Place the 
level midway between A and some intennediate station B. 




Fig. 44. 



Find AA' and BJ^, as in the preceding case, and record the 
former as a back-sight and the latter as & fore-sight. Select 
another intennediate station C, and in like manner find the 
back-sight B£" and the fore-sight CC] and so continue until 
thfe place D is reached. The diflFerence between the sum of the 
fore-sights and the sum of the back-sights will be the difference 
of level required. 

§ 84. Levelling for Section. 

The intersection of a vertical plane with the surface of the 
earth is called a Section or Profile. The term profile, however, 
usually designates the Plot or representation of the section on 
paper. 

LeveUing for Begtion is levelling to obtain the data necessary 
for making a profile or plot of any required section. 

A profile is made for the purpose of exhibiting in a single 
view the inequalities of the surface of the ground for great 
distances along the line of some proposed improvement, such 
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as a railroad, canal or ditch, and thus fiftcilitating the estab- 
lishment of the proper grades. 

The data necessary for making, a profile of any required 
section are, the heights of its different points above some 
assumed horizontal plane, called the Datum FlanSf together 
with their horizontal distances apart or from the beginning of 
the section. 

The position of the datum plane is fixed with reference to 
some permanent object near the beginning of the section, 
called a Bench Ibrki and, in order to avoid negative heights, 
is assumed at such a distance below this mark that all the 
points of the section shall be above it. 

The heights of the different points of the section above the 
datum plane are determined by means of the level and lev- 
elling-rod ; and the horizontal length of the section is meas- 
ured with an engineer's chain or tape, and divided into equal 
parts, one hundred feet in length, called BtationBi marked by 
stakes numbered 0, 1, 2, 8, etc. 

Where the ground is very irregular, it may be necessary, 
besides taking sights at the regular stakes, to take occasional 
sights at points between them. If, for instance, at a point 
sixty feet in advance of stake 8 there is a sudden rise or fall 
in the surface, the height of this point would be determined 
and recorded as at stake 8.60. 

The readings of the rod are ordinarily ta.ken to the nearest 
tenth of a foot, except on bench marks and points called 
turning points j where they are taken to thousandths of a foot 

A Turning Point is a point on which the last sight is taken 
just before changing Uie position of the level, and the first 
sight from the new position of the instrument. A turning 
point may be coincident with one of the stakes, but must 
always be a hard point, so that the foot of the rod may stand 
at the same level for both readings. 

To explain the method of obtaining the field notes necessary 

for making a profile, let 0, 1, 2, 3 II (Fig. 45) represent 

a portion of a section to be levelled and plotted. Establish a 
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bench mark at or near the beginning of the line, measure the 
horizontal length of the section, and set stakes one hundred 



feet apart, numbering them 0, 1, 2, 3, 
etc. Place the level at some point, 
as between 2 and 8, and take the 
reading of the rod on the bench 
= 4.832. Let PP represent the 
datum plane, saj 15 feet below the 
bench mark, then 

15 + 4.832 = 19.832 



will be the height of the line of sight 
AB, called the Height of the Instra* 
ment, above the datum plane. Now 
take the reading at = 5.2 = 0^1, 
and subtract the same from 19.832, 
which leaves 14.6 = OP, the height 
of the point above the datum plane. 
Next take sights at 1, 2, 3, 3.40, 
and 4 equal respectively to 3.7, 3.0, 
5.1, 4.8, and 8.3, and subtract the 
same from 19.832; the remainders 
16.1, 16.8, 14.7, 15.0, and 11.5 will 
be the respective heights of the 
points 1, 2, 8, 3.40, and 4. Then, 
as it will be necessary to change the 
position of the instrument, select a 
point in the neighborhood of 4 suit- 
able as a turning point {tp, in the 
figure), and take a careful reading 
on it = 8.480; subtract this from 
19.832, and the remainder, 11.352, 
will be the height of the turning 
point. Now carry the instrument 
forward to a new position, as between 5 and 6, shown in the 
figure, while the rodman remains at tp, ; take a second reading 
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on t.p, = 4.102, and add it to 11.352, the height of tp. above 
PF^ ; the sum 15.454 will be the height of the instrument 
CD in its new position. Now take sight upon 5, 6, and 7, 
equal respectively to 4.9, 2.8, and 0.904 ; subtract these sights 
from 15.454, and the results 10.6, 12.7, and 14.550 will be the 
heights of the points 5, 6, and 7 respectively. The point 7, 
being suitable, is made a turning point, and the instrument is 
moved forward to a point between 9 and 10. The sight at 
7 = 6.870 added to the height of 7 gives 21.420 as the height 
of the instrument UF in its new position. The readings at 
8, 9, 10, and 11, which are respectively 5.4, 3.6, 5.8, and 9.0, 
subtracted from 21.420, will give the heights of these points, 
namely, 16.0, 17.8, 15.6, and 12.4. 

Proceed in like manner until the entire section is levelled, 
establishing bench marks at intervals along the line to serve 
as reference points for future operations. A record of the work 
described above is kept in a field book as follows : 



Sttthn. 


+ s. 


H.I, 


-& 


H,S, 


Remarka, 


B 


4.832 






15. 


Bench on rock 20 ft 







19.832 


5.2 


14.6 


Boaih of 0. 


1 






3.7 


16.1 




2 






3.0 


16.8 




3 






5.1 


14.7 


3 to 3.40 tornpike road. 


3.40 






4.8 


15.0 




4 






8.3 


11.5 




tp. 


4.102 




8.480 


11.352 




5 




15.454 


4.9 


10.6 




6 






28. 


12.7 




7 


6.870 




0.904 


14.560 




8 




21.420 


5.4 


16.0 




9 






3.6 


17.8 




10 






5.8 


15.6 




11 






9.0 


12.4 




B 










Bench on oak stump 


12 










27 ft. N.E. of 12, 


etc. 










etc. 
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The first coltimn contains the numbers or names of all the 
points on which sights are taken. The second column con- 
tains the sight taken on the first bench mark, and the sight on 
each turning point taken immediately after the instrument 
has been moved to a new position. These are called Flxis 
Sights {+S.) because they are added to the heights of the 
points on which they are taken to obtain the height of the 
instrument given in the third column (JT!/.). The fourth 
column contains all the readings except those recorded in the 
second column. These are called Minns Bights (— S.) because 
they are subtracted from the numbers in the third column to 
obtain all the numbers in the fifth column except the first, 
which is the assumed depth of the datum plane below the 
bench. The fifth column contains the required heights of all 
the points of the section named in the first column together 
with the heights of all benches and turning points. 

To find the difierence of level between any two points of 
the section, we have only to take the difierence between the 
numbers in the fifth column opposite these points. 

The real field notes are contained in the first, second, fourth, 
and last columns ; the other columns may be filled after the 
field operations are completed. The field book may contain 
other columns; one for height of grade {H.O.), another for 
depth of ont ((7.), and another for height of embankment or fill 
iF.). 

To plot the section. Draw a line PP (Fig. 45), to repre- 
sent the datum plane, and beginning at some point as P, lay 
off the distances 100, 200, 300, 340, 400 feet, etc., to the right, 
using some convenient scale, say 250 feet to the inch, as in the 
figure. At these points of division erect perpendiculars equal 
in length to the height of the points 0, 1, 2, 3.40, 4, etc., 
given in the fifth column of the above field notes, using in 
this case a larger scale, say 20 feet to the inch. Through the 
extremities of these perpendiculars draw the irregular line 

0, 1, 2, 3 11, and the result, with some explanatory figures, 

will be the required plot or profile. 
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The making of a profile is much simplified hj the use of 
profile paper f which may be had by the yard or roll. 

If a horizontal plot is required, the bearings of the differ- 
ent portions of the section must be taken. 



§ 35. Substitutes foe the Y Level. 

For many purposes not requiring accuracy, the following 
simple instruments in connection wi^ a graduated rod will be 
found sufficient. 



I 



T 






Fig, 46. 



Hg. 47. 



V* 

Fig. 46. 



The Flnmb Lsvel (Fig. 46) consists of two pieces of wood 
joined at right angles. A straight line iB drawn on the up- 
right perpendicular to the upper edge of the cross-head. 

The instrument is fastened to a support by a screw through 
the centre of the cross-head. The upper edge of the cross-head 
is brought to a level by making the line on the upright coin- 
cide with a plumb-line. 

A modified form is shown in Fig. 47. A carpenter's square 
is supported by a post, the top of which is split or sawed so as 
to receive the longer arm. The shorter arm is made vertical 
by a plumb-line which brings the longer arm to a level. 

The Water Level is shown in Fig. 48. The upright tubes are 
of glass, cemented into a connecting tube of any suitable ma- 
terial. The whole is nearly filled with water, and supported 
at a convenient height. The surface of the water in the up- 
rights determines the level. 

By sighting along the upper surface of the block in which 
the -Spirit Level is mounted for the use of mechanics, a level 
line may be obtained. 
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Exercise V. 

1. Find the difference of level of two places from the fol- 
lowing field notes : back-sights, 5.2, 6.89 and 4.0 ; fore-sights, 
8.1, 9.5, and 7.9. 

2. Write the proper numbers in the third and fifth columns 
of the following table of field notes, and make a profile of the 
section. 



station. 


+ 5. 


H.h 


-S. 


H.3. 


• 

Rem»rka. 


B 


6.944 






20. 


Bench on post 22 ft 









7.4 




north of 0. 


1 






5.6 






2 






3.9 






3 






4.6 






t 


3.865 




5.513 








* 


4.9 






5 






3.5 






6 






1.2 







3. Stake of the following notes stands at the lowest point 
of a pond to be drained into a creek ; stake 10 stands at the 
edge of the bank, and 10.25 at the bottom of the creek. Make 
a profile, draw the grade line through and 10.25, and fill 
out the columns S.O. and C, the former to show the height of 
grade line above the datum, and the latter, the depths of cut 
at the several stakes necessary to construct the drain. 



Station, 


+ & 


H.I, 


-S, 


H.S, 


H.e. 


c. 


Romarks, 


B 


6.000 






25. 






Bench on rock 









10.2 




20.8 


0.0 


30 feet west of 


1 






5.3 






6.3 


stake 1. 


2 






4.6 




) 




\ 


3 






4.0 


• 








4 






6.8 










5 


4.572 




7.090 










6 






3.9 










7 






2.0 










8 






4.9 








, 


9 






4.3 










10. 






4.5 










10.25 






11.8 
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§ 86. Topographical Levelling. 

The principal object of topographical surveying is to show 
the contour of the ground. This operation, called topographi- 
cal levelling, is performed hj representing on paper the 
curved lines in which parallel horizontal planes at uniform 
distances apart would meet the surface. 

It is evident that all points in the intersection of a horizontal 
plane with the surface of the ground are at the same level. 
Hence, it is only necessary to find points at the same level, 
and join these to determine a line of intersection. 

The method commonly employed will be understood by a 
reference to Fig. 49. The ground ABCD is divided into 
equal squares, and a numbered stake driven at each intersec- 
tion. By means of a level and levelling rod the heights of the 
other stations above m and D^ the lowest stations, are deter- 
mined. A plot of the ground with the intersecting lines is 

then drawn, and the height of 
D r c each station written as in the 

figure. 

Suppose that the horizontal 
planes are 2 feet apart ; if the 
first passes through m and 2>, 
the second will pass through p, 
which is 2 feet above m\ and 
since n is 3 feet above m, the 
second plane will cut the line 
Tnn in a point 8 determined by 
the proportion mn : ttw : : 8 : 2. 
In like manner the points t, q^ 
and r are determined. 

The irregular line Up qr represents the intersection of 

the second horizontal plane with the surface of the ground. 
In like manner the intersections of the planes, respectively, 
4, 6, and 8 feet above m, are traced. 

It is evident that the more rapid the change in level the 
nearer these lines will approach each other. 




Fig 49. 



CHAPTEE V, 



BAILBOAD SURVEYIKG. 



§37. General Behabks. 

When the general ^oute of a railroad has been determined, 
a middle surface line is run with the transit. A profile of this 
line is determined, as in § 84. The levelling stations are com- 
monly 1 chain (100 feet) apart. Places of different level are 
connected by a gradient line, which intersects the perpendic- 
ulars to the datum line at the levelling stations in points 
determined by simple proportion. Hence, the distance of each 
levelling station, above or below the level or gradient line 
which represents the position of the road bed, is known. 



§38. Cbosb Section Work. 




ExoavationB. If the road bed lies below the surface, an exca- 
vation is made. 

Let ACDB (Fig. 50) represent a cross section of an excava- 
tion, /a point in the middle surface line, /' the corresponding 
point in the road bed, and CD the width of the excavation at 
the bottom. The slopes at the sides are commonly made so 
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that AA' = iA'C, and BB'^^DB'. ff and CD being 
known, the points A, £, C\ and D' are readily determined by 
a level and tape measure. 

If from the area of the trapezoid ABffA' the areas of the 
triangles AA'C^jii BB'D be deducted, the remainder will be 
the area of the cross section. 

In like manner the cross section at the next station may be 
determined. These two cross sections will be the bases of a 
frustum of a quadrangular pyramid whose volume will be the 
amount of the excavation, approximately. 

Embankments. If the road bed lies above the sur£Ekce, an 
embankment is made, the cross section of which is like that of 
the excavation, but inverted. 



A' 



B* 




Fig. 51. 



Fig. 51 represents the cross section of an embankment 
which is lettered so as to show its relation to Fig. 50. 



§39. Railboad Cubves. 

When it is necessary to change the direction of a railroad, 
it is done gradually by a 
curve, usually the arc of 
a circle. 

Let AB and AO (Fig. 
52) represent two lines to 
be thus connected. Take 
AD = AE=t The in- 
tersection of the perpen- 
diculars DO and EC de- 
termines the centre CJ and ^' **' 
the radius of curvature DC^r. The length of the radius 




BAILROAD CUBVES. 
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of caryatnre will depend on the angle A and the tangent AD. 
For, in the right triangle ADC, 



tAu DAO= 



— .ortani^=- 



Hence, r = ^ tan ^ J.. 



Exit Method. 




Rg. 53. 




To Lay out the Ourve. 

Let Dm (Fig. 53) represent a portion of the 

tangent. It is required to find mP, the 

perpendicular to the tangent meeting the 

curve at P. 

mP=^Dn = CD'-On. 

CD=^r, 

Hence, mP = r — Vr* — ^. 

Second Method. It is required to find 

mP (Fig. 64) in the direction of the 

centre. 

wP=m(7-PC 



Ftg. 54. 



But mC = ^D(f+ Drtf = VrM^. 
Hence, 

Third Method. Place transits at D and E (Fig. 55). Direct 

the telescope of the former 
to E, and of the latter to A, 
Turn each toward the curve 
the same number of degrees, 

fl"-'' -"V and mark P, the point of 

intersection of the lines of 

Q sight. P will be a point in 

the circle to which AD and 

AE are tangents at D and E, respectively. 




Fig. 55. 
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Fonrfli XethocL Measare the angle A and the tangents 
-4-0 = ^^ (Fig. 56). Com- ^ 

pute r. Select any distance ^^^ \ 

I (the length of the chain o.^^^^'^'^'^-sS!! \ 

will be found convenient). ^y^'^^"" ^*^^VV 

Place the transit at D and y^' X 

direct toward A, Turn off ' \f 

an angle ADP determined V 

by the equation sin ADP Fig. S6. 

7 

= — , and measure DP=^ I ; make the angle ADP = 2 ADP 

and PP=h make the angle ^i?P" = 3 ^i?P and P'jP" 
= Z; etc. P, P, JP", etc., will be in the circumference of the 
required arc, ' 



ANSWERS. 



1. 8 A. 64 p. 

2. 29 A. 7| p. 

3. 4 A. Sft P. 

4. 116^ P. 
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6. 3 A. 78 p. 

6. 13 A. 6^ p. 

7. 11 A. 157 p. 

8. 7.51925. 



9. 13.0735. 

10. 2 a. 58iP. 

11. .4 A. 35 p. 



1. 2 A. 26 p. 

2. 20 A. 12 p. 

3. 2 a. 54 p. 

4. 2 A. 151 P. 



EXEBCISB II. 

5. 8 A. 54 p. 

6. 5 A. 42 p. 

7. 2 A. 78 p. 



Exercise III. 



8. 8 A. 122 p. 

9. 6 A. 2 p. 
10. 9 a. 40 p. 



1. 2 A. 12J p. 



2. 98 a. 92 P. 



Exercise IV. 



1. AE= 3.75 ch. 

2. ^^=3.50ch.; 
EO = 3.42 ch. 

3. ^^=4.55 ch. 

4. ^^=5.50ch. 

5. CE = 4.455 ch. 

6. j42> = 2.275 ch.; 
JS^= 1.82 ch. 

7. ^7) = 4.51 ch.; 
JS^= 3.608 ch. 

8. The distances on A£ are 

2, 3, and 5 ch. 



9. ^JIf(onJ5L4)= 2.5087 ch. 
^iV(on^jB)=6.439ch. 

10. Let EG > Dp, 

f AE=- 12.247 ch. 
AG=^ 9.798 ch. 
AI)= 8.659 ch. 
AF=^ 6.928 ch. 



then 



11. Let DO >EF, 

CO = 14.862 ch. 
C72>= 13.113 ch. 

.404 ch. 

.062 ch. 



then 



OX/== J.O.. 

1 CF= 11.' 
lCE=10.( 
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EXEBCISB V, 
1. 9.5 ft. 

2. Third column : 26.944 opposite ; 25.286 opposite 4. 
Fifth column : 20, 19.5, 23, 22.3, 21.431, 20.4, 21.8. and 

24.1. 




3. Column ^ 0. 20.8, 20.4, 20.0, 19.6, etc. 
Column a 0.0, 5.3, 6.4, 7.4, 5.0, 5.1, etc. 
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Beqnired the logarithm of 0.0015764. 

The reqnired mantissa is the same as the mantissa for 1576.4; therefore 
it will be found by addmg to the mantissa for 1576 foor-tenths of the difference 
between the mantissas for 1576 and 1677. 

The mantissa for 1576 is 19766. 

The difference between the mantissas for 1576 and 1677 is 27. 

Hence, the mantissa for 1576.4 is 19756 + (0.4 X 27) = 19767. 

Therefore, the required logarithm of 0.0015764 is 7.19767-10. 



Bequired the logarithm of 82.6708. 

The required mantissa is the same as the mantissa for 8267.08 ; therefore 
it will be found by adding to the mantissa for 8267 elght-hnnd redths of the 



t*L/«^4>.>.^ «fcA^»- 



11. The Ic^arithms of numbers that can be derived ftx)m one 
another by multiplication or division by an integral power of 10 have 
the same mantissa. 

For, multiplying or dividing a number by an integral power of 10 will 
increase or diminish its logarithm by the exponent of that power of 10 ; and 
since this exponent is an integer, the mantissa of the logarithm will be 
unaffected. 



Thus, 



log 4.6021 
log 460.21 

log 460210 

log 0.046021 



= 0.66296. (Page 9.) 

= log (4.6021 X lO*) = log 4.6021 + log 10» 
= 0»6296 + 2 = 2.66296. 

= log (4.6021 X 10») = log 4.6021 + log 10» 
= 0.6C296 + 5 = 5.66296. 

= log (4.6021 -8- 10*) = log 4.6021 - log 10" 
= 0.66296 - 2 = 8.66296 - 10. 



TABLE I. 

12. In this table (pp. 1-19) the vertical columns headed N contain 
the numbers, and the other columns the logarithms. On page 1 both 
the characteristic and the mantissa are printed. On pages 2-19 the 
mantissa only is printed. 

Tlie fractional part of a. logarithm can be expressed onl}- approxi- 
mately, and in a five-place table all figures that follow the fifth are 
rejected. Whenever the sixth figure is 5, or more, the fifth figure is 
increased b}' 1. The figure Sl is written when the value of the figure 
in the place in which it stands, together with the succeeding figures, is 
more than 4 j-, but less than 5. 

Thus, if the mantissa of a logarithm written to seven places is 5328782, 
it is written in this table (a five-place table) 53287. If it is 5328751, it is 
written 53288. If It is 5328461 or 5328499, it is written in this table 5328fi. 

Again, if the mantissa is 5324981, it is written 532^0; and if it is 4999967, 
it is written iiOOOO. 



tlie logantnm is given '5lt'^ag6 ~t.- xi ^^^^^ M.^..^r, .. ^ ..q. .**.«v 
figures, or if the number is a proper decimal fraction, the character- 
istic must be determined by § 10. 

14i If the given number has three significant figures, it will be 
found in the column headed N (pp. 2-19), and the mantissa of its 
logarithm in the next column to the right, and on the same line. 
Thus, 

Page 2. log 145 = 2.16137, log 14500 = 4.16137. 

Page 14. log 716 == 2.85491, log 0.716 = 9.85491 - 10. 

15. If the given number has four significant figures, the first three 
will be found in the column headed N, and tiie fourth at the top of 
the page in the line containing the figures If 2» 8» etc. The mantissa 
will be found in the column headed by the fourth figure^ and on the 
same line with the first three figures. Thus, 

Page 15. log 7682 =3.88547, log 76.85 =1.88564. 
Page 18. log 93280 = 4.96979, log 0.9468 = 9.97626 - 10. 

16L If the given number has five or more significant figures, a 
process called interi>olation is required. 

Interpolation is based on the dssumption that between two con- 
secutive mantissas of the table the change in the mantissa is directly 
proportional to the change in the number. 

Required the logarithm of 84237. 

The required mantissa is (§ 11) the same as the mantissa for 3423.7 ; there- 
fore it will be found by adding to the mantissa of 3423 seven-tenths of the 
diflTerence between the mantissas for 3423 and 3424. 

The mantissa for 3423 is 53441. 

The difference between the mantissas for 3423 and 8424 is 12. 

Hence, the mantissa for 3423.7 is 53441 + (0.7 X 12) = 53449. 

Therefore, the required logarithm of 34237 is 4.53449. 
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Kequired the logarithm of 0.0015764. 

The reqaired mantissa is the same as the mantissa for 1576.4; therefore 
it win be foand by addmg to the mantissa for 1576 fooMenths of the difference 
between the mantissas for 1576 and 1577. 

The mantissa for 1576 is 19756. 

The difference between the mantissas for 1576 and 1577 is 27. 

Hence, the mantissa for 1576.4 is 19756 + (0.4 X 27) = 19767. 

Therefore, the required logarithm of 0.0015764 is 7.19767-10. 

Bequired the logarithm of 82.6708. 

The required mantissa is the same as the mantissa for 8367.08 ; tlierefore 
it will be found by adding to the mantissa for 8967 eight-hnndredths of the 
dllTerence between the mantissas for 8967 and 8968. 

The mantissa for 8267 is 51415. 

The difference between the mantissas for 8267 and S2S6 ifl 18. 

Hence, the mantissa for 8267.08 Is 51415 + (0.08 X 18) ^ 61416. 

Therefore, the required logarithm of 82.6708 is 1.51416. 

17. When the fraction of a unit in the part to be added to the 
mantissa for four fgures is less than 0.5 it is to be n^Iected ; when 
it is 0.5 or more than 0.5 it is to be taken as one unit. 

Thus, to the flret example, the part to be added to the mantissa for 842S 
Is 8.4, and the .4 is rejected. In the second examole, the part to be addnri ^a 
the mantissa for 1576 is 10.8, and 11 is added. 



"^ ^m^POm>m TO A GlTKV toOAJln^ 



'^^''^^= log a'' =.5.81443 

'og angle 
angle 



= 5.05429 
= 118SW 



►5429=logij33 



= 110316"=: 31 ©ftp. ' 

» The reUtten, l«t„ *>" 

Rnd the number oorreanon^, ^~~ ~ 

Therefore, the rem^l^ " "wntlgsa msm 7 . ''^32s 
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19. If the given mantissa cannot be found in the table, find in the 
table the two adjacent mantissas between which the given mantissa 
lies, and the four figures corresponding to the smaller of these two 
mantissas will be the first four s^nificant figures of the required 
number. If more than four figures are desired, they may be found by 
interpolation, as in the following examples : 

Find the number corresponding to the logarithm 1.48762. 

Here the two adjacent mantissas of the table, between which the given 
mantissa 48762 lies, are foand to be (page 6) 48756 and 48770. The corre- 
sponding nnmbers are 8073 and 3074. The smaller of these, 3073, contains 
the first four significant figures of the reqalred namber. 

The diflTerence between the two ac^acent mantissas is 14, and the difference 
between the corresponding numbers is 1. 

The difference between the smaUer of the two a(!Uacent mantissas, 48756, 
and the given mantissa, 48762, is 6. Therefore, the number to be annexed to 
8078 is ^ of 1 = 0.428, and the fifth significant figure of the required number 

18 4. 

Hence, the required number is 30.734. 

Find the number corresponding to the logarithm 7.82826 — 10. 

The two adjacent mantissas between which 82326 lies are (page 13) 82381 
and 82328. The number corresponding to the mantissa 82321 is 6656. 

The difference between the two adjacent mantissas is 7, and the difference 
between the corresponding numbers is 1. 

The difference between the smaller mantissa, 82321, and the given mantissa, 
82326, is 5. Therefore, the number to be annexed to 6656 is f of 1 = 0.7, and 
the fifth significant figure of the required number is 7. 

Hence, the required number is 0.0066567. 

In using a five-place table the numbers corresponding to mantissas 
may be carried to five significant figures, and in the first part of the 
table to six figures.* 

1& If the given number has five or more significant figures, a 
process called interpolation is required. 

Interpolation is based on the assumption that between two con- 
secutive mantissas of the table the change in the mantissa is directly 
proportional to the change in the number. 

Required the logarithm of 84237. 

The required mantissa is (§ 11) the same as the mantissa for 3423.7 ; there- 
*-' fnnnif **^ ^AAtntr fo tiio mftntiiBBii of 342A.fievenrtenths of the 



♦ In most tables of logarithms proportional parts are given as an aid to 
interpolation; but, after a little practice, the operation can be performed 
nearly as rapidly without them. Their omission allows a page with larger- 
faced type and more open spacing, and consequently less trying to the eyes. 
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ber preceding the mantissa should be increased by such a number as 
will make the subtrahend, when divided by the index of the root, 
10 or a multiple of 10. 

(7) Find the square root of 0.000048641. 

Pages, log 0.000048641 = 5.68989-10 

10 -10 

Divide by 2 (| b), 2 )15.68989-10 

Page 18. log V0.000043641 = 7.81995- 10 slog 0.0066062 
.% V0.000048641= 0.0066062 ' 



(8) Find the sixth root of 0.076553. 



Page 15. log 0.076558 

Divide by 6 (§ By, 

Page 18 log v^ O.076558 
.-. v^O.076558 



= 8.88897 
50 



10 
50 



6 )68.88897-60 

= 9.81400 - 10 = log 0.65163 

= 0.65168 



TABLE II. 

This table (page 20) contains the value of the number ir, its 
most useful combinations, and their logarithms. 

Find the length of an arc of 47'' 32' 57" in a unit circle. 

47^^ 32' 57" =171177" 
log 171177 = 5.23344 

log-lr =4.68557-10 
a" 

log arc 47«» 32' 57" = 9.91901 - 10 = log 0.82994 

. *. length of arc = 0.82994 

Fhid the angle if the length of its arc in a unit circle = 0.54936. 

log 0.54986 = 9.73986 - 10 

cologisloga" =5.81448 
a" 

log angle 

.*. angle 



= 5.05429 = log 113316 
= 118316"= 81«» 28' 36" 



21. The relations between arcs and angles given in Table U. are 
readily deduced from the circular measure of an angle. 

In Ciroular Measure an angle is defined by the equation 

1 arc 

angle = — rr- » 
radms 

in which the word arc denotes the length of the arc corresponding to 
the angle, when both arc and radius are expressed in terms of the 
same linear unit. 
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Since the arc and radius for a given angle in different circles vary 
in the same ratio, the value of the angle given by this equation is 
independent of the value of the radius. If the radios is unity, the 
equation defining the angle becomes 

angle =3 arc. 

That is, in circular measure an angle is measured by the length of its 
arc in a unit circle. Therefore, 

If the arc = circumference, the angle » 2 ir. 
If the arc = semicircumferenoe, the angle =s ir. 
If the arc =s quadrant, the angle = ^ir. 

If the arc = radius (=1), the angle =: 1 ; 

that is, in circular measure the angular unit is the angle whose arc is 
equal in length to the radius of the circle. 

Since 180° in common measure equals ir units in circular measure, 
therefore 

V in conunon measure =3 -^ units in circular measure ; 

180* 

1 unit in circular measure = in common measure. 

rr 

By means of these two equations, the value of an angle expressed 

in one measure may be changed to its value in the other measure. 

Thus, the angle whose arc is equal to the radius is an angle of 

1 unit in circular measure, and is equal to , or 57° 17' 45", very 

tr 
nearl}'. 

TABLB III. 

24. This table (pp. 21-49) contains the logarithms of the trigo- 
nometric functions of angles. In order to avoid negative character- 
istics, the characteristic of every logarithm is printed 10 too large. 
Therefore, — 10 is to be annexed to each logarithm. 

On pages 28-49 the characteristic remains the same throughout 
each column, and is printed at the top and the bottom of the column. 
But on pp. 80, 49, the characteristic changes one unit in value at the 
places marked with bars. Above these bars the proper characteristic 
is printed at the top, and below them at the bottom, of the column. 

25. On pages 28-49 the log sin, log tan, log cot, and log cos, of 1° 
to 89°, are given to every minute. Conversely, this part of the table 
gives the value of the angle to the nearest minute when log sin, 1(^ tan, 
log cot, or log cos is known, provided log sin or log cos lies between 
8.23822 and 9.99992, and log tan or log cot lies between 8.23829 and 
11.76171. 
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If the exact value of the given logarithm of a function is not found 
in the table, the value nearest to it is to be taken, unless interpolation 
is employed as explained in § 26. 

K the angle is less than 45°, the number of degrees is printed at 
the top of the page, and the numl)er of minutes in the column to the 
left of the columns containing the logarithm. If the angle is greater 
than 45°, the number of degrees is printed at the bottom of the page, 
and the number of minutes in the column to the right of the columns 
containing the logarithms. 

K the angle is less than 45°, the names of its functions are printed 
at the top of the page ; if greater than 45°, at the bottom of the 
page. Thus, 

Page 88. log sin 21*» 87' = 9.66681-10. 

Page 45. log cot Se? 68' = 10. 12478 — 10 = 0. 12473. 

Page 87. log cos 69<> 14' = 9.64969 — 10. 

Page 49. log tan 46« 69' = 10.01491 - 10 = 0.01491. 

Page 48. If log cos = 9.87468 — 10, angle = W 28'. 

Page 84. If log cot = 9.89358 — 10, angle ^76^ 6'. 

If log sin = 9.47760 — 10, the nearest log sin In the table Is 9.47774 — 10 
(page 86), and the angle corresponding to this value Is 17^ 29'. 

If logtan = 0.76620=: 10.76520 — 10, the nearest log tan in the table is 
10.70490 — 10 (page 82), and the angle corresponding to this valae is 80® 15'. 



26. If it is desired to obtain the logarithms of the functions of 
angles that contain seconds, or to obtain the value of the angle in 
degrees, minutes, and seconds, ftx)m the logarithms of its functions, 
interpolation must be employed. Here it must be remembered that. 

The difference between two consecutive angles in the table is 60". 

Log sin and log tan increase as the angle increases; log cos and 
log cot diminish as the angle increases. 

Find log tan 70° 46' 8". 

Page 87. log tan 70<' 46' = 0.45781. 

The diflTerence between the mantissas of log tan 70® 46' and log tan 70® 47' 
is 41, and lA^ of 41 = 5. 

As the ftinctlon is increasing, the 5 must be added to the figure In the fifth 
place of the mantissa 45781 ; and 

Therefore log tan 70® 46' 8" = 0.46736. 

Find log cos 47° 35' 4". 

Page 48. log cos 47® 85' = 9.82899 - 10. 

The difference between this mantissa and the mantissas of the next log cos 
is 14, and ^ of 14 = 1. 

As the fkmctlon is decreasing, the 1 mast be subtracted flx)m the figure in 
the fifth place of the mantissa 82899 ; and 

Therefore log cos 47® 86' 4" = 9.82898 - 10. 
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Find the angle for which log sin = 9.45359 — 10. 

Page 35. The mantissa of the nearest smaller log sin in the table is 45334. 

The angle corresponding to this value is 16^ 80'. 

The difference between 45334 and the given mantissa, 45359| is 25. 

The difference between 45334 and the next following mantissa, 45377, is 
43, and f J of 60" = 35". 

As the function is increasing, the 35" must be added to 16^ SO^; and the 
required angle is 16^ 30' 35". 

Find the angle for which log cot = 0.73478. 

Page 32. The mantissa of the nearest smaller log cot in the table is 73415. 

The angle corresponding to this value is lO'' 27'. 

The difference between 73415 and the given mantissa is 68. 

The difference between 73415 and next following mantissa Is 71, and 
ff of 60" = 53". 

As the fhnction is decreasing, the 53" must be subtracted firom 10^ 87' ; 
and the required angle is 10® 26' 7". 

27. If log sec or log esc of an angle is desired, it may be found 
from the table by the formulas, 

8ec^=s 7; henoe, logsec^ssoologoos^. 

cosJL 

esc A = -: — 7 ; henoe, log esc A a colog sin A. 

Page 81. log sec 8® 28' = colog cos 8' 28' = 0.00476. 
Page 42. log esc 59'' 86' 44" = colog sin 59^ 36' 44" = 0.06418. 

28L If a given angle is between 0^ and l"*, or between 89^ and 90^ ; 
or, conyersely, if a given log sin or log cos does not lie between the 
limits 8.23822 and 9.99992 in the table; or, if a given log tan or 
logoot does not lie between the limits 8.238^9 and 11.76171 in the 
table ; then pages 21-24 of Table III. must be used. 

On page 21, log sin of angles between 0^ and 0^ 3', or log cos of the 
complementary^ angles between 89^57' and 90^, are given to every 
second; for the angles between 0** and 0''3', log tan = log sin, and 
log cos = 0.00000 ; for the angles between 89** 57' and 90*, log cot = 
log cos, and log sin =3 0.00000. 

On pages 22-24, log sin, log tan, and log cos of angles between O'' 

and 1**, or log cos, log cot, and log sin of the complementary angles 

between 89" and 90**, are given to ever}' 10". 

Whenever log tan or log cot is not given, they may be found by the 

formulas, 

log tan =s oolog cot. log cot s= colog tan. 

Converselj', if a given log tan or log cot is not contained in the 
table, then the colog must be found; this will be the logoot or 
log tan, as the case may be, and will be contained in the table. 
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On pages 25-27 the logarithms of the fVinctions of angles between 
1** and 2^, or between 88^ and 90^, are given in the manner employed 
on pages 22-24. These pages should be used if the angle lies between 
these limits, and if not only degrees and minutes, but degrees, min- 
utes, and multiples of 10" are given or required. 

When the angle is between 0^ and 2^,.or Sff* and 90°, and a greater 
degree of accuracy is desired than that given by the table, interpo- 
lation may be employed ; but for these angles interpolation does not 
always give true results, and it is better to use Table IV. 

Find log tan 0** 2' 47", and log cos 89° 87' 20". 

Page 21. log tan 0'' 2' 47" = log sin 0» 2' 47" = 6.90829 - 10. 
Page 28. log cos SO'* 87' 20" = 7.81911 - 10. 



Fmd log cot 0*2' 15". 



10 -10 

== 6.81691-10 



Page 21. Iogtaii0<» 2' 15" 

TbenftwB, log cot 0^2' 15" » 8.18409 



Find log tan 89° 88' 80". 



10 -10 

7.79617 - 10 



Page 28. log cot 89« 88' 80" = 

Therefore, log tan 89'> 88' 80" = 2.20888 

Find the angle for which log tan » 6.92090 — 10. 

Page 21. The nearest log tan Is 6.92110 — 10. 
The corresponding angle for which is 0® 2' 52". 

Find the angle for which log cos « 7.70240 — 10. 

Page 22. The nearest log cos is 7.70261 — 10. 
The corresponding angle for which is 89^ 42' 40". 

m 

Find the angle for which log cot => 2.87868. 

This log cot is not contained in the table. 
The cologcot = 7.62682 — 10 = log tan. 

The log tan in the table nearest to this Is (page 22) 7.62510 — 10, and the 
angle corresponding to this valae of log tan Is 0® 14' 80". 



29. If an angle x is between 90° and 860°, it follows, from fbimu- 



las established in Trigonometry, that, 

between 90° and 180°, 

log sin a; =3 log sin (180° — as), 
log cos a; r= log cos (180° — as),, 
logtan a;= l(^tan (180° — as)«, 
log cot a? = log cot (180° — »)» ; 



between 180° and 270°, 

log sin a; =5 log sin (a; — 180°)., 
1(^ cos X ss log cos (x — 180°)«, 
log tan a; =s log tan (a?— 180°), 
logcotxalogoot(as— 180°) ; 
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between 270** and 360**, 

log sin a; = log sin (860** — a), 
log 008 X s=s log cos (360® — x) , 
log tana; = log tan (360** — a;),, 
log cot a; == log cot (360** — x)^. 

The letter n is placed (according to custom) after the logarithms 
of those functions which are negative in value. 

The above formulas show, without further explanation, how to find 
by means of Table in. the logarithms of the functions of any angle 
between'90** and 360**. 



•^ Thus, log8inl8r4l'22" = logsiii 42*» 14' 38" = 9.82766 -10. 

4^ log cos 187'' ii' 22" = log. cos 42^ 14' 88" = 9.86940. - 10. 

^ log tan 187® if 22" = log. tan 42? 14' 88" = 9.96816. - 10. 

^ log cot ISr 44' 22" == log. cot 42® 14' 38" = 0.04186.. 

log sin 209<» 82' 60" = log.sin 29*> 82' 60'' = 9.69297. - 10. 
4> Iogco8880®27'10"=:logco8 29<' 82' 60" = 9.98949 -10. 

Conversely, to a given logarithm of a trigonometric flmction there 
correspond between 0** and 360** four angles, one angle in each quad- 
rant, and so related that if x denote the acute angle, the other three 
angles are 180**— a?, 180**+ a?, and 360**— a?. 

If besides the given logarithm it is known whether the function i3 
positive or negative, the ambiguity is confined to two quadrants, 
therefore to two angles. 

Thus, If the log tan = 9.47461 — 10, the angles are 16® 8G' 17" in Quadrant I. 
and 196® 86' 17" in Quadrant III. ; but if the log tan = 9.47461. — 10, the angles 
are 163® 23' 48" in Quadrant II. and 843=" 23' 48" in Quadrant IV. 

To remove all ambiguity, fUrther conditions are required, or a 
knowledge of the special circumstances connected with the problem in 
question. 

TABLE IV. 

30. This table (page 50) must be used when great accuracy is 
desired in working with angles between 0** and 2**, or between 88** 
and 90^ 

The values of S and T are such that when the angle a is expressed 

in seconds, 

S = log sin a — log a", 

T =s log tana — log a". 

Hence follow the formulas given on page 50. 

The values of B and T are printed with the characteristic 10 too 
large, and in using them —10 must always be annexed. 
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Find log sin 0^*58' 17". 

0<» 68' 17" = 8497" 
log 8497 =3.54370 
8=4.68555 



-10 



log sin (P 58' 17" = 8.22925 - 10 
Find log tan 0** 52' 47.5". 

0*» 52' 47.5" = 8167.5" 
log8167.5 = 8.50072 

T = 4.68561 - 10 



log tan (iP 52' 47.5" = 8. 18688 - 10 



Find log COS 88** 26' 41. 2". 

90°-88*»26'41.2" = 1*88' 18.8" 

= 5598.8" 
log 5598.8 = 8.74809 

S = 4.68552 - 10 

log COS 88'' 26' 41.2" = 8.48361 - 10 

Find log tan 89'' 54' 87.862"* 

90" — 89<» 54' 87.862" = 0» 5' 22.688' 

= 822.688" 
log822.688 = 2.50871 

T = 4.68558 - 10 

log cot 89« 54' 87.862" = 7. 19429 - 10 
log tan 89'' 54' 87.862" = 2.80571 



Find the angle, if log sin s 6.72306—10. 

6.72806-10 
4.68557 — 10 



8 = 
Subtract, 



2.08749 = log 109.015 

109.015" = 0^ 1' 49.015" 



Find the angle for which log cot = 1.67604. 

cologcot = 8.82896 — 10 
T = 4.68664 - 10 



Snbtract, 8.68882 = log 4848.8 

4848.8" = 1«* 12' 28.8" 

Find the angle for which log tan = 1.55407. 

colog tan = 8.44698 — 10 
T = 4.68669 - 10 

Subtract, 8.76024 = log 5757.6 

5757.6"= 1« 85' 57.6", 
and 90^ - 1« 86' 67.6" = 88« 24' 2.4". 
Therefore, the angle required I^ 88* 24' 2.4". 



TABLE V. 

3L Table Y. (pp. 51-53), contains the natural sines, cosines, 
tangents, and cotangents of angles from 0^ to 90^, at intervals of 10'. 
If greater accuracy is desired it may be obtained by interpolation. 

TABLE VI. 

32. This table (p. 54), containing the circumferences and areas 
of circles, does not require explanation. 

Note. In preparing the preceding; explanatlonsi, free use hns been made 
of the Logarithmic Tables by F. O. Gauss, from which, also, Tables II. and 
VI. have t^en taken. 
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TABLE VII. 

33. This table (pp. 55-60) gives the latitude and departure to 
three places of decimals for distances from 1 to 10, corresponding 
to bearings fh>m 0"* to 90^ at intervals of 15^ 

If the bearing does not exceed 45^ it is found in the left-hand 
column, and the designations of the columns under '' Distance" are 
taken from the top of the page ; but if the bearing exceeds 45^, it is 
found in the right-hand column, and the designations of the columns 
under ^^ Distance" are taken fh>m the boUam of the page. 

The method of using the table will be made plain by the following 
examples : — 

(1) Let it be required to find the latitude and departure of the 
course N. 35^ 15' £. 6 chains. 

On p. 60, left-hand colamn, look for 85® 15' ; oppoHlte this bearin/Ti in the 
vertical column headed '* Distance 6/* are found 4.900 and 3.468 uuder the 
heading^s **Latitade" and ^* Departure *' respectively. Hence, laUtude or 
northing = 4.900 chaiDs, and departure or easting = 3.463 chains. 

(2) Let it be required to find the latitude and departure of the 
course S. 87* W. 2 chains. 

As the bearing exceeds 45®, we look In the right-hand colamn of p. 55. and 
opposite 87® in the colamn marked " Distance 2 " we find (taking the designa- 
tions of the columns from the bottom of the page) latitude = .105 chains, 
and departure = 1.997 chains. Hence, latitude or southing = .105 chains, and 
departure or westing = 1.997 chains. 

(3) Let it be required to find the latitude and departure of the 
course N. 15'' 45' W. 27.36 chains. 

In this case we And the required numbers for each figure of the distance 
separately, arranging the work as in the following table. In practice, only 
the last colnmns under *' Latitude " and " Departure *' are written. 



Distance. 


Latitude. 

4 


Departure. 


20 = 2 X 10 
7 

0.3 =8-*. 10 
0.06 = 6 -h 100 


1.925X10 =19.25 

6.737 
2.887 + 10 = 0.289 
5.775^-100= 0.058 


0.543X10 =5.43 
1.90 
0.814 + 10 =0.081 
1.628 -r- 100 = 0.016 


27.36 


26.334 


7.427 



Hence, latitude = 26.334 chains, and departure = 7.427 chains. 
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13033 


13 066 


13098 


13130 


13162 


13194 


13226 


13 258 


13 290 


13 322 
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13354 


13386 


13418 


13450 


13 481 


13 513 


13 545 


13 577 


13609 


13640 
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13672 


13 704 


13 735 


13 767 


13 799 


13 830 


13 862 


13 893 


13925 


13 956 
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13988 


14019 


14051 


14082 


14114 


14145 


14176 


14206 


14239 
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14301 


14333 


14364 


14395 


14426 


14 457 


14489 


14520 


14551 


14582 
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14613 


14644 


14675 


14 706 


14 737 


14 768 


14 799 


14829 


14860 


14891 
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14922 


14953 


14983 


15 014 


15 045 


15 076 


15106 


15137 


15168 


15198 
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15 229 


15 259 


15 290 


15 320 


15 351 


15 381 


15 412 


15 442 


15 473 


15 503 


148 


15 534 


15 564 


15 594 


15 625 


15 655 


15 685 


15 715 


15 746 


15 776 


15 806 


144 


15 836 


15866 


15 897 


15 927 


15 957 


15987 


16017 


16047 


16077 


16107 


146 


16137 


16167 


16197 


16227 


16256 


16286 


16316 


16346 


16376 


16406 


146 


16435 


16465 


16495 


16 524 


16 554 


16584 


16613 


16643 


16673 


16 702 


147 


16 732 


16 761 


16 791 


16820 


16850 


16879 


16909 


16938 


16967 


16997 


148 


17026 


17056 


17085 


17114 


17143 


17173 


17202 


17 231 


17260 


17 289 
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17319 


17348 


17377 


17406 


17435 


17464 


17493 


17522 
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17580 
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17 638 
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17 782 
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17696 


17 725 


17 754 
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17869 
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17926 


17955 


17984 


18013 


18041 


18070 
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18156 
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18327 


18355 


18384 18412 


18441 
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18469 


18498 
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18583 


18611 


18639 


18667 18696 


18 724 
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18 752 


18780 


18808 


18837 


18865 


18893 


18921 


18949 18977 
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166 


19033 


19061 


19089 


19117 


19145 


19173 


19201 


19229 19257 


19285 
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19312 


19340 


19368 


19396 


19424 


19451 


19479 


19 507 19535 


19 562 
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19590 


19618 


19645 


19673 


19 700 


19 728 


19 756 


19 783 19811 


19838 


168 


19866 


19893 


19921 


19948 


19976 
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20030 
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20112 
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20140 


20167 


20194 
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20249 


20276 


20303 


20330 20358 20385 | 
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20412 


20439 


20466 


20493 


20520 


20 548 


20575 


20602 20629 


20656 1 
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20683 


20 710 


20 737 


20 763 


20790 


20817 


20844 


20871 20898 20925 | 
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20952 


20978 


21005 


21032 


21059 


21065 


21112 


21139 21165 


21192 


168 


21219 


21245 


21272 


21299 


21325 


21352 21378 21405 21431 


21458 
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21484 


21511 


21537 


21564 


21590 


21617 


21643 


21669 21696 


21722 
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21827 


21854 
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21965 
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22037 


22063 


22089 


22115 


22141 


22167 
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22246 
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22 272 


22298 


22324 


22350 22376 | 


22401 


22427 


22453 22479 


22 505 
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22 531 


22557 


22 583 


22 608 


22 634 


22660 


22686 


22 712 22 737 


22 763 
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22 789 


22814 


22840 


22 866 


22891 


22917 


22943 


22968 22994 
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2304i 23070 23096 23121 


23147 


23172 


23198 
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23300 
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23350 


23376 


23401 


23426 


23452 


23477 23 502 


23 528 
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23 553 


23 578 


23603 


23 629 


23 654 


23679 


23 704 


23 729 23 754 


23 779 
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23 805 


23 830 


23 855 


23 880 


23 905 


23930 23955 


23980 24005 24030 | 
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2405i 


24060 


24105 


24130 24155 


24180 


24204 


24229 24254 


24279 
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24304 


24329 


24353 


24378 


24403 


24428 


24452 


24 477* 24 502 


24527 
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24551 


24 576 


24601 
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24650 


24 674 
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24 773 
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24 871 


24895 
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25164 
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25 648 


25 672 
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25 744 
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25 963 
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26482 
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26553 
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26694 
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26 741 
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27045 
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27114 27138 


27161 
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27462 
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27506 
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27 738 
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27807 27830 
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28081 
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28443 
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28713 28735 


28 758 


194 


28780 


28803 


28825 


28847 


28870 


28892 


28914 


28937 28959 


2S9S1 


196 


29003 


29026 


29048 


29070 


29092 


29115 29137 29159 29181 


29 203 


196 
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29447 


29469 
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29579 


29601 29623 
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29973 
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30081 
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30103 30125 30146 30168 30190 


30211 30233 30255 30276 30298 
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30320 30341 30363 30384 30406 


30428 30449 30471 30492 30514 
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30535 30557 30578 30600 30621 


30643 30664 30685 30707 30728 
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30720 30 771 30792 30814 30835 


30856 30878 30899 30920 30942 
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30963 30984 31006 31027 31048 


31 069 31 091 31 112 31 133 31 154 
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31 175 31 197 31 218 31 239 31 260 


31281 31302 31323 31345 31366 
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31387 31408 31429 314i0 31471 


31492 31513 31534 31555 31576 
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31597 31618 31639 31660 31681 


31 702 31 723 31 744 31 765 31 785 


208 


31806 31827 31848 31869 31890 


31911 31931 31952 31973 31994 
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3201i 32035 32056 32077 32098 


32118 32139 32160 32181 32 201 


210 


32222 32243 32263 32284 3230i 


32325 32346 32366 32387 32408 
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32428 32449 32469 32490 32510 


32531 32 552 32 572 32593 32 613 
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32634 32654 3267i 32695 32 715 


32 736 32 756 32 777 32 797 32 818 
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32838 32858 32879 32 899 32919 


32940 32960 32980 33001 33021 
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33041 33062 33082 33102 33122 


33143 33163 33183 33203 33 224 
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33345 33365 33385 33405 33425 
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33445 33465 33486 33506 33526 


33 546 33566 33586. 33606 33626 
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33 646 33666 33686 33 706 33 726 


33 746 33 766 33 786 33 806 33 826 
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33846 33866 33885 33905 33925 


33945 33965 33985 34005 34025 
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34044 34064 34084 34104 34124 


34143 34163 34183 34203 34 223 


220 


34 242 34262 34282 34301 34321 


34341 34361 34380 34400 34420 
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34439 34459 34479 34498 34 518 


34 537 34 557 34 577 34 596 34616 


222 


34635 34655 34674 34694 34 713 


34 733 34 753 34 772 34 793' 34811 
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34830 34850 34869 34889 34908 


34928 34947 34967 34986 35005 
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35025 35044 35064 35063 35102 


35 122 35 141 35 160 35 180 35 199 
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35 218 35 238 35257 35 276 35 295 


35315 35 334 35 353 35372 35392 
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35411 35430 35449 35468 35488 


35 507 35 526 35 545 35 564 35 583 
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35603 35622 35641 35660 35679 
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35889 35908 35927 35946 35 965 
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36361 36380 36399 36418 36436 


36455 36474 36493 36511 36 530 


232 


36549 36568 36586 36605 36624 


36642 36661 36680 36698 36 717 


238 


36736 36754 36773 36791 36810 


36829 36847 36866 36884 36903 


234 


36922 36940 36959 36977 36996 


37014 37033 37051 37070 37068 


236 


37 107 37 125 37 144 37 162 37 181 


37199 37218 37236 37254 37273 


236 


37291 37310 37328 37346 37365 


37383 37401 37420 37438 37457 


237 


37475 37493 37511 37530 37 548 


37566 37 585 37603 37621 37 639 


238 


37658 37676 37694 37 712 37 731 


37 749 37 767 37 785 37803 37822 


239 


37840 37858 37876 37894 37912 


37931 37949 37967 37985 38003 


240 


38021 38039 38057 38075 38093 


38112 38130 38148 38166 38184 


241 


38202 38220 38238 38256 38274 


38292 38310 38328 38346 38364 
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38382 38399 38417 38435 38453 


38471 38469 38507 38525 38543 
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38561 38578 38596 38614 38632 


38650 38668 38686 38703 38721 


244 


38739 38757 38775 38792 38810 


38828 38846 38863 38881 38899 


246 


38917 38934 38952 38970 38987 


39005 39023 39041 39058 39076 
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39094 39111 39129 39146 39164 


39182 39199 39217 39235 39252 
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39270 39287 39305 39322 39340 


39358 39375 39393 39410 39428 
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39445 39463 39480 39498 39515 


39533 39550 39568 39585 39602 
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39620 39637 39655 39672 39690 


39707 39724 39 742 39 759 39 777 
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39794 39811 39829 39846 39863 
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39 794 39811 39829 39846 39863 
39967 399QS 4O0Q2 40019 40037 
40140 40157 4017i 40192 40209 
40312 40329 40346 40364 40381 
40483 40500 40518 40532 40552 

40654 40671 40688 40705 40 722 
40824 40841 40858 40872 40892 
40993 41010 41027 41044 41061 
41 162 41 179 41 196 41 212 41 229 
41330 41347 41363 41380 41397 

41 497 41 514 41 531 41 547 41 564 
41 664 41 681 41 697 41 714 41 731 
41830 41847 41863 41880 41896 
41996 42012 42029 42045 42062 
42160 42177 42193 42210 42 226 

42322 42341 42357 42374 42390 
42488 42 504 42521 42 537 42 553 
42651 42667 42684 42 700 42 716 
42813 42830 42846 42862 42878 
42975 42991 43008 43024 43040 

43 136 43 152 43 169 43 182 43 201 

43 297 43 313 43329 43 342 43 361 
43457 43473 43489 43 502 43 521 
43616 43632 43648 43664 43680 
43775 43791 43807 43823 43838 

43933 43949 43962 43981 43996 
44091 44107 44122 44138 44154 
44248 44 264 44279 44 292 44311 
44404 44420 44436 44451 44467 

44 560 44576 44592 44607 44623 

44716 44 731 44747 44 762 44 778 

44871 44886 44902 44917 44932 

45022 45040 45056 45071 45086 

45179 45194 45209 45222 45 240 

45332 45347 45362 45378 45393 

45484 45 200 45 512 45 530 45 545 
45637 45652 45667 45682 45697 

45 788 45803 45818 45834 45849 
45939 45954 45969 45984 46000 
46090 46102 46120 46132 46120 

46240 46252 46270 46282 46300 
46389 46404 46419 46434 46449 
46538 46553 46568 46583 46598 
46687 46702 46716 46731 46746 
46832 46820 46864 46879 46894 

46982 46997 47012 47026 47 041 
47129 47144 47159 47173 47188 
47276 47290 47302 47319 47334 
47422 47436 47451 47465 47480 
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41246 41263 41280 41296 41313 
41414 41430 41447 41464 41481 

41581 41597 41614 41631 41647 
41 747 41 764 41 780 41 797 41 814 
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42078 42092 42111 42127 42144 
42243 42259 42275 42292 42308 

42406 42423 42439 42455 42472 
42570 42586 42602 42619 42632 
42732 42749 42762 42781 42797 
42894 42911 42927 42943 42959 
43056 43072 43088 43104 43120 

43217 43233 43249 43262 43281 
43377 43393 43409 43422 43441 
43537 43553 43569 43584 43600 
43 696 43 712 43 727 43 743 43 759 
43854 43870 43886 43902 43917 

44012 44028 44044 44059 44075 
44170 44185 44201 44 217 44232 
44326 44342 44358 44373 44389 
44483 44498 44514 44529 44542 
44638 44654 44669 44682 44 700 

44793 44809 44824 44840 44855 
44948 44963 44979 44994 45010 
45 102 45 117 45 133 45 148 45 163 
45255 45 271 45 286 45301 45317 
45408 45423 45439 45454 45469 

45 561 45 576 45 591 45606 45621 
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47 712 47 727 


47 741 
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47 784 47 799 47813 
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47857 47871 


47 885 


47900 47914 


47929 47943 47958 


47972 47986 
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48001 48015 


48029 


48044 


48058 


48073 48087 48101 


48116 48130 


803 


48144 48159 48173 


48187 


48202 


48216 48230 48244 48259 48273 | 


304 


48287 48302 


48316 


48330 48344 


48359 48373 48387 


48401 48416 1 


306 


48430 48444 


48458 


48473 


48487 


48501 48515 48530 48544 48558 | 


806 


48572 48586 


48601 


48612 


48629 


48643 48657 48671 


48686 48700 1 
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48714 48 728 


48 742 


48 756 48 770 


48 782 48799 48813 48827 48841 
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48855 48869 


48883 


48897 


48911 


48926 48940 48954 48968 48962 
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48996 49010 


49024 


49038 


49052 


49066 49080 49094 49106 49122 
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49136 49150 49164 49178 49192 


49206 49220 49234 
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8U 
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49346 49360 49374 49388 49402 | 


812 


49415 49429 
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49527 49541 1 
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49554 49568 
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49596 
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49 734 
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5051i 50529 50542 50556 50569 


50583 50596 50610 
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50813 
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52349 52362 


834 
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52 569 52 582 52 595 
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52917 


52930 


52943 
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53441 
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54083 


54095 54108 54120 
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349 
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54407 54419 54432 54444 54456 

54531 54543 54 555 54568 54580 

54654 54667 54679 54691 54 704 

54777 54 790 54802 54814 54827 

54900 54913 54925 54937 54919 

55023 55035 55047 55060 55 072 
55 145 55 157 55 169 55 182 55 194 
55267 55 279 55 291 55 303 55 315 
55388 55400 55 413 55425 55 437 
55509 55522 55 534 55 546 55 558 

55630 55642 55654 55666 55678 

55 751 55 763 55 775 55 787 55 799 

55871 55883 55 895 55 907 55 919 

55 991 56003 56015 56027 56038 

56110 56122 56134 56146 56158 

56229 56241 56253 56265 56277 
56348 56360 56372 56384 56396 
56467 56478 56490 56502 56514 
56585 56597 56608 56620 56632 
56703 56714 56726 56738 56750 

56820 56832 56844 56855 56867 

56937 56949 56961 56972 56984 

57054 57066 57078 57089 57101 

57171 57183 57194 57 206 57217 

57287 57 299 57310 57322 57334 

57403 57415 57426 57438 57449 

57 519 57530 57 542 57 553 57565 

57634 57646 57657 57669 57680 

57 749 57761 57 772 57 784 57 795 
57864 57875 57887 57898 57910 

57978 57990 58001 58013 58024 

58092 58104 58115 58127 58138 

58206 58218 58229 58240 58252 

58320 58331 58343 58354 58365 

58433 58444 58456 58467 58478 

58546 58557 58569 58580 58591 
58659 58670 58681 58692 58 704 

58 771 58782 58 794 58805 53816 
58883 58894 58906 58917 58928 
58995 59006 59017 59028 59040 

59106 59118 59129 59140 59151 

59218 59229 59240 59251 59 262 

59329 59340 59351 59 362 59373 

59439 59450 59 461 59472 59483 

59550 59561 59572 59 583 59594 

59660 59671 59682 59693 59 704 

59770 59 780 59 791 59802 59813 

59879 59890 59901 59912 59 923 

59988 59999 60 010 60021 60032 

60097 60108 60119 60130 60141 



54469 54481 54494 54506 54518 

54593 54605 54617 54630 54642 

54 716 54 728 54 741 54 753 54 765 
54839 54851 54864 54876 54888 
54962 54974 54986 54998 55011 

55 084 55096 55108 55121 55133 
55 206 55 218 55 230 55 242 55 255 
55328 55340 55 352 55364 55376 
55449 55461 55473 55485 55497 
55 570 55 582 55 594 55606 55618 

55 691 55 703 55 715 55 727 55 739 

55 811 55823 55835 55847 55 859 

55931 55943 55955 55967 55 979 

56050 56062 56074 56086 56098 

56170 56182 56194 56205 56217 



56289 
56407 
56526 
56644 
56761 

56879 
56996 
57113 
57229 
57345 



56301 
56419 
56538 
56656 
56773 



56312 
56431 
56549 
56667 
56 785 



56324 
56443 
56561 
56679 
56797 



56336 
56455 
56573 
56 691 
56808 



56891 56902 
57006 57019 
57124 57136 
57241 57252 
57357 57368 



56914 56926 
57031 57043 
57148 57159 
57264 57276 
57380 57392 



57461 57473 57484 57496 57507 

57 576 57588 57600 57611 57623 
57692 57 703 57 715 57 726 57 738 
57807 57818 57830 57841 57852 
57921 57933 57 944 57955 57967 

58035 58047 58058 58070 58081 

58149 58161 58172 58184 58195 

58263 58274 58286 58297 58309 

58377 58388 58399 58410 58422 

58490 58501 58512 58524 58535 

58602 58614 58625 58636 58647 

58 715 58 726 58 737 58749 58 760 
58827 58838 58850 58861 58872 
58939 58950 58961 58973 58984 
59051 59062 59073 59084 59095 

59162 59173 59184 59195 59207 

59273 59284 59295 59306 59318 

59384 59395 59406 59417 59428 

59494 59506 59517 59528 59539 

59605 59616 59627 59638 59649 

59715 59726 59737 59748 59 759 

59824 59835 59846 59857 5986S 

59934 59945 59956 59966 59977 

60043 60054 60065 60076 600S6 

60152 60163 60173 60184 60195 



60206 60217 60228 60239 60249 60260 60271 602S2 60293 60304 
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400 60206 60217 60228 60239 60249 

401 60314 60325 60336 60347 60358 

402 60423 60433 60444 60455 60466 
408 60531 60541 60552 60563 60574 

404 60638 60649 60660 60670 60681 

405 60746 60756 60767 60778 60788 

406 60853 60863 60874 6088i 60895 

407 60959 60970 60981 60991 61002 

408 61066 61077 61087 61098 61109 
408 61 172 61 183 61 194 61 204 61 21i 

410 61278 61289 61300 61310 61321 

4U 61384 61395 61405 61416 61426 

412 61490 61500 61511 61521 61532 

418 61595 61606 61616 61627 61637 

414 61 700 61 711 61 721 61 731 61 742 

^S 61805 61815 61826 61836 61847 

416 61909 61920 61930 61941 61951 

417 62014 62024 62034 62045 62055 

418 62118 62128 62138 62149 62159 

419 62221 62232 62242 62252 62263 

480 62325 62335 62346 62356 62366 

481 62428 62439 62449 62459 62469 

482 62 531 62 542 62 552 62 562 62 572 

483 62634 62644 62655 62665 62675 

424 62 737 62 747 62 757 62 767 62 778 

425 62839 62849 62859 62870 62880 

426 62941 62951 62961 62972 62982 

427 63043 63053 63063 63073 63083 

428 63 144 63 155 63 165 63 175 63 185 

429 63246 63256 63266 63276 63286 

4»0 63347 63357 63367 63377 63387 

481 63448 63458 63468 63478 63488 

482 63 548 63 558 63 568 63 579 63 589 

488 63649 63659 63669 63679 63689 

484 63 749 63 759 63 769 63 779 63 789 

485 63849 63859 63869 63879 63889 

436 63949 63959 63969 63979 63988 

437 64048 64058 64068 64078 64088 

438 64147 64157 64167 64177 64187 

489 64246 64256 64266 64276 64286 

440 64345 64355 64365 64375 64385 

441 64444 64454 64464 64473 64483 

442 64542 64552 64562 64572 64582 

443 64640 64650 64660 ^670 64680 

444 64 738 64 748 64758 64768 64 777 

446 64836 64846 64856 64865 64875 

446 64933 64943 64953 64963 64972 

447 65031 65040 65050 65060 65070 
446 65 128 65 137 65 147 65 157 65 167 

449 65 225 65 234 65 244 65 254 65 263 

450 65 321 65 331 65 341 65 350 65 360 



2 



8 



6 



8 
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60260 60271 60282 60293 60304 

60369 60379 60390 60401 60412 

60477 60487 60498 60509 60 520 

60584 60595 60606 60617 60627 

60692 60703 60713 60724 60735 

60799 60810 60821 60831 60842 
60906 60917 60927 60938 60949 
61013 61023 61034 61045 61055 
61 119 61 130 61 140 61 151 61 162 
61 225 61 236 61 247 61 257 61 268 

61331 61342 61352 61363 61374 
61437 61448 61458 61469 61479 
61542 61553 61563 61574 61584 
61648 61658 61669 61679 61690 
61752 61763 61773 61784 61794 

61857 61868 61878 61888 61899 
61962 61972 61962 61993 62003 
62066 62076 62086 62097 62107 
62170 62180 62190 62 201 62 211 
62273 62284 62294 62304 62315 

62377 62387 62397 62408 62418 

62480 62490 62500 62511 62521 

62583 62593 62603 62613 62624 

62685 62696 62706 62716 62 726 

62788 62798 62806 62818 62829 

62890 62900 62910 62921 62931 
62992 63002 63012 63022 63033 
63094 63104 63114 63124 63134 
63195 63205 63215 63225 63236 
63296 63306 63317 63327 63337 

63397 63407 63417 63428 63438 
63498 63 508 63 518 63 528 63 538 

63 599 63609 63619 63629 63 639 
63699 63 709 63 719 63 729 63 739 
63799 63809 63819 63829 63839 

63899 63909 63919 63929 63 939 
63998 64008 64018 64028 64038 
64098 64108 64118 64128 64137 
64197 64207 64217 64227 64 237 

64 296 64306 64316 64326 64 335 

64395 64404 64414 64424 64 434 

64493 64503 64513 64 523 64 532 

64 591 64601 64611 64621 64631 

64689 64699 64 709 64 719 64 729 

64 787 64 797 64807 64816 64826 

64885 64895 64904 64914 64924 
64982 64992 65002 65011 65021 
65079 65089 65099 65108 65118 

65 176 65 186 65 196 65 205 65 215 
65 273 65 283 65 292 65 302 65 312 

65369 65379 65389 65398 65406 
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450 


65 321 


65 331 


65 341 


65 350 


65 360 


65 369 


65 379 


65 389 


65 398 


65 408 


491 


65 418 


65427 


65437 


65 447 


65 456 


65 466 


65 475 


65485 


65 495 


65 504 


462 


65 514 


65 523 


65 533 


65 543 


65 552 


65 562 


65 571 


65 581 


65 591 


65 600 


453 


65 610 


65 619 


65629 


65 639 


65 648 


65 658 


65 667 


65 677 


65 686 


65 696 


464 


65 706 65 715 65 72i 65 734 65 744 


65 753 


65 763 


65 772 


65 782 


65 792 


466 


65 801 


65 811 


65820 


65 830 


65 839 


65 849 


65 858 


65 868 


65 877 


65 887 


466 


65896 


65 906 


65916 65925 


65 935 


65 944 


65 954 


65 963 


65 973 


65 982 


467 


65992 


66001 


66011 


66020 


66030 


66039 


66049 


66058 


66068 


66077 


468 


66087 66096 66106 6611^ 


66124 


66134 


66143 


66153 


66162 


66172 


469 


66181 


66191 


66200 


66210 


66219 


66229 


66238 


66247 


66257 


66266 


4eo 


66276 


66285 


66295 


66304 


66314 


66323 


66332 


66342 


66351 


66361 


461 


66370 


66380 


66389 


66398 


66408 


66417 


66427 


66436 


66445 


66455 


46a 


66464 


66474 


66483 


66492 


66 502 


66511 


66521 


66 530 


66539 


66549 


468 


66558 66567 66577 


66586 


66 596 


66605 


66614 


66624 


66633 


66642 


464 


66652 


66661 


66671 


66680 


66689 


66699 


66 706 


66 717 


66 727 


66 736 


«5 


66745 


66 755 


66 764 


66 773 


66 783 


66792 


66801 


66811 


66820 


66829 


466 


66839 


66848 


66857 


66867 


66876 


66885 


66894 


66904 


66913 


66922 


467 


66932 


66941 


66950 


66960 


66969 


66978 


66987 


66997 


67006 


67015 


468 


6702^ 67034 67043 67052 67062 | 


67071 


67080 


67089 


67099 


67108 


469 


67117 


67127 


67136 


67145 


67154 


67164 


67173 


67182 


67191 


67 201 


470 


67210 67219 67 228 


67 237 


67 247 


67256 


67265 


67 274 


67284 


67 293 


471 


67302 


67311 


67321 


67330 


67339 


67348 


67357 


67367 


67376 


673§5 


478 


67394 


67403 


67413 


67422 


67431 


67440 


67449 


67459 


67468 


67477 


478 


67486 


67495 


67 504 


67514 


67 523 


67 532 


67 541 


67 550 


67 560 


67 569 


474 


67578 


67587 


67 596 


67605 


67 614 


67624 


67633 


67642 


67651 


67660 


475 


67669 


67679 


67688 


67697 


67 706 


67 715 


67 724 


67 733 


67 742 


67 752 


476 


67 761 


67 770 


67 779 


67 788 


67 797 


67806 


67815 


67825 67834 67843 1 


477 


67852 


67861 


67870 


67879 


67 888 


67897 


67906 67916 67925 


67934 


478 


67943 


67952 


67961 


67970 


67979 


67988 


67 997 


68006 


68015 


68024 


479 


68034 


68043 


68052 


68061 


68070 


68079 


68088 


68097 


68106 


68115 


480 


68124 


68133 


68142 


68151 


68160 


68169 


68178 


68187 


68196 


68205 


481 


6821i 


68224 


68233 


68242 


68251 


68260 


68269 


68278 


68 287 


68 296 


488 


6830i 


68314 


68323 


68332 


68341 


68350 68359 68368 68377 68386 | 


483 


68392 


68404 


68413 


68422 


68431 


68440 


68449 


68458 


68467 


68476 1 


484 


68485 


68494 


68502 


68 511 


68520 


68529 


68538 


68547 


68 556 


68565 1 


486 


68574 


68583 


68592 


68601 


68610 


68619 68628 68637 68646 6865i | 


486 


68664 


68673 


68681 


68690 


68699 


68 708 


68 717 


68 726 


68 735 


68 744 


487 


68 753 


68 762 


68 771 


68 780 


68 789 


68 797 


68806 


68815 


68824 


68833 


488 


68842 


68851 


68860 


68869 


68 878 


68886 


68895 


68904 


68913 


68922 


489 


68931 


68940 


68949 


68958 


68966 


68975 


68984 


68993 


69002 


69011 


400 


69020 69028 69037 


69046 


69055 


69064 


69073 


69082 


69090 


69099 


491 


69108 


69117 


69126 69135 


69144 


69152 


69161 


69170 


69179 


69188 


492 


69197 


69205 


69214 


69223 


69 232 


69 241 


69249 


69258 


69267 


69276 


493 


6928i 


69 294 69302 


69311 


69 320 


69329 


69338 


69346 


69355 


69364 


494 


69373 


69381 


69390 69399 


69408 


69417 


69425 


69434 


69443 


69452 


496 


69461 


69469 


69478 


69487 


69496 


69504 


69513 


69522 


69531 


69 539 


496 


69 548 


69557 


69566 


69 574 


69583 


69 592 


69601 


69 609 


69618 


69627 


497 


69636 


69644 


69653 


69662 


69 671 


69679 


69688 


69697 


69 705 


69 714 


498 


69723 


69732 


69740 


69749 


69 758 


69 767 


69 775 


69 784 


69 793 


69801 


499 


69810 69819 69827 69836 69845 


69854 


69862 


69871 


69880 


69888 


500 


69897 69906 69914 


69923 


69932 


69940 


69949 


69958 


69966 


69975 
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1 


9 


8 


4 


5 


-6 


7 8 9 1 


800 


69897 69906 


69914 


69923 


69932 


69940 69949 69958 69966 69975 | 


001 


69984 


69992 


70001 


70010 


70018 


70027 


70036 


70044 70053 70062 


002 


70070 70079 70088 70096 70105 


70114 


70122 


70U1 70140 70148 


603 


70157 


70165 


70174 


70183 


70191 


70200 


70209 


70217 70226 70234 


604 


70243 


70252 


70260 


70269 


70278 


70286 70295 


70303 70312 70321 


606 


70329 70338 70346 70 355 


70364 


70372 


70381 


70389 70398 70406 


606 


70415 


70424 


70432 


70441 


70449 


70458 


70467 


70475 70484 70492 


607 


70501 


70509 


70518 


70526 


70535 


70544 


70552 


70561 70569 70578 


608 


70586 70595 


70603 


70612 


70621 


70629 70638 70646 70655 70663 | 


609 


70672 


70680 


70689 


70697 


70 706 


70714 


70723 


70731 70740 70749 


510 


70757 


70 766 


70774 


70783 


70791 


70800 70808 


70817 70825 70834 


611 


70842 


70851 


70859 


70868 


70876 


70885 


70893 


70902 70910 70919 


612 


70927 


70935 


70944 


70952 


70961 


70969 


70978 


70986 70995 71003 


618 


71012 


71020 


71029 


71037 


71046 


71054 


71063 


71071 71079 71088 


6U 


71096 71105 


71113 


71122 


71130 


71139 


71147 


71155 71164 71172 


616 


71181 


71189 


71198 


71206 


71214 


71223 


71231 


71240 71248 71257 


616 


71265 


71273 


71 282 


71290 


71299 


71307 


71315 


71324 71332 71341 


617 


71349 


71357 


71366 


71374 


71383 


71391 


71399 


71408 71416 71425 


618 


71433 


71441 


71450 71458 71466 


71475 


71483 


71492 71500 71508 


619 


71517 


71525 


71533 


71542 


71550 


71559 


71567 


71575 71584 71592 


520 


71600 


71609 


71617 


71625 


71634 


71642 


71650 


71659 71667 71675 


621 


71684 


71692 


71700 


71709 


71717 


71725 


71734 


71742 71750 71759 


622 


71767 


71775 


71784 


71792 


71800 


71809 


71817 


71825 71834 71842 


623 


71850 


71858 


71867 


71875 


71883 


71892 


71900 


71908 71917 71925 


624 


71933 


71941 


71950 71958 71966 


71975 


71963 


71991 71999 72008 


626 


72016 


72024 


72032 


72041 


72049 


72057 


72066 


72074 72062 72090 


626 


72099 


72107 


72115 


72123 


72132 


72 140 72 148 72 156 72 165 72 173 | 


627 


72181 


72189 


72198 


72 206 


72 214 


72 222 


72 230 


72 239 72247 72 255 


628 


72 263 


72 272 


72280 


72 288 


72 296 


72304 


72313 


72321 72329 72337 


629 


72 346 


72354 


72362 


72370 


72378 


72387 72395 


72403 72411 72419 


580 


72428 


72436 


72444 


72452 


72460 


72469 


72477 


724Q5 72493 72501 


681 


72 509 


72 518 


72 526 


72 534 


72 542 


72 550 


72558 


72567 72 575 72 583 


632 


72 591 


72 599 


72607 


72616 


72 624 


72632 


72640 


72648 72656 72665 


633 


72673 


72681 


72689 


72 697 


72 705 


72 713 


72 722 


72730 72738 72 746 


634 


72 754 


72 762 


72 770 


72 779 


72 787 


72 795 


72 803 


72811 72819 72 827 


636 


72 835 


72843 


72 852 


72860 


72 868 


72876 


72884 


72 892 72900 72906 


636 


72916 


72925 


72933 


72941 


72949 


72 957 


72965 


72973 72961 729^9 


637 


72997 


73006 


73014 


73 022 


73030 


73038 


73 046 


73054 73062 73070 


638 


73078 


73086 


73094 


73102 


73111 


73119 


73127 


73135 73143 73151 


639 


73159 73167 73175 


73183 


73191 


73199 


73 207 


73215 73223 73 231 


540 


73 239 


73 247 


73 255 


73 263 


73 272 


73280 


73 288 


73296 73304 73312 


641 


73 320 


73328 


73336 


73 344 


73 352 


73360 


73368 


73376 73384 73392 


642 


73 400 


73408 


73416 


73424 


73 432 


73440 


73 448 


73456 73464 73 472 


643 


73480 


73 488 


73 496 


73 504 


73 512 


73 520 


73 528 


73536 73 544 73 552 


644 


73 560 


73 568 


73 576 


73 584 


73 592 


73600 


73608 


73616 73624 73 632 


646 


73 640 


73 648 


73 656 


73664 


73 672 


73679 


73687 


73695 73703 73 711 


646 


73 719 


73 727 


73 735 


73 743 


73 751 


73 759 


73 767 


73 775 73783 73 791 


647 


73 799 


73 807 73 815 


73823 


73 830 


73 838 


73 846 


73854 73862 73870 


648 


73 878 


73 886 


73 894 


73902 


73 910 


73918 


73926 


73 933 73941 73 949 


649 


73 957 


73 965 


73973 


73 981 


73989 


73997 


74005 


74013 74020 74028 


550 


74 036 


740*4 


74052 


74060 


74068 


74076 


74084 


74092 74099 74107 
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550 


74036 


74044 


74052 


74060 


74 068 


74076 


74084 


74092 


74099 


74107 


661 


74115 


74123 


74131 


74139 


74147 


74155 


74162 


74170 


74178 


74186 


662 


74194 


74 202 


74210 


74 218 


74 225 


74 233 


74241 


74 249 


74257 


74 265 


663 


74 273 


74 280 


74288 


74296 


74304 


74312 


74320 


74327 


74335 


74 343 


664 


74351 


74359 


74367 


74374 


74382 


74390 


74398 


74406 


74414 


74 421 


666 


74429 


74437 


74445 


74453 


74461 


74468 


74476 


74 484 


74492 


74 500 


656 


74507 


74 515 


74523 


74 531 


74539 


74 547 


74554 


74562 


74570 


74 578 


667 


74 586 


74 593 


74601 


74609 


74 617 


74624 


74 632 


74640 


74648 


74656 


668 


74663 


74 671 


74679 


74687 


74695 


74 702 


74 710 


74 718 


74 726 


74 733 


669 


74 741 


74 749 


74 757 


74 764 


74 772 


74 780 


74788 


74 796 


74803 


74811 


560 


74819 


74 827 


74834 


74842 


74 850 


74 858 


74865 


74 873 


74 881 


74 889 


661 


74896 


74904 


74912 


74920 


74927 


74935 


74943 


74950 


74958 


74 966 


662 


74974 


74981 


74 989 


74997 


75 005 


75 012 


75 020 


75 028 


75 035 


75 043 


663 


75 051 


75 059 


75 066 


75 074 


75 082 


75089 


75097 


75105 


75 113 


75120 


664 


75128 


75136 


75143 


75151 


75159 


75166 


75174 


75182 


75189 


75197 


666 


75 205 


75 213 


75 220 


75 228 


75 236 


75 243 


75 251 


75 259 


75 266 


75 274 


666 


75 282 


75 289 


75 297 


75305 


75 312 


75 320 


75 328 


75335 


75343 


75351 


667 


75 358 


75 366 


75 374 


75 381 


75 389 


75 397 


75 404 


75 412 


75 420 


75 427 


668 


75 435 


75442 


75 450 


75 458 


75 465 


75473 


75481 


75 488 


75 496 


75 504 


669 


75 511 


75 519 


75 526 


75 534 


75 542 


75 549 


75 557 


75 565 


75 572 


75 580 


570 


75 587 


75 595 


75 603 


75 610 


75 618 


75626 


75 633 


75 641 


75 648 


75 656 


671 


75 664 


75 671 


75 679 


75 686 


75 694 


75 702 


75 709 


75 717 


75 724 


75 732 


672 


75 740 


75 747 


75 755 


75 762 


75 770 


75 778 


75 785 


75 793 


75 800 


75 808 


673 


75 815 


75 823 


75 831 


75 838 


75 846 


75 853 


75 861 


75 868 


75 876 


75 884 


674 


75 891 


75 899 


75 906 


75 914 


75 921 


75 929 


75 937 


75944 


75 952 


75 959 


676 


75967 


75974 


75 982 


75989 


75 997 


76005 


76012 


76020 


76027 


76035 


676 


76042 


76050 


76057 


76065 


76072 


76060 


76087 


76095 


76103 


76110 


677 


76118 


76125 


76133 


76140 


76148 


76155 


76163 


76170 


76178 


76185 


678 


76193 


76200 


76208 


76215 


76 223 


76230 


76238 


76245 


76253 


76 260 


579 


76268 


76275 


76283 


76290 


76298 


76305 


76313 


76320 


76328 


76335 


580 


76343 


76350 


76358 


76365 


76373 


76380 


76388 


76395 


76403 


76410 


681 


76418 


76425 


76433 


76440 


76448 


76455 


76462 


76470 


76477 


76485 


582 


76492 


76 500 


76507 


76 515 


76 522 


76530 


76537 


76545 


76552 


76 559 


683 


76 567 


76574 


76582 


76589 


76597 


76604 


76612 


76619 


76626 


76634 


584 


76641 


76649 


76656 


76664 


76671 


76678 


76686 


76693 


76701 


76 708 


586 


76 716 


76723 


76730 


76738 


76 745 


76753 


76 760 76768 76775 


76 782 


686 


76790 


76797 


76805 


76812 


76 819 


76827 


76834 


76842 


76849 


76856 


687 


76864 


76871 


76879 


76886 


76893 


76901 


76908 


76916 


76923 


76930 


688 


76938 


76945 


76953 


76960 


76967 


76975 


76982 


76989 


76997 


77004 


689 


77012 


77019 


77026 


77034 


77041 


77048 


77056 


77063 


77070 


77078 


600 


77085 


77093 


77100 


77107 


77115 


77122 


77129 


77137 


77144 


77151 


691 


77159 


77166 


77173 


77181 


77188 


77195 


77 203 


77 210 


77 217 


77 225 


592 


77232 


77240 


77 247 


77254 


77262 


77 269 


77 276 


77283 


77 291 


77 298 


593 


77305 


77313 


77320 


77327 


77335 


77342 


77349 


77357 


77364 


77371 


594 


77379 


77386 


77393 


77401 


77408 


77415 


77422 


77430 


77 437 


77444 


596 


77452 


77459 


77466 


77474 


77481 


77488 


77495 


77 503 


77 510 


77 517 


696 


77 525 


77 532 


77539 


77 546 


77 554 


77561 


77 568 


77576 


77 583 


77 590 


697 


77597 


77 605 


77 612 


77619 


77627 


77634 


77641 


77648 


77656 


77 663 


598 


77 670 


77677 


77 685 


77 692 


77 699 


77 706 


77714 


77 721 


77 728 


77 735 


699 


77 743 


77 750 


77 757 


77 764 


77 772 


77 779 


77786 


77 793 


77801 


77 808 


eoo 


77815 


77822 


77 830 


77 837 


77 844 


77851 


77859 


77866 


77 873 


77880 
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N 

eoo 

601 
602 
603 
604 

605 
606 
607 
608 
609 

610 

611 
612 
613 
614 

615 
616 
617 
618 
619 

620 

621 
622 
623 
624 

625 
626 
627 
628 
629 

630 

631 
632 
633 
634 

636 
6j30 
637 
638 

639 

640 

641 
642 
643 
644 

645 
646 
647 
648 
649 

650 



2 



8 



5 



6 



8 



9 



77815 77822 77830 77837 77844 

77 887 77 895 77 902 77 909 77 916 
77960 77967 77974 77981 77988 
78032 78039 78046 78053 78061 
78104 78111 78118 78125 78132 

78176 78183 78190 78197 78 204 

78247 78254 78262 78269 78276 

78319 78326 78333 78 340 78347 

78390 78398 78405 78412 78419 

78462 78469 78476 78483 78490 

78533 78 540 78547 78554 78 561 

78604 78611 78618 78625 78633 

78675 78682 78689 78696 78 704 

78 746 78 753 78 760 78 767 78 774 
78817 78824 78831 78838 78845 

78888 78895 78902 78909 78916 

78958 78965 78972 78979 78986 

79029 79036 79043 79050 79057 

79099 79106 79113 79120 79127 

79169 79176 79183 79190 79197 

79239 79246 79253 79260 79267 

79309 79316 79323 79330 79337 

79379 79386 79393 79400 79407 

79449 79456 79463 79470 79477 

79 518 79 525 79532 79 539 79546 

79588 79595 79602 79609 79616 

79657 79664 79671 79678 79685 

79 727 79 734 79 741 79 748 79 754 

79 796 79803 79 810 79817 79 824 

79865 79872 79879 79886 79893 

79934 79941 79948 79955 79962 

80003 80010 80017 80024 80030 

80072 80079 80085 80092 80099 

80140 80147 80154 80161 80168 

80209 80216 80223 80229 80236 

80277 80284 80291 80298 80305 

80346 80353 80359 80366 80373 

80414 80421 80428 80434 80441 

804S2 80489 80496 80502 80509 

80550 80557 80564 80570 80577 

80618 80625 80632 80638 80645 

80686 80693 80699 80706 80713 

80754 80760 80767 80774 80781 

80821 80828 80835 80841 80848 

80889 80895 80902 80909 80916 



80956 
81023 
81090 
81158 
81224 



80963 
81030 
81097 
81164 
81231 



80969 

81037 
81104 
81171 
81238 



81291 81298 81305 



80976 
81043 
81111 
81178 
81245 

81311 



80983 
81050 
81117 
81184 
81251 

81318 



77851 77859 77866 77873 77880 

77924 77931 77938 77945 77952 

77996 78003 78010 78017 78025 

78068 78075 78062 78089 78097 

78140 78147 78154 78161 78168 

78211 78219 78226 78233 78240 

78283 78 290 78297 78305 78312 

78355 78362 78369 78376 78383 

78426 78433 78440 78447 78455 

78497 78504 78512 78519 78526 

78569 78576 78583 78590 78597 

78640 78647 78654 78661 78668 

78 711 78 718 78 725 78 732 78 739 

78781 78789 78796 78803 78810 

78852 78859 78866 78873 78880 

78923 78930 78937 78944 78951 

78993 79000 79007 79014 79021 

79064 79071 79078 79085 79092 

79134 79141 79148 79155 79162 

79204 79211 79218 79225 79232 

79274 79281 79288 79295 79302 

79344 79351 79358 79365 79372 

79414 79421 79428 79435 79442 

79484 79491 79498 79505 79511 

79553 79560 79567 79574 79581 

79623 79630 79637 79644 79650 

79692 79699 79706 79713 79720 

79761 79768 79775 79782 79789 

79831 79837 79844 79851 79858 

79900 79906 79913 79920 79927 

79969 79975 79982 79989 79996 

80037 80044 80051 80058 80065 

80106 80113 80120 80127 80134 

80175 80182 80188 80195 80202 

80243 80250 80257 80264 80271 

80312 80318 80325 80332 80339 

80380 80387 80393 80400 80407 

80448 80455 80462 80468 80475 

80516 80523 80530 80536 80 543 

80584 80591 80598 80604 80611 

80652 80659 80665 80672 80679 

80720 80726 80733 80740 80747 

80787 80794 80801 80808 80814 

80855 80862 80868 80875 80882 

80922 80929 80936 80943 80949 

80990 80996 81003 81010 81017 

81057 81064 81070 81077 81084 

81124 81131 81137 81144 81151 

81191 81198 81204 81211 81218 

81258 81265 81271 81278 81285 

81 325 81 331 81 338 81 345 81 351 
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8 7 


8 


9 


eso 


81291 81296 81J0i 81311 81318 


81325 81331 61336 61345 


61351 


651 


81358 8136i 81371 81378 8138i 


61391 


61398 81405 61411 


81418 


662 


81425 81431 81438 8144i 81451 


81456 61465 61471 


81478 81465 1 


663 


81491 81496 8150^ 81511 81518 


81525 


61531 61536 


81544 


81551 


664 


81556 81564 81571 81578 81584 


81591 


61596 81604 


61611 


81617 


666 


81624 81631 81637 81644 81651 


61657 


81664 61671 


81677 


81664 


669 


81690 81697 81704 81710 81717 


61723 


61730 81737 


81743 


81750 


667 


81 757 81 763 81 770 81 776 81 783 


61790 


61 796 61 803 


81809 


81616 


668 


81823 81829 81836 81842 81849 


81656 


61662 81869 


81675 


81862 


668 


81889 8189i 81902 81906 8191i 


61921 


81926 81935 


81941 


61946 


eao 


81954 81961 81968 81974 81981 


81967 


61994 62000 


82 007 


82014 


661 


82020 82027 82033 82040 82046 


62053 


82060 62066 


82073 


82079 


662 


82086 62092 82099 82105 82112 


62119 


82125 62132 


82136 


82145 


663 


82151 82158 82164 82171 82178 


62184 


82191 82197 


62 204 


82 210 


664 


62217 82223 82230 82236 82243 


62249 


62256 62263 


62 269 


62276 


666 


62282 62289 82295 82302 82306 


62315 


62321 82326 


62 334 


62341 


066 


62347 82354 62360 62367 62373 


62380 


62367 82 393 


62400 


62406 


667 


' 62413 62419 62426 82 432 62439 


82445 


82452 82 458 


82 465 


62471 


668 


62476 62464 62491 62497 82504 


82 510 


62 517 62 523 


62 530 


62 536 


668 


62543 62549 82556 82562 62569 


62575 


82562 62586 62595 


62601 


670 


82607 62614 82620 62627 82633 


82640 


62646 82653 


82659 


62666 


671 


82672 62679 62685 62692 82696 


62 705 


82 711 82 718 


82 724 


82 730 


672 


62737 62743 82 7^^0 82756 82 763 


62 769 


82 776 62 762 


82 789 


62 795 


678 


82802 62606 62814 62821 82827 


62634 


82840 82 647 


62653 


62 860 


674 


62866 82872 82879 82665 62692 


62696 82905 82 911 


62918 


62924 


675 


82930 62937 62943 629J0 82956 


82963 


82969 82 975 


82962 


62966 


676 


8299i 63001 83006 63014 63020 


83027 63033 63040 


63 046 


63052 


677 


63059 63065 63072 63078 8306i 


63091 


63097 83104 


63 110 


63117 


678 


83 123 63 129 63 136 63 142 63 149 


63155 63161 63168 


63174 


63181 


678 


63187 83193 63200 63206 63213 


63219 83225 83 232 


63 236 


83 245 


880 


63251 63257 83264 63270 63276 


83 283 


63269 63296 


63 302 


63 308 


681 


6331i 83321 63 327 63 334 83 340 


63347 63353 63359 


63 366 


63372 


682 


83376 6338i 63391 63396 63404 


63410 


63417 63 423 


63429 


63436 


688 


83442 63446 6345^ 63461 63467 


63474 


63480 63487 


63493 


83 499 


684 


63506 63512 63516 63 52i 63531 


63 537 


63544 63 550 


63 556 


83 563 


685 


63569 63575 63582 63568 83594 


63601 


83 607 63613 


63620 


83 626 


686 


83632 83639 83645 63651 83658 


83664 


63670 83677 


63 683 


63669 


687 


63696 63 702 63 706 63 715 63 721 


63 727 


63 734 63 740 


63 746 


63 753 


688 


63 759 63 765 63 771 63 778 63 784 


63 790 


63 797 63603 


63 809 


63 616 


688 


83622 63628 6363i 63841 83647 


83853 


63860 63866 63672 83679 | 


890 


63865 63891 83897 63904 63910 


63 916 


63923 83929 83935 


63942 


691 


63946 63954 63960 63%7 63973 


63979 


63965 63992 


63996 


84004 


682 


64011 64017 64023 84029 64036 


. 84042 64046 84055 


64061 


84067 


693 


64073 64060 64066 64092 64098 


64105 64111 84117 


64123 


84130 


694 


84136 64142 84146 64155 64161 


64167 


64173 64180 


64186 


84192 


696 


84196 64 205 64211 64 217 64 223 


84230 84 236 84242 84 246 64255 | 


696 


84 261 84267 64 273 84 260 64 286 


64292 84296 84305 84311 


84 317 


697 


84323 64330 84 336 64342 64348 


84354 


84361 84367 


84373 


64379 


698 


64386 84392 64396 64404 84410 


84417 


64423 64429 


64435 


84442 


699 


64446 84454 64460 64466 64473 


64479 64465 64491 


64497 


84 504 


700 


84 510 64 516 64522 64 528 64535 


64 541 


64 547 64 553 


84 559 


84 566 
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700 


84510 


84 516 84 522 84 528 84 535 


84 541 


84 547 


84553 84559 


84 566 


701 


84 572 


84 578 84 584 84 590 84 597 


84603 


84609 


84615 84621 


84628 


702 


84634 


84640 84646 84652 84658 


84665 84671 


84677 84 683 


84689 


708 


84 696 


84 702 84708 84 714 84 720 


84 726 


84 733 


84 739 84 745 84 751 1 


704 


84 757 


84 763 84 770 84 776 84 782 


84 788 84 794 84800 84807 84813 1 


706 


84 819 


84825 84831 84837 84844 


84850 84856 84862 84868 84874 I 


706 


84 880 


84887 84893 84899 84905 


84911 


84917 


84924 84930 


84936 


707 


84942 


84948 84954 84960 84967 


84973 


84979 84985 84991 


84997 


708 


85003 


85009 85016 85022 85028 


85 034 


85 040 


85046 85052 


85058 


709 


85065 85071 85077 85083 85089 


85 095 


85101 


85107 85114 


85120 


710 


85126 85132 85138 85144 85150 


85156 


85163 


85169 85175 85181 I 


711 


85187 


85193 85199 85 205 85 211 


85 217 


85 224 


85230 85 236 


85 242 


712 


85 248 


85 254 85 260 85 266 85 272 


85 278 85 285 85 291 85 297 


85303 


718 


85 309 


85 315 85321 85 327 85 333 


85 339 85345 


85352 85 358 


85 364 


714 


85 370 


85376 85382 85388 85394 


85400 


85 406 


85412 85418 


85425 


716 


85431 


85437 85443 85449 85455 


85461 


85 467 


85473 85479 85485 1 


716 


85 491 


85497 85 503 85 509 85 516 


85 522 


85528 


85 534 85 540 


^85 546 1 


717 


85 552 


85 558 85 564 85 570 85 576 


85 582 


85 588 


85594 85600 


85606 1 


718 


85 612 


85 618 85 625 85 631 85637 


85 643 


85649 85655 85661 85667 1 


719 


85 673 


85679 85685 85691 85697 


85 703 


85 709 


85 715 85 721 


85 727 


720 


85 733 


85 739 85 745 85 751 85 757 


85 763 


85 769 85775 85781 


85 788 


721 


85 794 


85 800 85 806 85 812 85 818 


85 824 


85 830 


85 836 85 842 


85 848 


722 


85 854 


85 860 85 866 85 872 85 878 


85 884 


85 890 


85896 85902 


85906 


728 


85 914 


85920 85926 85932 85938 


85944 


85 950 85956 85962 


85 968 


724 


85 974 


85960 85986 85992 85998 


86004 


86010 86016 86022 


86028 


726 


86034 


86040 86046 86052 86058 


86064 


86070 


86076 86082 


86088 


726 


86094 


86100 86106 86112 86118 


86124 


86130 86136 86141 


86147 


727 


86153 


86159 86165 86171 86177 


86183 


86189 


86195 86201 


86207 


728 


86213 


86219 86225 86231 86237 


86243 


86249 86255 86 261 


86267 


729 


86273 86279 8628i 86291 86297 


86303 


86306 


86314 86320 


86326 


780 


86332 


86338 86344 86350 86356 


86362 


86368 


86374 86380 


86386 


781 


86392 


86398 86404 86410 86415 


86421 


86427 


86433 86439 


86445 


782 


86451 


86457 86463 86469 86475 


86481 


86487 


86493 86499 


86504 


788 


86510 


86516 86522 86528 86534 


86540 


86546 


86552 86 558 


86564 


784 


86570 86576 86581 86587 86593 


86599 


86605 


86611 86617 


86623 


786 


86629 8663iS 86641 86646 86652 


86658 


86664 


86670 86676 


86682 


736 


86688 


86694 86 700 86705 86711 


86717 


86 723 


86 729 86 735 86741 | 


787 


86 747 


86753 86759 86764 86 770 


86 776 


86 782 


86 788 86 794. 


86800 


788 


86806 


86812 86817 86823 86829 


86835 


86841 


86847 86853 


86859 


789 


86864 


86870 86876 86882 86888 • 


86894 


86900 


86 906 86911 


86917 


740 


86923 


86929 86935 86941 86947 


86953 


86958 


86964 86970 


86976 


741 


86982 


86988 86994 86999 87005 


87011 


87017 


87023 87029 87035 1 


742 


87040 


87046 87052 87 058 87064 


87070 


87075 


87081 87087 


87093 


748 


87099 87105 87111 87116 87122 | 


87128 


87134 


87140 87146 


87151 


744 


87157 


87163 87169 87175 87181 


87186 


87192 


87198 87204 


87210 


745 


87216 


87221 87227 87233 87239 


87245 


87 251 


87256 87262 


87 268 


746 


87274 


87280 87286 87291 87297 


87303 


87309 87315 87320 87326 | 


747 


87 332 


87338 87344 87349 87355 


87361 


87367 


87373 87379 


873^ 1 


748 


87390 


873% 87402 87408 87413 


87419 87425 


87431 87437 


87442 1 


749 


87448 


87454 87460 87466 87471 


87 477 87483 87 489 87495 87500 | 
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87 506 


87 512 87 518 87523 87 529 


87 535 


87541 


87547 87 552 


87 558 
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K 

750 

751 
752 
753 
754 

755 
756 
757 
758 
759 

760 

761 
762 
763 
764 

766 
766 
767 
768 
760 

770 

771 
772 
773 
774 

776 
770 
777 

na 

770 

780 

781 
782 
783 
784 

785 
786 
787 
788 
788 

70O 

791 
792 
798 
794 

795 
796 
797 
798 
799 

800 



8 



87506 87 512 87518 87523 87529 

87564 87 570 87576 87581 87587 

87622 87628 87 633 87639 8764i 

87679 87685 87691 87697 87 703 

87737 87 743 877-»9 87754 87 760 

8779i 87800 87806 87812 87818 

87852 87853 87864 87869 87875 

87910 87915 87921 87927 87933 

87967 87973 87978 87984 87990 

88024 88030 83036 83041 88047 

88061 88087 88093 88098 88104 

88 133 83144 831^0 88156 88161 
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CircamfereDce of the Circle in degrees = 360 

Circamference of the Circle in minutes = 21 600 

Circamference of the Circle in seconds = 1 296000 

If the radius r = 1, half the Circumference of the Circle is 
ir = 3. 14159 265 358979323 846264 338328 



loff 
2. 55 630 250 
4. 33 445 375 
6. 11 260 500 

0. 49 714 987 



Also: 
2n'= 6.28318 531 

iTT = 12. 56 637 061 

~= 1.57079633 
2 

— = 1.04 719 755 
8 

tl= 4.18879020 
8 

^= 0.78539816 
4 

— = 0.52 359878 
6 

i-= 0.31830989 

IT 

— = 0.15915494 
2jr 

— = 0.95492966 

IT 

i-= 1.27323 954 

A= 0.23 873 241 

in- 



0.79817 987 
1.09920986 
0. 19 611 988 

0.02002 862 

0. 62 208 861 

9.89508988-10 

9.71899862-10 

9. 50 285 013 - 10 

9.20182013-10 

9.97 997138-10 

0. 10 491 012 

9. 37 791 139 - 10 



= 0. 56 418 958 



«• =9.86960440 

i = 0. 10 132 118 

V^ =1.77 245 385 
1 

-yI =0.97 720502 

Ji =1.12 837917 

Mtt 

^ir =1.46459189 
4- =0.68278406 
^jr« = 2. 14 502 940 

^1^ = 0. 62 035 049 
\47r 

•S =0.80599 598 
\6 



0.99429975 

9. 00 570 025 - 10 

0. 24 857 494 

9.75142 506-10 

9.98998569-10 
0. 05 245 506 
0. 16 571 662 
9.83428338—10 
0. 33 143 325 
9.79 263 713-10 
9.90633 287-10 



Arc a, whose length is equal to the radius r, is : 

in degrees a« = — = 57.29577951*! . 



in minutes a' 

in seconds a" 



n 
10 800 



648 000 



-3437.74 677'.. 
.= 206264.806".. 



Arc 2 a, whose length is equal to twice the radius,2t% is : 
in degrees 2a' ....=— = 114. 59 155 903'' 

in minutes 2a' . . . . = ^^^ = 6 875. 49 354' . 

IT 

in seconds 2a" . . . . = 1H?6000 ^4^2 529. 612" . 

TT 

If the radius r = 1, the length of the arc is : 



for 1 degree 

for 1 minute 



for 1 second 



_1_ 

a' 



IT 

lib* 

IT 



a 



II 



for \ degree — - 



for \ minute 

for } second . . . . 






1 
2a' 

1 
2af' 



10 800 

TT 

648 000 

IT 

860**" 

IT 

21 600 * 

IT 



.= 0.01745 329.. 
.= 0.00029089.. 
.= 0.00000485.. 
.= 0.00872 665.. 
.= 0.00014 544.. 



-....= 0.00000 242.. 



1296000 
Sin 1" in the unit circle = 0. 00000485. . 



\og 
1. 75 812 263 

3. 53 627 388 

5. 31 442 513 

2. 05 915 263 
3. 83 730 388 
5.61545 513 

8. 24 187 737 - 10 
6. 46 372 612 - 10 
4.68 557487-10 
7.94084 737-10 
6. 16 269 612 - 10 

4. 38 454 487 — 10 
4. 68 557 487 - 10 
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For Determiking with Greater Accuracy than cak be done bt 


MEANS OF Table IU. : 


1 . log stn, log tan, and log cot^ when the angle is between 0^ and 2^ ; 


2. log co8^ log tan, and log cot, when the angle is between SS^ and 90** ; 


3. The value of the angle when the logarithm of the fUnction does not 


lie between the limits 8. 64 684 and 11. 45 310. 


FORMULAS FOR THE USE OF THE NUMBERS 8 AND T. 


I. VV hen the angle a is between 0** and 2^ : 


log sin a s= log a" + 5. 


log a'f =s log Bin a^ Sf 1 


log tan a = log a" + T. 


= log tana— r, 1 


log cot a = colog tan a. 1 = colog cot a^ T. 


II. W hen the angle a is between 88'' and DO"" : 


log cos a = log (90' -a)" + 8, 


log (90»— a)"=: log cos a— 8, 


log cot a = log (90°— a)" + T. 


= log cot o— r, 


log tan a = colog cot a. 


= colog tana— T, 


and a = 90^-.(90'»-a). 
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TABLE V. 


THE 2S"ATURAL VALUES 


SINES, COSINES, TANGENTS, AND COTANGENTS, 


IN THE UNIT CIRCLE. 
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TABLE Vi- 


ClRCrifPEBENCES AND AREAS OF CIRCLES. 






If .y=: the radlas of the circle, the clrcamference = 2«-2ir. 








If j\r= the radius of the circle, the area 


ssv^-*. 








If .»r= the circumference of the circle, the radius = —i^. 

2» 








If y= the circumfereuce of the circle, the area = i- y*. 
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97 
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98 
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99 
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Boaziag. 


Distance 1. 


Distance 2« 


Distance 8. 


Dlfttattoe4. 


Distances. 


Baaiiag. 


o f 


Lai. 


B«p« 


Lat. 


Bap. 


Lat. 


Bep. 


Lat. 


Bep. 


Lat. 


Bep. 


O f 


016 


1.000 


0.004 


2.000 


0.009 


3.000 


0.013 


4.000 


0.017 


5.000 


0.022 


88 46 


80 


1.000 


0.009 


2.000 


0.017 


3.000 


0.026 


4XX)0 


0.035 


5.000 


0.044 


30 


45 


1.000 


0.013 


2.000 


0X)26 


3.000 


0.039 


4.000 


0.052 


5.000 


0.065 


16 


1 


1.000 


0.017 


2.000 


0.035 


3.000 


0.052 


3.999 


0.070 


4.999 


0.087 


88 


IS 


1.000 


0.022 


2.000 


0.044 


2.999 


0.065 


3.999 


0.087 


4.999 


0.109 


45 


80 


1.000 


0.026 


1.999 


0.052 


2.999 


0.079 


3.999 


0.105 


4.998 


0.131 


30 


45 


1.000 


0.031 


1.999 


0.061 


2.999 


0.092 


3.998 


0.122 


4.998 


0.153 


15 


2 


0.999 


0.035 


1.999 


0.070 


2.998 


0.105 


3.998 


0.140 


4.997 


0.174 


88 


16 


0.999 


0.039 


1.998 


0.079 


2.998 


0.118 


3.997 


0.157 


4.996 


0.196 


45 


30 


0.999 


0.044 


1.998 


0.087 


2.997 


0.131 


3.996 


0.174 


4.995 


0218 


80 


46 


0.999 


0.048 


1.998 


osm 


2.997 


0.144 


3.995 


0.192 


4.994 


0.240 


15 


8 


0.999 


0.052 


1.997 


0.105 


2.996 


0.157 


3.995 


0.209 


4.993 


0262 


87 


16 


0.998 


0.057 


1.997 


0.113 


2.995 


O.170 


3.994 


0227 


4.992 


0.2a3 


45 


30 


0.998 


0.061 


1.996 


0.122 


2.994 


0.183 


3.993 


0.244 


4.991 


0305 


80 


46 


0.998 


0.065 


1.996 


0.131 


2.994 


0.196 


3.991 


0.262 


4.989 


0327 


15 


4 


0.998 


0.070 


1.995 


0.140 


2.993 


0209 


3.990 


0.279 


4.988 


0349 


86 


16 


0.997 


0.074 


1.995 


0.148 


2.992 


0.222 


3.989 


0296 


4.986 


0371 


45 


30 


0.997 


0.078 


1.994 


0.157 


2.991 


0.235 


3.988 


0314 


4.985 


0392 


30 


45 


0.997 


0.083 


1.993 


0.166 


2.990 


0.248 


3.986 


0331 


4.983 


0.414 


15 


5 


0.996 


0.087 


1.992 


0.174 


2.989 


0.261 


3.985 


0349 


4.981 


0.436 


85 


16 


0.996 


0.092 


1.992 


0.183 


2.987 


0275 


3.983 


0366 


4.979 


0.458 


45 


30 


0.995 


0.096 


1.991 


0.192 


2.986 


0.288 


3.982 


0383 


4.977 


0.479 


30 


45 


0.995 


0.100 


1.990 


0200 


2.985 


0301 


3.980 


0.401 


4.975 


0301 


15 


6 


0.995 


0.105 


1.989 


0.209 


2.984 


0314 


3.978 


0.418 


4.973 


0323 


84 


16 


0.994 


0.109 


1.988 


0.218 


2.982 


0327 


3.976 


0.435 


4.970 


0544 


45 


30 


0.994 


0.113 


1.987 


0.226 


2.981 


0340 


3.974 


0.453 


4.968 
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0.993 


0.118 


1.966 


0.235 


2.979 


0353 


3.972 


0.470 
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0.993 


0.122 


1.985 
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2.978 


0366 


3.970 


0.487 


4.963 


0.609 


83 
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0.992 


0.126 


1.984 


0.252 


2.976 


0379 


3.968 


0.505 


4.960 


0.631 


45 


30 


0.991 


0.131 


1.983 


0.261 


2.974 


0392 


3.966 


0.522 


4.957 


0.653 


30 


45 


0.991 
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1.982 
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2.973 


0.405 


3.963 


0.539 


4.954 


0.674 


15 


8 


0.990 


0.139 


1.981 


0.278 


2.971 


0.418 


3.961 


0.557 


4.951 


0.696 


82 


16 


0.990 


0.143 


1.979 


0.287 


2.969 


0.430 


3.959 


0.574 


4.948 


0717 


46 


30 


0.989 


0.148 


1.978 


0.296 


2.967 


0.443 


3.956 


0391 


4.945 


0739 


30 


46 


0.988 


0.152 


1.977 


0304 


2.965 


0.456 


3.953 


0.608 


4.942 


0761 


15 


9 


0.988 


0.156 


1.975 


0313 


2.963 


0.469 


3.951 


0.626 


4.938 


0.782 


81 


16 


0.987 


0.161 


1.974 


0321 


2.961 


0.482 


3.948 


0.643 


4.935 


O804 


45 


30 


0.986 


0.165 


1.973 


0.330 


2.959 


0.495 


3.945 


0.660 


4.931 


0825 


30 


45 


0.986 


0.169 


1.971 


0339 


2.957 


0.508 


3.942 


0.677 


4.928 


0847 


15 


10 


0.985 


0.174 


1.970 


0347 


2.954 


0.521 


3.939 


0.695 


4.924 


0.868 


80 


16 


0.984 


0.178 


1.968 


0356 


2.952 


0.534 


3.936 


0.712 


4.920 


0.890 


46 


30 


0.983 


0.182 


1.967 


0.364 


2.950 


0.547 


3.933 


0.729 


4.916 


0.911 


80 


46 


0.982 


0.187 


1.965 


0373 


2.947 


0.560 


3.930 


0.746 


4.912 
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16 
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0.982 
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2.945 
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3.927 


0.763 
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16 
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2.942 


0.585 
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46 


30 


0.980 
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2.940 


0.598 


3.920 


0.797 
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0.997 


30 


46 


0.979 


0.204 


1.958 


0.407 


2.937 


0.611 


3.916 


0.815 


4.895 


1.018 


16 
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0.978 


0.206 


1.956 


0.416 


2.934 


0.624 


3.913 


0.832 


4.891 


1.040 


78 


15 


0.977 
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1.954 


0.424 
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0.637 


3.909 


0.849 


4.886 


1.061 


' 46 
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0.976 


0.216 


1.953 


0.433 


2.929 


0.649 


3.905 


0.866 


4.881 


1.082 


30 


46 


0.975 


0.221 


1.951 


0.441 


2.926 


0.662 


3.901 


0.883 


4.877 


1.103 


16 


13 


0.974 


0.225 


1.949 


0.450 


2.923 


0.675 


3.897 


0.900 


4.872 


1.125 


77 


16 


0.973 


0.229 


1.947 


0.458 


2.920 


0.688 


3.894 


0.917 


4.867 


1.146 


46 


30 


0.972 


0.233 


1.945 


0,467 


2.917 


0.700 


3.889 


0.934 


4.862 


1.167 


30 


46 


0.971 


0.238 


1.943 


0.475 


2.914 


0.713 


3.885 


0.951 


4.857 


1.188 


15 


14 


0.970 


0.242 


1.941 


0.484 


2.911 


0.726 


3.881 


0.968 


4.851 


1210 


76 


15 


0.969 


0.246 


1.938 


0.492 


2.908 


0.738 


3.877 


0.985 


4.846 


1.231 


45 


30 


0.968 


0.250 


1.936 


0.501 


2.904 


0.751 


3.873 


1.002 


4.841 


1.252 


30 


46 


0.967 


0.255 


1.934 


0.509 


2.901 


0.764 


3.868 


1.018 


4.835 


1.273 
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15 


0.966 


0.259 


1.932 
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0.776 


3.864 
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DIstanoe 6. 


DUtaneeT. 
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Dtp. 
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6.000 


0.026 


7.000 


0.031 


8.000 


0X»5 


9.000 


0.039 


10.000 


0.044 


88 46 


SO 


6.000 


0.052 


7.000 


0.061 


8.000 


0.070 


9.000 


0.079 


10.000 


0.087 


80 


46 


5.999 


0.079 


6.999 


0.092 


7.999 


0.105 


8.999 


0.118 


9.999 


0.131 


16 


1 


5.999 


0.105 


6.999 


0.122 


7.999 


0.140 


8.999 


0.157 


9.999 


0.175 


88 


16 


5.999 


0.131 


6.998 


0.153 


7.998 


0.175 


8.998 


0.196 


9.998 


0.218 


46 


80 


5.998 


0.157 


6.998 


0.183 


7.997 


0.209 


8.997 


0.236 


9.997 


0.262 


30 


46 


5.997 


0.183 


6.997 


0.214 


7.996 


0.244 


8.996 


0.275 


9.995 


0305 


16 


2 


5.996 


0.209 


6.996 


0.244 


7.995 


0.279 


8.995 


0314 


9.994 


0349 


88 


16 


5.995 


0.236 


6.995 


0.275 


7.994 


0314 


8.993 


0353 


9.992 


0393 


46 


30 


5.994 


0.262 


6.993 


0305 


7.992 


0349 


8.991 


0393 


9.991 


0.436 


80 


46 


5.993 


0.288 


6.992 


0336 


7.991 


0384 


8.990 


0.432 


9.989 


0.480 


16 


8 


5.992 


0314 


6.990 


0366 


7.989 


0.419 


8.988 


0.471 


9.986 


0.523 


87 


16 


5.990 


0340 


6.989 


0397 


7.987 


0.454 


8.986 


0.510 


9.984 


0.567 


46 


30 


5.989 


0.366 


6.987 


0.427 


7.985 


0.488 


8.983 


0549 


9.981 


0.611 


80 


46 


5.987 


0.392 


6.985 


0.458 


7.983 


0.523 


8.981 


0.589 


9.979 


0.654 


16 


4 


5.985 


0.419 


6.983 


0.488 


7.981 


0.558 


8.978 


0.628 


9.976 


0.698 


86 


16 


5.984 


0.445 


6.981 


0.519 


7.978 


0.593 


8.975 


0.667 


9.973 


0.741 


46 


80 


5.982 


0.471 


6.978 


0.549 


7.975 


0.628 


8.972 


0.706 


9.969 


0.785 


80 


46 


5.979 


0.497 


6.976 


0.580 


7.973 


0.662 


8.969 


0.745 


9.966 


0.828 


16 


5 


5.977 


0.523 


6.973 


0.610 


7.970 


0.697 


8.966 


0.784 


9.962 


0.872 


85 


16 


5.975 


0.549 


6.971 


0.641 


7.966 


0.732 


8.962 


0.824 


9.958 


0.915 


46 


80 


5.972 


0.575 


6.968 


0.671 


7.963 


0.767 


8.959 


0.863 


9.954 


0.959 


80 


46 


5.970 


0.601 


6.965 


0.701 


7,960 


0.802 


8.955 


0.902 


9.950 


1.002 


16 


6 


5.967 


0.627 


6.962 


0.732 


7.956 


0.836 


8.951 


0.941 


9.945 


1.045 


84 


16 


5.964 


0.653 


6.958 


0.762 


7.952 


0.871 


8.947 


0.980 


9.941 


1.089 


46 


80 


5.961 


0.679 


6.955 


0.792 


7.949 


0.906 


8.942 


1.019 


9.936 


1.132 


80 


46 


5.958 


0.705 


6.951 


0.823 


7.945 


0.940 


8.938 


1.058 


9.931 


1.175 


16 


7 


5.955 


0.731 


6.948 


0.853 


7.940 


0.975 


8.933 


1.097 


9.926 


1.219 


88 


16 


5.952 


0.757 


6.944 


0.883 


7.936 


1.010 


8.928 


1.136 


9.920 


1.262 


46 


80 


5.949 


0.783 


6.940 


0.914 


7.932 


1.044 


8.923 


1.175 


9.914 


1.305 


80 


46 


5.945 


0.809 


6.936 


0.944 


7.927 


1.079 


8.918 


1.214 


9.909 


1.349 


16 


8 


5.942 


0.835 


6.932 


0.974 


7.922 


1.113 


8.912 


1.253 


9.903 


1.392 


82 


16 


5.938 


0.861 


6.928 


1.004 


7.917 


1.148 


8.907 


1.291 


9.897 


1.435 


46 


30 


5.934 


0.887 


6.923 


1.035 


7.912 


1.182 


8.901 


1330 


9.890 


1.478 


80 


46 


5.930 


0.913 


6.919 


1.065 


7.907 


1.217 


8.895 


1369 


9.884 


1.521 


16 


9 


5.926 


0.939 


6.914 


1.095 


7.902 


1.251 


8.889 


1.408 


9.877 


1.564 


81 


15 


5.922 


0.964 


6.909 


1.125 


7.896 


1.286 


8.883 


1.447 


9.870 


1.607 


46 


80 


5.918 


0.990 


6.904 


1.155 


7.890 


1320 


8.877 


1.485 


9.863 


1.651 


30 


46 


5.913 


1.016 


6.899 


1.185 


7.884 


1.355 


8.870 


1.524 


9.856 


1.694 


16 


10 


5.909 


1.042 


6.894 


1.216 


7.878 


1389 


8.863 


1.563 


9.848 


1.737 


80 


16 


5.904 


1.068 


6.888 


1.246 


7.872 


1.424 


8.856 


1.601 


9.840 


1.779 


46 


80 


5.900 


1.093 


6.883 


1.276 


7.866 


1.458 


8.849 


1.640 


9.833 


1.822 


80 


46 


5.895 


1.119 


6.877 


1306 


7.860 


1.492 


8.842 


1.679 


9.825 


1.865 


16 


11 


5.890 


1.145 


6.871 


1336 


7.853 


1.526 


8.835 


1.717 


9.816 


1.908 


79 


15 


5.885 


1.171 


6.866 


1366 


7.846 


1.561 


8.827 


1.756 


9.808 


1.951 


46 


80 


5.880 


1.196 


6.859 


1396 


7.839 


1.595 


8.819 


1.794 


9.799 


1.994 


SO 


46 


5.874 


1.222 


6.853 


1.425 


7.832 


1.629 


8.811 


1.833 


9.791 


2.036 


15 


12 


5.869 


1.247 


6.847 


1.455 


7.825 


1.663 


8.803 


1.871 


9.782 


2.079 


78 


16 


5.863 


1.273 


6.841 


1.485 


7«818 


1.697 


8.795 


1.910 


9.772 


2.122 


46 


SO 


5.858 


1.299 


6.834 


1.515 


7.810 


1.732 


8.787 


1.948 


9.763 


2.164 


80 


46 


5.852 


1.324 


6.827 


1.545 


7.803 


1.766 


8.778 


1.986 


9.753 


2.207 


16 


18 


5.846 


1350 


6.821 


1.575 


7.795 


1.800 


8.769 


2.025 


9.744 


2.250 


77 


15 


5.840 


1375 


6.814 


1.604 


7.787 


1.834 


8.760 


2.063 


9.734 


2.292 


46 


80 


5.834 


1.401 


6.807 


1.634 


7.779 


1.868 


8.751 


2.101 


9.724 


2.335 


80 


46 


5.828 


1.426 


6.799 


1.664 


7.771 


1.902 


8.742 


2.139 


9.713 


2377 


16 


14 


5.822 


1.452 


6.792 


1.693 


7.762 


1.935 


8.733 


2.177 


9.703 


2.419 


76 


16 


5.815 


1.477 


6.785 


1.723 


7.754 


1.969 


8.723 


2.215 


9.692 


2.462 


46 


80 


5.809 


1.502 


6.777 


1.753 


7.745 


2.003 


8.713 


2.253 


9.682 


2.504 


80 


45 


5.802 


1.528 


6.769 


1.782 


7.736 


2.037 


8.703 


2.291 


9.671 


2.546 


16 


15 


5.796 


1.553 


6.761 


1.812 


7.727 


2.071 


8.693 


2329 


9.659 


2.588 


75 


o / 


Bep. 


Lat. 


Dep. 


Lat. 


Dtp. 


Lat. 


Dtpi 


Lst. 


Dtp. 


Lst 


O f 


Bewiiig. 


Distance 6. 


Distance 7. 


Distances. 


Distance 0. 


Distance 10. 


Besfiog. 



7^^"- 90 
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W- 


30*= 


) 










Boaziag. 


Distance 1. 


Distance 2. 


Distance 8. 


Distance 4. 


Distance 5. 1 


Bearing. 


o f 


Ut. 


Dtp. 


Lat. 


Bap. 


Lat. 


Bep. 


Lat. 


Bap. 


Lat. 


Bep. 


o f 


1516 


0.965 


0.263 


1.930 


0.526 


2.894 


0.789 


3.859 


1.052 


4.824 


1315 


74 46 


30 


0.964 


0.267 


1.927 


0.534 


2.891 


0.802 


3.855 


1.069 


4.818 


1336 


80 


45 


0.962 


0.271 


1.925 


0.543 


2.887 


0.814 


3.850 


1.066 


4.812 


1.357 


16 


16 


0.%1 


0.276 


1.923 


0.551 


2.884 


0.827 


3.845 


1.103 


4.806 


1378 


74 


16 


0.960 


0.280 


1.920 


0.560 


2.880 


0.839 


3.840 


1.119 


4.800 


1399 


46 


30 


0.959 


0.284 


1.918 


0.568 


2.876 


0.852 


3.835 


1.136 


4.794 


1.420 


80 


46 


0.958 


0.288 


1.915 


0.576 


2.873 


0.865 


3.830 


1.153 


4.788 


1.441 


16 


17 


0.956 


0.292 


1.913 


0.585 


2.869 


0.877 


3.825 


1.169 


4.782 


1.462 


78 


16 


0.955 


0.297 


1.910 


0.593 


2.865 


0.890 


3.820 


1.186 


4.775 


1.483 


46 


30 


0.954 


0.301 


1.907 


0.601 


2.861 


0.902 


3.815 


1.203 


4.769 


1.504 


SO 


46 


0.952 


0.305 


1.905 


0.610 


2.857 


0.915 


3.810 


1.220 


4.762 


1.524 


16 


18 


0.951 


0.309 


1.902 


0.618 


2.853 


0.927 


3.804 


1.236 


4.755 


1.545 


72 


16 


0.950 


0.313 


1.899 


0.626 


2.849 


0.939 


3.799 


1.253 


4.748 


1.566 


46 


SO 


0.948 


0.317 


1.897 


0.635 


2.845 


0.952 


3.793 


1.269 


4.742 


1.587 


30 


45 


0.947 


0.321 


1.894 


0.643 


2.841 


0.964 


3.788 


1.286 


4.735 


1.607 


16 


19 


0.946 


0.326 


1.891 


0.651 


2.837 


0.977 


3.782 


1.302 


4.728 


1.628 


71 


16 


0.944 


0.330 


1.888 


0.659 


2.832 


0.989 


3.776 


1319 


4.720 


1.648 


45 


SO 


0.943 


0.334 


1.885 


0.668 


2.828 


1.001 


3.771 


1335 


4.713 


1.669 


80 


45 


0.941 


0.338 


1.882 


0.676 


2.824 


1.014 


3.765 


1352 


4.706 


1.690 


16 


20 


0.9«) 


0J42 


1.879 


0.684 


2.819 


1.026 


3.759 


1368 


4.698 


1.710 


70 


16 


0.938 


0346 


1.876 


0.692 


2.815 


1.038 


3.753 


1384 


4.691 


1.731 


46 


30 


0.937 


0350 


1.873 


0.700 


2.810 


1.051 


3.747 


1.401 


4.683 


1.751 


80 


46 


0.935 


0354 


1.870 


0.709 


2.805 


1.063 


3.741 


1.417 


4.676 


1.771 


16 


21 


0.934 


0358 


1.867 


0.717 


2.801 


1.075 


3.734 


1.433 


4.668 


1.792 


69 


16 


0.932 


0362 


1.864 


0.725 


2.7% 


1.087 


3.728 


1.450 


4.660 


1.812 


46 


SO 


0.930 


0367 


1.861 


0.733 


2.791 


1.100 


3.722 


1.466 


4.652 


1.833 


SO 


46 


0.929 


0371 


1.858 


0.741 


2.786 


1.112 


3.715 


1.482 


4.644 


1.853 


16 


22 


0.927 


0.375 


1.854 


0.749 


2.782 


1.124 


3.709 


1.498 


4.636 


1.873 


68 


16 


0.926 


0379 


1.851 


0.757 


2.777 


1.136 


3.702 


1.515 


4.628 


1.893 


46 


80 


0.924 


0383 


1.848 


0.765 


2.772 


1.148 


3.6% 


1.531 


4.619 


1.913 


30 


46 


0.922 


0.387 


1.844 


0.773 


2.767 


1.160 


3.689 


1.547 


4.611 


1.934 


16 


23 


0.921 


0391 


1.841 


0.781 


2.762 


1.172 


3.682 


1.563 


4.603 


1.954 


67 


16 


0.919 


0395 


1.838 


0.789 


2.756 


1.184 


3.675 


1.579 


4.594 


1.974 


46 


80 


0.917 


0399 


1.834 


0.797 


2.751 


1.1% 


3.668 


1395 


4.585 


1.994 


80 


46 


0.915 


0.403 


1.831 


0.805 


2.746 


1.208 


3.661 


1.611 


4.577 


2.014 


16 


24 


0.914 


0.407 


1.827 


0.813 


2.741 


1220 


3.654 


1.627 


4.568 


2.034 


66 


16 


0.912 


0.411 


1.824 


0.821 


2.735 


1.232 


3.647 


1.643 


4.559 


2.054 


46 


80 


0.910 


0.415 


1.820 


0.829 


2.730 


1.244 


3.640 


1.659 


4.550 


2.073 


80 


46 


0.908 


0.419 


1.816 


0.837 


2.724 


1.256 


3.633 


1.675 


4.541 


2.093 


16 


25 


0.906 


0.423 


1.813 


0.845 


2.719 


1.268 


3.625 


1.690 


4.532 


2.113 


65 


16 


0.904 


0.427 


1.809 


0.853 


2.713 


1.280 


3.618 


1.706 


4.522 


2.133 


46 


80 


0.903 


0.431 


1.805 


0.861 


2.708 


1.292 


3.610 


1.722 


4.513 


2.153 


80 


46 


0.901 


0.434 


1.801 


0.869 


2.702 


1303 


3.603 


1.738 


4.503 


2.172 


16 


26 


0.899 


0.438 


1.798 


0.877 


2.6% 


1315 


3.595 


1.753 


4.494 


2.192 


64 


16 


0.897 


0.442 


1.794 


0.885 


2.691 


1327 


3.587 


1.769 


4.484 


2.211 


46 


80 


0.895 


0.446 


1.790 


0.892 


2.685 


1339 


3.580 


1.785 


4.475 


2.231 


80 


46 


0.893 


0.450 


1.786 


0.900 


2.679 


1350 


3.572 


1.800 


4.465 


2.250 


16 


27 


0.891 


0.454 


1.782 


0.908 


2.673 


1362 


3.564 


1.816 


4.455 


2.270 


68 


16 


0.889 


0.458 


1.778 


0.916 


2.667 


13n 


3.556 


1.831 


4.445 


2.289 


46 


80 


0.887 


0.462 


1.774 


0.923 


2.661 


1385 


3.548 


1.847 


4.435 


2309 


SO 


46 


0.885 


0.466 


1.770 


0.931 


2.655 


1.397 


3.540 


1.862 


4.42S 


2328 


16 


28 


0.883 


0.469 


1.766 


0.939 


2.649 


1.408 


3.532 


1.878 


4.415 


2347 


62 


16 


0.881 


0.473 


1.762 


0.947 


2.643 


1.420 


3.524 


1.893 


4.404 


2367 


46 


80 


0.879 


0.477 


1.758 


0.954 


2.636 


1.431 


3.515 


1.909 


4394 


2386 


80 


45 


0.877 


0.481 


1.753 


0.%2 


2.630 


3.443 


3.507 


1.924 


4384 


2.405 


16 


29 


0.875 


0.485 


1.749 


0.970 


2.624 


1.454 


3.498 


1.939 


4373 


2.424 


61 


16 


0.872 


0.489 


1.745 


0.977 


2.617 


1.466 


3.490 


1.954 


4362 


2.443 


46 


80 


0.870 


0.492 


1.741 


0.985 


2.611 


1.477 


3.481 


1.970 


4352 


2.462 


SO 


45 


0.868 


0.496 


1.736 


0.992 


2.605 


1.489 


3.473 


1.985 


4.341 


2.481 


16 


80 


0.866 


0.500 


1.732 


1.000 


2.598 


1.500 


3.464 


2.000 


4330 


2.500 


60 


o f 


Dep. 


Lat. 


Bap. Lat. 


Bop. Lat. 


Bap. 


Lat. 


Bep. 


Lat. 


o f 


Bearing* 


Distance 1. 


Distance 2. 


Distance 8. 


Distance 4. 


Distance 5. 


Bearing. 



60°- 75 











16°- 


30° 








59 


Bearing. 


Distance 6. 


DUtonce 7. 


Distance 8. 


Distance 9. 1 


Distance 10.1 


Basriag. 


o f 


Lat. 


Dep. 


Lat. 


Dep. 


Lat. 


Dep. 


Ut. 


Dep. 


Lat. 


Dep. 


o f 


1515 


5.789 


1.578 


6.754 


1.841 


7.718 


2.104 


8.683 


2.367 


9.648 


2.630 


74 46 


30 


5.782 


1.603 


6.745 


1.871 


7.709 


2.138 


8.673 


2.405 


9.636 


2.672 


30 


46 


5.775 


1.629 


6.737 


1.900 


7.700 


2.172 


8.662 


2.443 


9.625 


2.714 


15 


16 


5.768 


1.654 


6.729 


1.929 


7.690 


2.205 


8.651 


2.481 


9.613 


2.756 


74 


16 


5.760 


1.679 


6.720 


1.959 


7.680 


2.239 


8.640 


2.518 


9.601 


2.798 


46 


30 


5.753 


1.704 


6.712 


1.988 


7.671 


2.272 


8.629 


2356 


9388 


2.840 


30 


46 


5.745 


1.729 


6.703 


2.017 


7.661 


2306 


8.618 


2.594 


9376 


2.882 


16 


17 


5.738 


1.754 


6.694 


2.047 


7.650 


2339 


8.607 


2.631 


9363 


2.924 


73 


16 


5.730 


1.779 


6.685 


2.076 


7.640 


2372 


8.595 


2.669 


9.550 


2.965 


46 


30 


5.722 


1.804 


6.676 


2.105 


7.630 


2.406 


8.583 


2.706 


9.537 


3.007 


30 


45 


5.714 


1.829 


6.667 


2.134 


7.619 


2.439 


8.572 


2.744 


9.524 


3.049 


15 


18 


5.706 


1.854 


6.657 


2.163 


7.608 


2.472 


8.560 


2.781 


9311 


3.090 


72 


« 16 


5.698 


1.879 


6.648 


2.192 


7.598 


2.505 


8.547 


2.818 


9.497 


3.132 


46 


30 


5.690 


1.904 


6.638 


2221 


7.587 


2.538 


8.535 


2.856 


9.483 


3.173 


30 


46 


5.682 


1.929 


6.629 


2.250 


7.575 


2.572 


8.522 


2.893 


9.469 


3.214 


16 


19 


5.673 


1.953 


6.619 


2.279 


7364 


2.605 


8.510 


2.930 


9.455 


3.256 


71 


16 


5.665 


1.978 


6.609 


2308 


7.553 


2.638 


8.497 


2.967 


9.441 


3297 


45 


30 


5.656 


2.003 


6.598 


2337 


7.541 


2.670 


8.484 


3.004 


9.426 


3338 


30 


46 


5.647 


2.028 


6.588 


2365 


7.529 


2.703 


8.471 


3.041 


9.412 


3379 


15 


20 


5.638 


2.052 


.6.578 


2394 


7.518 


2.736 


8.457 


3.078 


9397 


3.420 


70 


16 


5.629 


2.077 


6.567 


2.423 


7.506 


2.769 


8.444 


3.115 


9382 


3.461 


46 


30 


5.620 


2.101 


6.557 


2.451 


7.493 


2.802 


8.430 


3.152 


9.367 


3.502 


30 


46 


5.611 


2.126 


6.546 


2.480 


7.481 


2.834 


8.416 


3.189 


9351 


3.543 


16 


21 


5.601 


2.150 


6.535 


2.509 


7.469 


2.867 


8.402 


3.225 


9336 


3.584 


69 


15 


5.592 


2.175 


6.524 


2.537 


7.456 


2.900 


8.388 


3262 


9320 


3.624 


46 


30 


5.582 


2.199 


6.513 


2.566 


7.443 


2.932 


8374 


3.299 


9.304 


3.665 


30 


45 


5.573 


2.223 


6.502 


2.594 


7.430 


2.964 


8359 


3335 


9.288 


3.706 


16 


22 


5.563 


2.248 


6.490 


2.622 


7.417 


2.997 


8.345 


3371 


9.272 


3.746 


68 


15 


5.553 


2.272 


6.479 


2.651 


7.404 


3.029 


8.330 


3.408 


9255 


3.787 


46 


30 


5.543 


2.296 


6.467 


2.679 


7391 


3.061 


8315 


3.444 


9.239 


3.827 


30 


45 


5.533 


2320 


6.455 


2.707 


7378 


3.094 


8.300 


3.480 


9.222 


3.867 


15 


23 


5.523 


2344 


6.444 


2.735 


7364 


3.126 


8.285 


3317 


9.205 


3.907 


67 


15 


5.513 


2.368 


6.432 


2.763 


7350 


3.158 


8.269 


3353 


9.188 


3.947 


46 


. 30 


5.502 


2392 


6.419 


2.791 


7336 


3.190 


8.254 


3.589 


9.171 


3.988 


30 


46 


5.492 


2.416 


6.407 


2.819 


7322 


3.222 


8.238 


3.625 


9.153 


4.028 


15 


24 


5.481 


2.440 


6395 


2.847 


7308 


3.254 


8.222 


3.661 


9.136 


4.067 


66 


16 


5.471 


2.464 


6382 


2.875 


7.294 


3.286 


8.206 


3.696 


9.118 


4.107 


46 


30 


5.460 


2.488 


6370 


2.903 


7.280 


3318 


8.190 


3.732 


9.100 


4.147 


30 


46 


5.449 


2.512 


6357 


2.931 


7.265 


3.349 


8.173 


3.768 


9.081 


4.187 


15 


25 


5.438 


2.536 


6344 


2.958 


7.250 


3381 


8.157 


3.804 


9.063 


4.226 


65 


16 


5.427 


2.559 


6331 


2.986 


7.236 


3.413 


8.140 


3.839 


9.045 


4.266 


46 


30 


5.416 


2.583 


6318 


3.014 


7.221 


3.444 


8.123 


3.875 


9.026 


4.305 


30 


46 


5.404 


2.607 


6305 


3.041 


7.206 


3.476 


8.106 


3.910 


9.007 


4345 


15 


26 


5393 


2.630 


6.292 


3.069 


7.190 


3.507 


8.089 


3.945 


8.988 


4384 


64 


15 


5.381 


2.654 


6.278 


3.096 


7.175 


3.538 


8.072 


3.981 


8.969 


4.423 


45 


30 


5370 


2.677 


6.265 


3.123 


7.160 


3.570 


8.054 


4.016 


8.949 


4.462 


30 


45 


5.358 


2.701 


6.251 


3.151 


7.144 


3.601 


8.037 


4.051 


8.930 


4301 


15 


27 


5.346 


2.724 


6.237 


3.178 


7.128 


3.632 


8.019 


4.066 


8.910 


4.540 


63 


15 


5334 


2.747 


6.223 


3.205 


7.112 


3.663 


8.001 


4.121 


8.890 


4379 


45 


30 


5322 


2.770 


6.209 


3.232 


7.096 


3.694 


7.983 


4.156 


8.870 


4.618 


30 


45 


5310 


2.794 


6.195 


3.259 


7.080 


3.725 


7.965 


4.190 


8.850 


4.656 


16 


28 


5.298 


2.817 


6.181 


3286 


7.064 


3.756 


7.947 


4225 


8.829 


4.695 


62 


15 


5.285 


2.840 


6.166 


3313 


7.047 


3.787 


7.928 


4.260 


8.809 


4.733 


46 


30 


5.273 


2.863 


6.152 


3340 


7.031 


3.817 


7.909 


4.294 


8.788 


4.772 


30 


45 


5.260 


2.886 


6.137 


3.367 


7.014 


3.848 


7.891 


4.329 


8.767 


4.810 


16 


29 


5.248 


2.909 


6.122 


3394 


6.997 


3.878 


7.872 


4363 


8.746 


4.848 


61 


15 


5.235 


2.932 


6.107 


3.420 


6.980 


3.909 


7.852 


4398 


8.725 


4.886 


46 


30 


5.222 


2.955 


6.093 


3.447 


6.963 


3.939 


7.833 


4.432 


8.704 


4.924 


30 


45 


5.209 


2.977 


6.077 


3.474 


6.946 


3.970 


7.814 


4.466 


8.682 


4.962 


16 


80 


5.196 


3.000 


6.062 


3.500 


6.928 


4.000 


7.794 


4.500 


8.660 


5.000 


60 


f 


D«pi 


Lat. 


Dep. 


Lat. 


Dep. 


Ut. 


Dtp. 


Lat 


Dep. 


Lat 


O f 


BMxing* 


mstance 6. 


Distance 7. 


Distance 8. 


Distance 9* 


Distance 10. 


Beaxing. 



60°- 76 



60 








30°- 


-46^ 


3 










BMtfiBg« 


DIstanoe 1. 


DlftteBce 2. 


Dtoteace 8. 


Distanee 4. 1 


Dtstanoe 6. 1 


Baaxfag. 


O f 


Lat. 


D«p. 


Lat. 


Dep. 


lax. 


Dtp. 


Lat. 


Dqi. 


Lat. 


Dep. 


o f 


8016 


0.864 


0.504 


1.728 


1.006 


2.592 


1.511 


3.455 


2.015 


4319 


2319 


59 46 


SO 


0.862 


0.508 


1.723 


1.015 


2.585 


1.523 


3.447 


2.030 


4308 


2.538 


80 


46 


0.859 


0.511 


1.719 


1.023 


2.578 


1.534 


3.438 


2.045 


4.297 


2356 


15 


81 


0.857 


0.515 


1.714 


1.030 


2.572 


1.545 


3.429 


2.060 


4.286 


2375 


59 


16 


0.855 


0.519 


1.710 


1.038 


2.565 


1.556 


3.420 


2.075 


4.275 


2.594 


46 


80 


0.853 


0.522 


1.705 


1.045 


2.558 


1367 


3.411 


2.090 


4.263 


2.612 


80 


46 


0.850 


0.526 


1.701 


1.052 


2.551 


1379 


3.401 


2.105 


4.252 


2.631 


16 


82 


0.848 


0.530 


1.696 


1.060 


2.544 


1.590 


3392 


2.120 


4.240 


2.650 


58 


16 


0.846 


0.534 


1.691 


1.067 


2.537 


1.601 


3383 


2.134 


4.229 


2.668 


46 


30 


0.843 


0.537 


1.687 


1.075 


2.530 


1.612 


3374 


2.149 


4.217 


2.686 


80 


46 


0.841 


0.541 


1.682 


1.082 


2.523 


1.623 


3.364 


2.164 


4.205 


2.705 


15 


88 


0.839 


0.545 


1.677 


1.069 


2.516 


1.634 


3355 


2.179 


4.193 


2.723 


57 


16 


0.836 


0.548 


1.673 


1.097 


2.509 


1.645 


3.345 


2.193 


4.181 


2.741 


4E5 


80 


0.834 


0.552 


1.668 


1.104 


2.502 


1.656 


3.336 


2.208 


4.169 


2.760 


30 


46 


0.831 


0.556 


1.663 


1.111 


2.494 


1.667 


3326 


2.222 


4.157 


2.778 


16 


84 


0.829 


0.559 


1.658 


1.118 


2.487 


1.678 


3316 


2.237 


4.145 


2.796 


56 


16 


0.827 


0.563 


1.653 


1.126 


2.480 


1.688 


3306. 


2.251 


4.133 


2.814 


46 


80 


0.824 


0.566 


1.648 


1.133 


2.472 


1.699 


3.297 


2266 


4.121 


2.832 


30 


46 


0.822 


0.570 


1.643 


1.140 


2.465 


1.710 


3.287 


2.280 


4.108 


2.850 


16 


85 


0.819 


0.574 


1.638 


1.147 


2.457 


1.721 


3.277 


2.294 


4.096 


2.868 


55 


16 


0.817 


0.577 


1.633 


1.154 


2.450 


1.731 


3.267 


2309 


4.083 


2.886 


45 


80 


0.814 


0.581 


1.628 


1.161 


2.442 


1.742 


3.257 


2323 


4.071 


2.904 


80 


46 


0.812 


0.584 


1.623 


1.168 


2.435 


1.753 


3.246 


2337 


4.058 


2.921 


16 


86 


0.809 


0.588 


1.618 


1.176 


2.427 


1.763 


3.2.36 


2351 


4.045 


2.939 


54 


16 


0.806 


0.591 


1.613 


1.183 


2.419 


1.774 


3.226 


2365 


4.032 


2.957 


46 


80 


0.804 


0.595 


1.608 


1.190 


2.412 


1.784 


3.215 


2379 


4.019 


2.974 


30 


46 


0.801 


0.598 


1.603 


1.197 


2.404 


1.795 


3.205 


2393 


4.006 


2.992 


16 


87 


0.799 


0.602 


1.597 


1.204 


2.396 


1.805 


3.195 


2.407 


3.993 


3.009 


53 


15 


0.7% 


0.605 


1.592 


1.211 


2388 


1.816 


3.184 


2.421 


3.980 


3.026 


46 


30 


0.793 


0.609 


1.587 


1.218 


2380 


1.826 


3.173 


2.435 


3.967 


3.044 


30 


46 


0.791 


0.612 


1.58] 


1.224 


2372 


1.837 


3.163 


2.449 


3.953 


3.061 


16 


88 


0.788 


0.616 


1.576 


1.231 


2364 


1.847 


3.152 


2.463 


3.940 


3.078 


52 


16 


0.785 


0.619 


1.571 


1.238 


2356 


1.857 


3.141 


2.476 


3.927 


3.095 


46 


80 


0.783 


0.623 


1.565 


1.245 


2348 


1.868 


3.130 


2.490 


3.913 


3.113 


80 


45 


0.780 


0.626 


1.560 


1.252 


2340 


1.878 


3.120 


2304 


3.899 


3.130 


16 


88 


0.777 


0.629 


1.554 


1.259 


2331 


1.888 


3.109 


2317 


3.886 


3.147 


51 


16 


0.774 


0.633 


1.549 


1.265 


2323 


1.898 


3.098 


2.531 


3.872 


3.164 


46 


80 


0.772 


0.636 


1.543 


1.272 


2315 


1.908 


3.086 


2.544 


3.858 


3.180 


80 


46 


0.769 


0.639 


1.538 


1.279 


2307 


1.918 


3.075 


2358 


3.844 


3.197 


15 


40 


0.766 


0.643 


1.532 


1.286 


2.298 


1.928 


3.064 


2371 


3.830 


3.214 


50 


15 


0.763 


0.646 


1.526 


1.292 


2290 


1.938 


3.053 


2.584 


3.816 


3.231 


46 


30 


0.760 


0.649 


1.521 


1.299 


2.281 


1.948 


3.042 


2398 


3.802 


3.247 


30 


45 


0.758 


0.653 


1.515 


1J06 


2.273 


1.958 


3.030 


2.611 


3.788 


3.264 


16 


41 


0.755 


0.656 


1.509 


1.312 


2.264 


1.968 


3.019 


2.624 


3.774 


3.280 


49 


16 


0.752 


0.659 


1.504 


1.319 


2.256 


1.978 


3.007 


2.637 


3.759 


3.297 


46 


30 


0.749 


0.663 


1.498 


1J25 


2.247 


1.988 


2.996 


2.650 


3.745 


3313 


80 


46 


0.746 


0.666 


1.492 


1332 


2.238 


1.998 


2.984 


2.664 


3.730 


3329 


15 


42 


0.743 


0.669 


1.486 


1.338 


2.229 


2.007 


2.973 


2.677 


3.716 


3.346 


48 


16 


0.740 


0.672 


1.480 


1345 


2.221 


2.017 


2.961 


2.689 


3.701 


3362 


46 


30 


0.737 


0.676 


1.475 


U51 


2.212 


2.027 


2.949 


2.702 


3.686 


3378 


80 


46 


0.734 


0.679 


1.469 


U58 


2.203 


2.036 


2.937 


2.715 


3.672 


3394 


16 


43 


0.731 


0.682 


1.463 


1364 


2.194 


2.046 


2.925 


2.728 


3.657 


3.410 


47 


16 


0.728 


0.685 


1.457 


1370 


2.185 


2.056 


2.913 


2.741 


3.642 


3.426 


46 


80 


0.725 


0.688 


1.451 


1377 


2.176 


2.065 


2.901 


2.753 


3.627 


3.442 


SO 


46 


0.722 


0.692 


1.445 


13«3 


L 2.167 


2.075 


2.889 


2.766 


3.612 


3.458 


16 


44 


0.719 


0.695 


1.439 


1389 


2.158 


2.064 


2.877 


2.779 


3.597 


3.473 


46 


15 


0.716 


0.698 


1.433 


1396 


2.149 


2.093 


2.865 


2.791 


3382 


3.489 


46 


80 


0.713 


0.701 


1.427 


1.402 


2.140 


2.103 


2.853 


2304 


3366 


3.505 


80 


46 


0.710 


0.704 


1.420 


1.408 


2.131 


2.112 


2.841 


2.816 


3.551 


3320 


16 


45 


0.707 


0.707 


1.414 


1.414 


2.121 


2.121 


2.828 


2.828 


3.536 


3.536 


45 


o f 


Dtp. 


Ut. 


Dep. 


Ut. 


Dqi. 


Lat. 


D«p. 


Lat. 


Dap. Lat. 


O f 


Beariag. 


IMstanoe 1. 


I>lstaiiee2. 


I>lsteaoe8* 


DittaBM4. 


Dlatanoe 8. 


Bearing. 
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30°- 


-46 


C 








61 


BaviBg. 


Dtotance 6.1 


IMstMraeT.I 


Distance 8. 


Distance 9. 1 


Distance 10. 


Bearing. 


o f 


Ut. 


Dep. 


Lat. 


Dep. 


Ut. 


Dep. 


Lat. 


Dep. 


Ut. 


Dep. 


O f 


8015 


5.183 


3.023 


6.047 


3.526 


6.911 


4.030 


7.775 


4.534 


8.638 


5.038 


59 46 


30 


5.170 


3.045 


6.031 


3.553 


6.893 


4.060 


7.755 


4.568 


8.616 


5.075 


30 


45 


5.156 


3.068 


6.016 


3.579 


6.875 


4.090 


7.735 


4.602 


8.594 


5.113 


16 


81 


5.143 


3.090 


6.000 


3.605 


6.857 


4.120 


7.715 


4.635 


8.572 


5.150 


59 


16 


5.129 


3.113 


5.984 


3.631 


6.839 


4.150 


7.694 


4.669 


8.549 


5.188 


46 


80 


5.116 


3.135 


5.968 


3.657 


6.821 


4.180 


7.674 


4.702 


8326 


5.225 


30 


45 


5.102 


3.157 


5.952 


3.683 


6.803 


4.210 


7.653 


4.736 


8.504 


5.262 


15 


82 


5.088 


3.180 


5.936 


3.709 


6.784 


4.239 


7.632 


4.769 


8.481 


5.299 


58 


15 


5.074 


3.202 


5.920 


3.735 


6.766 


4.269 


7.612 


4.802 


8.457 


5336 


46 


30 


5.060 


3.224 


5.904 


3.761 


6.747 


4.298 


7.5^1 


4.836 


8.434 


5373 


30 


45 


5.046 


3.246 


5.887 


3.787 


6.728 


4328 


7.569 


4.869 


8.410 


5.410 


16 


88 


5.032 


3.268 


5.871 


3.812 


6.709 


4.357 


7348 


4.902 


8387 


5.446 


57 


15 


5.018 


3.290 


5.854 


3.838 


6.690 


4386 


7.527 


4.935 


8363 


5.483 


46 


80 


5.003 


3.312 


5.837 


3.864 


6.671 


4.416 


7.505 


4.%7 


8339 


5319 


80 


45 


4.989 


3333 


5.820 


3.889 


6.652 


4.445 


7.483 


5.000 


8315 


5356 


16 


84 


4.974 


3.355 


5.803 


3.914 


6.632 


4.474 


7.461 


5.033 


8.290 


5.592 


56 


16 


4.960 


3.377 


5.786 


3.940 


6.613 


4.502 


7.439 


5.065 


8.266 


5.628 


46 


30 


4.945 


3.398 


5.769 


3.965 


6.593 


4.531 


7.417 


5.098 


8.241 


5.664 


30 


46 


4.930 


3.420 


5.752 


3.990 


6.573 


4.560 


7395 


5.130 


8.217 


5.700 


15 


85 


4.915 


3.441 


5.734 


4.015 


6.553 


4.589 


7372 


5.162 


8.192 


5.736 


55 


16 


4.900 


3.463 


5.716 


4.040 


6.533 


4.617 


7350 


5.194 


8.166 


5.772 


45 


30 


4.885 


3.484 


5.699 


4.065 


6.513 


4.646 


7327 


5.226 


8.141 


5.807 


80 


46 


4.869 


3.505 


5.681 


4.090 


6.493 


4.674 


7304 


5.258 


8.116 


5.843 


16 


86 


4.854 


3.527 


5.663 


4.115 


6-472 


4.702 


7.281 


5.290 


8.090 


5.878 


54 


16 


4.839 


3.548 


5.645 


4.139 


6.452 


4.730 


7.258 


5322 


8.064 


5.913 


45 


80 


4.823 


3.569 


5.627 


4.164 


6.431 


4.759 


7.235 


5353 


8.039 


5.948 


30 


46 


4.808 


3.590 


5.609 


4.188 


6.410 


4.787 


7.211 


5385 


8.013 


5.983 


16 


87 


4.792 


3.611 


5.590 


4.213 


6389 


4.815 


7.188 


5.416 


7.986 


6.018 


58 


15 


4.776 


3.632 


5.572 


4.237 


6368 


4.842 


7.164 


5.448 


7.960 


6.053 


45 


30 


4.760 


3.653 


5.554 


4.261 


6.347 


4.870 


7.140 


5.479 


7.934 


6.088 


30 


46 


4.744 


3.673 


5.535 


4.286 


6326 


4.898 


7.116 


5.510 


7.907 


6.122 


16 


88 


4.728 


3.694 


5.516 


4310 


6.304 


4.925 


7.092 


5.541 


7.880 


6.157 


52 


16 


4.712 


3.715 


5.497 


4.334 


6.283 


4,953 


7.068 


5372 


7.853 


6.191 


46 


30 


4.696 


3.735 


5.478 


4358 


6.261 


4.980 


7.043 


5.603 


7.826 


6.225 


30 


45 


4.679 


3.756 


5.459 


4381 


6.239 


5.007 


7.019 


5.633 


7.799 


6.259 


16 


89 


4.663 


3.776 


5.440 


4.405 


6.217 


5.035 


6.994 


5.664 


7.772 


6.293 


51 


16 


4.646 


3.796 


5.421 


4.429 


6.195 


5.062 


6.970 


5.694 


7.744 


6.327 


46 


30 


4.630 


3.816 


5.401 


4.453 


6.173 


5.089 


6.945 


5.725 


7.716 


6361 


80 


46 


4.613 


3.837 


5382 


4.476 


6.151 


5.116 


6.920 


5.755 


7.688 


6.394 


16 


40 


4.5% 


3.85V 


5.362 


4.500 


6.128 


5.142 


6.894 


5.785 


7.660 


6.428 


50 


16 


4.579 


3.877 


5.343 


4.523 


6.106 


5.169 


6.869 


5.815 


7.632 


6.461 


46 


80 


4.562 


3.897 


5323 


4.546 


6.083 


5.1% 


6.844 


5.845 


7.604 


6.495 


80 


46 


4.545 


3.917 


5303 


4369 


6.061 


5.222 


6.818 


5.875 


7376 


6328 


15 


41 


4.528 


3.936 


5.283 


4.592 


6.038 


5.248 


6.792 


5.905 


7.547 


6.561 


49 


15 


4.511 


3.956 


5.263 


4.615 


6.015 


5.275 


6.767 


5.934 


7318 


6.594 


46 


30 


4.494 


3.976 


5.243 


4.638 


5.992 


5301 


6.741 


5.964 


7.490 


6.626 


30 


46 


4.476 


3.995 


5.222 


4.661 


5.968 


5327 


6.715 


5.993 


7.461 


6.659 


15 


42 


4.459 


4.015 


5.202 


4.684 


5.945 


5353 


6.688 


6.022 


7.431 


6.691 


48 


16 


4.441 


4.034 


5.182 


4.707 


5.922 


5379 


6.662 


6.051 


7.402 


6.724 


45 


80 


4.424 


4.054 


5.161 


4.729 


5.898 


5.405 


6.635 


6.080 


7373 


6.756 


30 


45 


4.406 


4.073 


5.140 


4.752 


5.875 


5.430 


6.609 


6.109 


7.343 


6.788 


15 


48 


4.388 


4.092 


5.119 


4.774 


5.851 


5.456 


6.582 


6.138 


7314 


6.820 


47 


16 


4.370 


4.111 


5.099 


4.7% 


5.827 


5.481 


6.555 


6.167 


7.284 


6.852 


46 


80 


4.352 


4.130 


5.078 


4.818 


5.803 


5.507 


6328 


6.195 


7.254 


6.884 


30 


45 


4.334 


4.149 


5.057 


4.841 


5.779 


5.532 


6.501 


6.224 


7.224 


6.915 


16 


44 


4.316 


4.168 


5.035 


4.863 


5.755 


5.557 


6.474 


6.252 


7.193 


6.947 


46 


16 


4.298 


4.187 


5.014 


4.885 


5.730 


5.582 


6.447 


6.280 


7.163 


6.978 


46 


30 


4.280 


4.206 


4.993 


4.906 


5.706 


5.607 


6.419 


6308 


7.133 


7.009 


30 


46 


4.261 


4.224 


4.971 


4.928 


5.681 


5.632 


6.392 


6336 


7.102 


7.040 


16 


45 


4.243 


4.243 


4.950 


4.950 


5.657 


5.657 


6364 


6364 


7.071 


7.071 


45 


o f 


Dep. 


Lat. 


Dep. 


Lat. 


Dep. 


Lat. 


Dep. 


Lat 


Dep. 


Ut. 


o f 


Bearing. 


Distance 6. 


Distance 7. 


Distance 8. Distance 9. 


Distance 10. 


Bearing. 
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GINN & COMPANY, 

BOSTDM. 



